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Abstract: We discuss a linear seesaw model with a field content as minimum as possible, introducing a modular

S 4 using gauged U(1)p_; symmetries. Owing to the rank two neutrino mass matrix, we obtain a vanishing neutrino

mass eigenvalue, and only the normal mass hierarchy of neutrinos is favored via the modular S4 symmetry. In our

numerical Ay? analysis, we especially determine a relatively sharp prediction on the sum of neutrino masses to be

approximately 60 meV, in addition to other predictions.
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I. INTRODUCTION

The neutrino sector is theoretically unconfirmed in
the standard model (SM), because only two mass squared
differences and three mixings are experimentally found
and the scale of mass is extremely minuscule compared to
the other three sectors in the SM. Hence, several scient-
ists expect the neutrino sector to possess new physics. A
gauged B— L (baryon number minus lepton number) U(1)
symmetry; U(1)p-, is a promising prescription for gener-
ating such tiny neutrino masses, introducing three right-
handed neutrinos with rather heavy masses (Mg), and is
called a canonical seesaw model [1-4]. Because the mass
scale is sometimes expected to be that of a grand unified
theory (Mgur ~ 10" GeV) to be small neutrino masses,
its scale cannot be verified by our current experiments,
and the spontaneous U(1)p-, symmetry breaking scale is
naturally expected to be the same energy as the cut-off
scale; Mg ~ Mgur.

To achieve a successful neutrino mass model within
our scale (~TeV), heavy neutral fermions (S ) with left-
handed chirality are introduced along this line of thought.
Inverse seesaw model [5, 6] also requests both of Ng and
S and the neutrino mass could be realized within TeV
scale. But this model may not require GUT scale. Cur-

rently, Ng and S1, can be embedded into the middle scale
with SUB)c @S U2). @S UQR)R@U(1)5_1, [6-8], which is
included in SO(10) group [9]. Then, the neutrino mass
matrix would not be suppressed by the middle scale, but
by Mgyt scale when appropriate charge assignments are
assigned for each fields in a supersymmetric theory [9].
Hence, we can test phenomenologies with our current ex-
periments, supposing the middle scale breaking can oc-
cur at the Te\ll scale. This type of model is called the "lin-
ear seesaw".” Because these models typically require
more free parameters than the other three sectors in the
SM fermion, flavor symmetries are also frequently intro-
duced in these models, to reduce the parameters and ob-
tain predictions (if possible).

In 2017, attractive flavor symmetries were proposed
in Refs. [10, 11], in which the authors applied modular
non-Abelian discrete flavor symmetries to quark and
lepton sectors. A remarkable advantage is that any dimen-
sionless coupling can also be transformed as non-trivial
representations under these symmetries. Therefore, we do
not need so many scalars to determine a predictive mass
matrix. Another advantage is that we have a modular
weight from the modular origin that can play a role in sta-
bilizing DM when appropriate charge assignments are
distributed to each of the fields of the models. Along this
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line of thought, significantly relevant references have re-
cently appeared in the literature, e.g., A4 [10, 12-48], S3
[49-54], S4 [55-66], As [60, 67, 68], double covering of
As [69-72], larger groups [73], multiple modular symmet-
ries [74], double covering of A4 [75-77], S4 [78, 79], and
other types of groups [80-85] in which masses, mixing,
and CP phases for the quark and/or lepton have been pre-
dicted. For interested readers, we provide some literature
reviews, which are useful to understand the non-Abelian
group and its applications to flavor structure [86-93].
Moreover, a systematic approach to understanding the
origin of CP transformations has been discussed in Ref.
[94]; in addition, CP/flavor violation in the models with
modular symmetry was discussed in Refs. [95-97], and a
possible correction from the Kédhler potential was dis-
cussed in Ref. [98]. Furthermore, a systematic analysis of
the fixed points (stabilizers) was discussed in Ref. [99]. It
would be interesting to consider a linear see-saw model
with the local U(1)p_r(c SO(10)) under modular sym-
metry because these symmetries can be obtained from a
string theory. Moreover, the nature of the modular sym-
metry can be used to realize the linear seesaw mechan-
ism, in addition to constraining the flavor structure.

In this study, we propose a linear seesaw model un-
der modular S4, using the U(1)p_, symmetry, in which
we try to construct the predictive model as minimum as
possible. Owing to the rank two neutrino mass matrix, we
obtain a vanishing neutrino mass eigenvalue. Further-
more, only the normal mass hierarchy of neutrinos is
favored via the modular S4 symmetry. In our numerical
analysis, we perform Ay? analysis in the neutrino sector,
considering non-unitarity constraint.

This remainder of this paper is organized as follows.
In Sec. II, we review our model, constructing renormaliz-
able Lagrangian and mass matrices in the lepton sector.
Then, we formulate the neutrino mass matrix with rank
two, in which we estimate the structure of the neutrino
mass matrix in the expansion of modulus. In addition, we
derive several observables in the lepton sector. At the end
of this section, we discuss the non-unitarity bound. In
Sec. III, we perform Ay? analysis in the lepton sector,
and present some predictions using our model. In Sec. IV,
we present a summary and discussion. In the Appendix,
we elucidate the modular S, symmetry.

II. MODEL

A. Model review

In this section, we review our model framework for
the linear seesaw mechanism, introducing the B— L local
Abelian symmetry; U(1)p_; and modular A4 symmetry.
Regarding the fermion sector, we add two left-handed
neutral fermions {S,,,S,} that belong to the isospin sing-
let, where they exhibit a zero charge under U(1)p_,,
{1,1'} under S4, and —1 under —k;, respectively. In addi-

tion, we introduce three right-handed neutral fermions Ng
that belong to the isospin singlet, where they exhibit 1
charge under U(1)p-r, 3 under S4, and -3 under —k, re-
spectively. The SM left-handed leptons Ly, = [Ly, Ly, L 1"
belong to —1 charge under U(1)p_r, 3’ under S4, and -1
under —k, respectively. However, the SM right-handed
leptons {eg,[ur,7r]} belong to the +1 charge under
U()p_r, {1,2} under S4, and {—1,-3} under —k;, respect-
ively.

Regarding the scalar sector, we adopt two Higgs
doublets, Hi, H,, and an isospin singlet field ¢. The
isospin singlet ¢ has a —1 charge under U(1)p-,. Here,
H, is the SM-like Higgs that has a zero charge under
U(1)p_p and —k; while H, has 1 charge under U(1)p_p,
and zero under —k;. We denote each of the vacuum ex-
pectation values (VEVs) to be (H,) =[0,v;2/ V2]7, and
(¢) =v,/ V2. We summarize our particle content and as-
signments in Table 1.

Then the valid lepton Yukawa Lagrangian is expressed
as

_Lleplon =Ly + Ly, + LM& + Ly, (1)
where Ly, denotes the charged lepton Yukawa Lagrangi-
an. Ly, belongs to [NRLLH,] where H =ioH*. Ly, be-
longs to [LES| H,]. Ly, belongs to [NrSvre]. [---] im-
plies that the concrete flavor structures are manifolded.

Each of their structures are presented below.
The scalar potential of our model is expressed as

V=mle*o+miH Hy +myH} Hy — o (H] Hyp+h.c.)
+ A\ (H] H\)* + A2 (Hy Ho) + A" )
+ A3(H| Hy)(H} Hy) + A4(H| Hy)(H H))
+ Aor, (H H (9" @) + Ao, (Hy HD)(¢° ), )
where h.c. stands for Hermitian conjugate. We consider

that ¢ develops a VEV at a significantly larger scale than
H, . Then, after the ¢ developes a VEV, the scalar poten-

Table 1.
charge assignments under SU2)L X U(1)y X U(1)p—. XS4 X (—k;)

Lepton and boson particle contents and their

where LLE[LLL),LL#,LLT]T k; represents the number of the
modular weight.

Fermions Scalars

L. e priTRl Mg SLSL, H  Hy ¢

SUQ)L 2 1 1 1 2 2 1
1 1 1
uU(l - 1 - et
My > 0 0 > > 0
UL -1 1 1 0 0 1 -1
S4 3 1,2 3 11 1 1 1
—ky -1 -1,-3 -3 -1 0 0 0
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tial matches with that of two Higgs doublet model
(THDM) without the (H}LHg)2 term owing to the U(1)p_y
symmetry. In addition, the Yukawa couplings associated
with the two Higgs doublet belong to the type-1 THDM
because only H; can couple to the SM fermions. Hence,
in our analysis below, we do not discuss the THDM part
further, but focus on the neutrino mass.

B. Valid Lagrangians

Before discussing the valid Lagrangians for the lepton
sector, we define Yukawa couplings under the modular

— Ly, =aver(ysLy, +ysLr, +ysLi,)Hy +pBe

vg_ ’’ /7’ _— 44 1 4 44
+ve| —="TROG L, +ys L) + R (y3 Ly, - 5()’4 Ly, +y5 LL,))

2

S4 symmetry as follows: the S4 doublets with —k; =2
and 4 are denoted by Yf) = [y1,y217 and b7 y’z]T, respect-
ively. The S4 triplet with —k; =2 is Y5 = [y3,y4,y51",
while the S, triplets with —k; =4 are Y§4) = [yé,y:‘,y;]T
and Y;f‘) =[50 )5 ' Each of these structures are expli-
citly presented in the Appendix.

Charged lepton mass matrix:
The renormalizable Lagrangian for the charged-lepton
sector is expressed as

\/g_ ’ ’ P— ’ 1 ’ ’ r7
TﬂR(y4LLﬂ +ysLL ) +7R (—ygLLU + §(y4LL, +)’5LL“)) H,

gl +h.c., (3)

where {a,,B¢,y¢} are real parameters without loss of generality. Subsequently, the charged-lepton mass matrix after the

spontaneous symmetry breaking is expressed as

@ry3 @¢ys ry4
Vi 7 \/§ ’ 1 7’ \/§ ’ 1 7
(M¢)rL = % Yeys Tﬁz% — Vs Tﬁt’ys —SYOq . 4)
V3 1 V3 1
By TW)’Z + Eﬁey; Twyg + 5,86’)’:1
The charged-lepton mass eigenvalues are obtained by di- Te[M, M) = Ime* +1myl* + me /%,
agonalizing diaglm,,m,,m.] = Vi M¢Vi,, where Vi g, rep- Det[ M, My] = me2m, lm.|.
resent unitary matrices. In our numerical analysis, we will (Te[M, 1M, = Te[(M, My)2]
determine the free parameters {a,B¢, v}, to fit the three , [ S
charged-lepton mass eigenstates after providing all the =2(mel"lmyl” + Iy el + e |"lme[). (5)

numerical values, by applying the following relationship.
Here, we fix a;,B¢ve, to determine the experimental
three charged-lepton masses by applying the following
relationship:

Neutral fermion mass matrices:
First, we construct the valid Lagrangian of the Dirac
mass matrix Ly, . This is given by

Ly, =ap [)’% (N_R;LLF - N_RZLL,) +yy (N_R.LL, - N_R;LLK,) +Y5 (ELL‘, _N_R.LL#)] H,
+Bo|yy (Ve L, = Nr.Le, ) +¥{ (~Nw L, = N, L1, ) + ¥4 (Ni, Lo, + Ne L, )| B

+7D

\/§ N N RN 1 — N
7)’1(NR3LL“ +Nr, Ly ) +y5{—Ng, L, + 5 (NR:LL, + NR3LLM>}

I:Il +h.c., (6)

where we suppose ap to be real while Bp, yp are complex after rephasing the fields. Similar to the charged-lepton sec-

tor, we determine the Dirac mass matrix as follows:
~YDY)
(Mp)rL = L apys —Boyy
V2

—apy, +Boys

—apys —Ppyy apy, +Poys

1’ Vg / 4 1 /
~Ppyy'+ —-Ypy)  —apY3+5¥DY; |. (7)

7 1 / 17 ‘\/g /

@Dy; + 5YDY) Boys + = YDy
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For convenience, to analyze the neutrino oscillation, we
12
redefine Mp = —Mp.

Another Dirac Lagrangian is induced via Ly, , which
is given by

LM;) = a]') yg,LEC +y4LEr +y5LEM SLIHQ +h.c,, (8)

Subsequently, we determine another Dirac mass matrix as
follows:

vy y3 0
(Mp)rs, = 70’1’) ys Of. Q)
2w o

Being the same as the reason for Mp, we redefine

The third term of the Lagrangian Ly, is given by

Lu,, =ays [y4Nr, +YiNe, +¥;Ne, |SL @
+Bns [yg'N_& +yy Nr_+ y;'N_m] SLe+hc., (10)

where ays, Bys are real without loss of generality. Ac-
cordingly, we obtain the mass matrix

M Vo ;3 i?/ (QNS 0 ]_ Vo i an
NS = —= = —Mpys.
\/z /5 /5/ 0 BNS \/§
4 Vs

In basis of [vL,Ng,SL]T, the neutral fermion mass
matrix is given by

033 Mg M]’)
My=|Mp 033 Mys]|. (12)

T T
mpy Myg O

Hence, the active neutrino mass matrix is expressed as

m, =M (M}, Mys)™ M1 ¢ Mpy
+ M}y (Mg Mys )" Mg Mp]”
= L2 (1} (W Bl ™ s M
\/zv(p D NS NS

+ [ MMy Mys )™ Mg Mp)" ) = kg, (13)

ViVva

where « = and we assume the mass hierarchies

2v,
among Mp, M{, < Mys. Mass hierarchies is dynamically

achieved in Refs. [100, 101]. The neutrino mass eigenval-
ues are obtained as follows: D,=«D,=UlI'm,U, =
kUi, U,, where U, is a unitary matrix. Then, the Ponte-
corvo-Maki-Nakagawa-Sakata (PMNS) matrix is given
by Upmns = VE/ U,. Notice that m, is rank two; hence, the
lightest neutrino mass is zero. Here x is described by one
experimental value and dimensionless neutrino mass ei-
genstates as:

A 2
AH): 2 = laml g

|Am2, |
.2 atm
(NH): k"= ———, 9

)2

where Am2_ denotes the atmospheric neutrino mass-
squared difference and NH (IH) stands for normal (inver-
ted) ordering. Subsequently, the solar mass difference
squared can be expressed in terms of x as follows:

(NH): AmZ, =«*D},

sol ™

(IH): Am2, =«*(D;, -D;), (15)
which can be compared to the observed value. In other
words, we explicitly express the mass eigenvalues in

2 2 g
terms of Amy, and Am | as:

(NH): D} =0, D2 =Amd;, D>=Amk,  (16)
(IH): Dj = Amgy = Amy, Dy = Amy, Dy =0,
(17

which implies that NH is hierarchical, but IH is degener-
ate, as Am? /AmZ, << 1. Here, we expand |/, [* in terms

of g = e?P™7 << 1. Then, the mass matrix is given by

o1l O@ 0
i ~|0@@ O1) O |. (18)
0 O¢) ©

The ratio between two nonzero squared eigenvalues R is
estimated by

R=0(qg) << 1. (19)

This suggests that the neutrino mass eigenvalues tend to
be hierarchical; hence, NH is favored. In fact, we would
not obtain the allowed region within 30 for IH in our nu-
merical analysis. Therefore, we focus on NH hereafter.

In our model, the PMNS matrix is parametrized by
three mixing angles 6;;(i,j = 1,2,3;i < j), one CP violat-
ing Dirac phase 6cp, and one Majorana phase «a;; as fol-
lows:
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c12e13
_ i6e
Upmns = | —S12€23 — C12523513€"7
512523 — C12C23513€19

where ¢;; and s;; represent cosf;; and sin#;;, respectively.
Then, these mixings are given in terms of the compon-
ents of Upmns as follows:

|(Upmns )23l
1 - |(Upmns)i3?”
[(Upmns) 12l

sin? Op=—"— 21
1—|(U1>MNS)13|2 @l

.2 2 L2
sin” 613 = |[(Upmns)13l",  sin“ 63 =

Furthermore, we compute the Jarlskog invariant Jcp de-
rived from PMNS matrix elements as follows:

Jep =Im[Ua U U, Uy 1 = $23€23812€12513¢15 sindcp. (22)

Majorana phase is estimated in terms of other invari-
ant I, as follows:

I = Im[U’, Us] = ciasiacs sin(‘%). (23)

In addition, the effective mass for the neutrinoless double
beta decay is expressed as:

(NH) : (mee) = k|D,, 53,c2,e% + D, 53,6750,
(24)

(IH) : (mee) = KDy, cl5cty + Dy, s3yct5e ™, (25)

where its value could be measured by KamLAND-Zen in
the future [102]. We will adopt the neutrino experimental
data at the 3o interval in Nufit 5.0 [103, 104].

Non-unitarity:
Here, let us briefly discuss the non-unitarity matrix
This is typically parametrized by the form

Ubmns-
’ 1 t

Upmns = 1—§F F)Upwmns, (26)

where F = (M},¢Mys)™'M%¢ Mp is a hermitian matrix and

Ul’,MNS represents the deviation from the unitarity. Apply-

ing global constraints [105], one finds [106]

25%x107% 24x1075 27x1073
IFFT<| 24x107° 4.0x10™* 12x1073 |.  (27)
27%x1073 12x1073 5.6x1073

$12C13 s13e_‘50’ 1 0 0
.
C12€23 — S12523513€"°
. is
—C12823 — S12€23 513"

523C13 0 ei% 0f, (20)
C23C13 0 0 1

My Mys)™ Mg MD— — (M N Mys)™'x
M} Mp. Because v, is freely con51dered to be large

(Whlle vi =0(100) GeV at most), we easily satisfy this
bound.

In our case, F=(M

IIT. NUMERICAL ANALYSIS

In this section, we perform a numerical Ay? analysis
to determine the parameters that satisfy the neutrino os-
cillation data and non-unitarity constraint; in addition, we
present our predictions, where we adopt best fit values of
charged-lepton masses. Here, we focus on NH because
IH is disfavored by the analytical estimation, as can be
observed in the previous section.

In our numerical analysis, we randomly scan free
parameters in following ranges

{ap, |Bpl,lypl,ans.Bys) € [107,1.0], 15 € [10,100],

(28)

where 7 runs over the fundamental region, 753 = v /v», and

V2 +v3 =246 GeV. We perform numerical analysis un-
der the above regions. Figure 1 illustrates the correlation
between the real and imaginary parts of 7, where the blue,
green, and red points are allowed within 2, 3, and 5 of the
Ax? analysis, respectively, for five accurately known ob-
servables AmZ . Am? | s1,, 53,57, in Nufit 5.0 [103, 104].
The real part runs through the entire range, but the ima-
ginary part is localized at the [1.35-1.5].

Figure 2 illustrates the correlation between the Major-
ana phase a,; and Dirac CP phase écp. The legend is the

NH for neutrinos

2.5
2.0
_'E' 1.5 o ESRRE A -.bumaw
1.0 e
0.5
-04 -0.2 0.0 0.2 0.4
Re[r]
Fig. 1.  (color online) Allowed region of modulus 7z, where

the blue, green, and red points are allowed within 2, 3, and 5
of the Ay? analysis, respectively.
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NH for neutrinos

300
250 f Xy,
# %
200 5 }, ‘1‘
o - e
S 150 e A3,
100 “w ﬁ
50
0
0 50 100 150 200 250 300
a1
Fig. 2. (color online) Correlation between a Majorana phase

@21 and écp, where the legend is the same as the case of Fig. 1.

same as in the case of Fig. 1. We identify a clear feature
in the region where a5; is within {0°—120°,240° —310°},
while Scp is within {70° —290°}.

The upper figures in Fig. 3 present the correlation
between the effective mass for the neutrinoless double
beta decay (m..) and the sum of neutrino masses ), m; in
the [eV] unit, where the legend is the same as the case of

NH for neutrinos

0.000
0.00 0.02 0.04 006 0.08 010 0.12

zm[eV]
Fig. 3. (color online) Predicted correlation between the ef-
fective mass for the neutrinoless double beta decay (m,.) and
the sum of neutrino masses >, m; in [eV], where the legend is
the same as the case of Fig. 1.

[0.001 —0.004] eV. However, Y, m; is restricted to be ap-
proximately 0.06 eV, which would be a sharp prediction
of this model.

Finally, we present a benchmark in Table 2, which is
selected, such that /Ay? is minimum. The mass matrices
for the dimensionless neutrino and charged-lepton are de-

Fig. 1. We determine that (m,) is allowed within termined as
|

37.1331-17.93041 —16.2576+55.2032i  35.2235+24.3462i

m,=| —16.2576+55.20321 —-40.0223 —38.19471 -55.9229+44.07531 |, (29)
35.2235+24.34621  —55.9229+44.07531 —1.23231+74.8642i |
0.00232+0.000467i —0.00111+0.00314i —0.00453 +0.00274i |

M, = -0.282 +0.102i —-0.0524 — 0.469i 0.214-0.559i (30)

0.336-0.2771 0.362 +0.706i -0.160+ 1.23i

Table 2. Benchmark point of our input parameters and ob-
servables, which is selected, such that /Ay? is minimum.
parameter valve
T 0.113762 + 1.43906i
s 98.6
[ae,ye.Be] [1.72x 1073, 6.15x 1074, 8.06x 10™4]

[ap,ans.Bns] [-0.0112907, —0.00078512, 0.0203379]

[Bp, Dl [~0.01432 - 0.00360i,—1.90 x 107> —2.34 x 1076i]
Ay, 2.53% 107 3eV?

Ay 7.48x 10-5eV?2

sin® 6y, 0.289

sin? 63 0.565
sin® 63 0.02207

[ocp, a21] [248°, 80.3°]
> mj 58.5 meV
(Mee) 1.65 meV
Ax? 1.40

IV. SUMMARY AND DISCUSSION

We studied a linear seesaw model with a field con-
tent as minimum as possible, introducing a modular S4
using U(1)p_p symmetries. Owing to the rank two neut-
rino mass matrix, we obtained a vanishing neutrino mass
eigenvalue. Furthermore, only the normal mass hierarchy
of neutrinos was favored via the modular S, symmetry.
In our numerical Ay? analysis, we determined a rather
sharp prediction on the sum of neutrino masses to be ap-
proximately 60 meV. The imaginary part of T was restric-
ted at 1.35-1.5, while the real part ran through the entire
range in the fundamental region. Other remarks are
presented below:

1. ap; was within {0° —120°,240° —310°}, while 6cp
was within {70° —290°}.

2. {m,.) was allowed by {0.001 —0.004} eV.
Therefore our model indicates several predictions in

053101-6
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the neutrino sector that was triggered by the minimal
structure with the §4 modular symmetry.
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APPENDIX A

Here, we review some properties of the modular S4
symmetry. In general, the modular group T is the group
of linear fractional transformation y acting on the modu-
lus 7, which belongs to the upper-half complex plane and
transforms as

; (A1)

where a,b,c,d€Z and ad—-bc =1, Im[r] >0.

This is isomorphic to PSL(2,Z)=SL(2,Z)/{I,-I}
transformation. Then modular transformation is gener-
ated by two transformations S and 7 defined as:

1
S:itT— ——, T:tr—7+1, (A2)
T
and they satisfy the following algebraic relations,

§2=1, (STY =1. (A3)
Here, we introduce the series of groups I'(N) (N =
1,2,3,...) which are defined by

r(N):{(‘z Z)eSL(z,Z), (‘C’ Z):((l)

and we define T'(2) =T(2)/{I,-I} for N =2. Because the
element —/ does not belong to the I'(N) for N >2 case,
we have T'(NV) =T'(V), which are the infinite normal sub-
group of T' known as principal congruence subgroups.
Hence, we obtain finite modular groups as the quotient
groups defined by I'y =T'/[(V). For these finite groups
Iy, TV =1 is imposed, and the groups Iy with
N=2,3,4,5 are isomorphic to S3, A4, S4 and As, re-
spectively [11].

Modular forms of level NV are holomorphic functions
f(r) transformed under the action of I'(V), which is ex-
pressed as:

(1)) (modN )},
(A4)

foyr) = (ct+d* f(r), yeT(N), (AS)

where & denotes the reputed modular weight.

Here, we discuss the modular symmetric theory
framework without imposing supersymmetry explicitly,
considering the S4 (N =4) modular group. Under the
modular transformation in Eq. (A1), a field ¢ is also
transformed as

97 = (cr+ )P g?, (A6)

where —k; represents the modular weight and p(y) de-
notes a unitary representation matrix of y € I'(4). Hence, a
Lagrangian such as the Yukawa terms can be invariant if
the sum of modular weight from fields and the modular
form in the corresponding term is zero (also invariant un-
der S4 and gauge symmetry).

The kinetic and quadratic terms of the scalar fields
can be expressed as:

Z 10,0
(—it+it)h’

1

o

= (—it itk

(AT)

which is invariant under the modular transformation, and
the overall factor is eventually absorbed by a field re-
definition consistently. Therefore, the Lagrangian associ-
ated with these terms should be invariant under the modu-
lar symmetry.

The basis of modular forms with weight 2,
Yéz) =(y1,y2) and Y§,2) = (y3,Y4,Ys5), which are transformed
as a doublet and triplet under S4, are determined in terms
of the Dedekind eta-function n(r) and its derivative [10]:

(o] ]
i '7(”2) n'<4r>_’7(z) ”( 4 )
T

nm=g|8 0 e (_)_ T+1
ifr+2) ) o[
LT+2 T+3
/() ()
B T+2 B 7+3\ |’
(%) )
’ T 4 T+1 / ﬁ / ﬂ
vl (%) () ()
)’2(T)=T n + - ,
77(—) UT+1) Tlﬁ 77T+3
4 4 4 4
)
. 2 1’ (47)
y3(7) =i 1 _477(41) ,
-
(7Y o (FE) o (EE2) (3
(@) () ) ()
() =—=|- + -1 ,
PG AT ) ()
4+ s ] M4 N3
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v;'s can be expanded in terms of g as follows:

b b
y1 = —37T(§1 +3b5), Y2 = 3 \/gﬂ'bg,, y3 = —JT(—Zl +2b5),

va = -1t V2by, ys = —4n\2by,
(A9)

where b; are given by

bi~1, by~q, by~q’, by~0, bs~0,  (Al0)
with ¢ = exp(2rit) and |g| < 1 [96].

Subsequently, Yukawas with higher weights are con-
structed by the multiplication rules of S 4, and the follow-
ing couplings can be obtained:

22 —2y2y3
o :[ y22y1yy21 ] v =| VByiys+yoya |
V3y1y4+y2ys

2y1y3
V3y2y5 — y1ys
‘/§Y2y4 —Y1Ys

vy = (All)
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