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Abstract: We investigate tidal forces and geodesic deviation motion in the spacetime of a black hole in a galaxy

with a dark matter halo. Our results show that tidal forces and geodesic deviation motion depend on the mass of the

dark matter halo and the typical lengthscale of the galaxy. The effect of the typical lengthscale of the galaxy on the

tidal force is opposite to that of dark matter mass. With increasing dark matter mass, the radial tidal force increases

in the region far from the black hole but decreases in the region near the black hole. Furthermore, the absolute value
of angular tidal force monotonously increases with the dark matter halo mass. The angular tidal force also depends
on the particle energy, and the effects of dark matter become more distinct for the test particle at higher energies,

which differs from the behavior observed in typical static black hole spacetimes. We also present the change in the

geodesic deviation vector with dark matter halo mass and the typical lengthscale of a galaxy under two types of ini-

tial conditions.
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I. INTRODUCTION

Dark matter is a type of mysterious invisible sub-
stance that experiences only gravitational interactions,
which may theoretically exist in the Universe based on
cosmic observation data, including cosmic microwave
background radiation and baryon acoustic oscillations [1,
2]. It is believed that dark matter constitutes approxim-
ately 85% of all matter in the Universe. However, the
nature of dark matter is still unclear. Thus, understanding
the properties of dark matter is an outstanding challenge.

The first image of a black hole, released by the Event
Horizon Telescope (EHT) Collaboration, confirmed the
existence of a supermassive black hole at the center of the
elliptical galaxy M87 [3, 4], which launched a new era of
gravity testing in strong field regimes. Recent astronom-
ical observations [5, 6], such as the spiral galaxy rotation
curve and the mass-luminosity ratio of elliptical galaxies,
indicate that dark matter may cluster at the center of
galaxies and close to black holes. Thus, it is important
and interesting to study the interaction between dark mat-
ter and black holes. If there is dark matter in the vicinity
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of a black hole, the dark matter and its distribution may
modify the geometry of the black hole, which could lead
to new observable effects arising from the dark matter.
Kiselev [7] obtained a static black hole solution surroun-
ded by specific matter. Because the equation of state is
equal to zero, this solution describes the modification of
black hole metrics caused by dark matter. Kiselev's black
hole solution has also been generalized for the high di-
mension black hole case [8] and rotating black hole case
[9]. By making use of a mass function related to distribu-
tion matter, several black hole metrics deformed by dark
matter have been obtained [10—17]. Recently, Cardoso et
al. [18] obtained an interesting static black hole solution
by solving Einstein's equations with the energy mo-
mentum tensor originating from galactic matter, which
describes a galactic black hole immersed in a dark matter
halo with a Hernquist distribution. With this solution, the
effects of a dark mater halo on quasinormal modes, scat-
tering, and optical phenomena have been studied in
[19—24]. The galactic black hole solution for a black hole
surrounded by a dark matter halo with different distribu-
tions has been discussed in [25].
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Tidal disruption is one of the most magnificent phe-
nomena in galaxies, which occurs when a star passes suf-
ficiently close to a supermassive black hole so that the
tidal forces destroy the star. The electromagnetic emis-
sion caused in tidal disruption events can help probe the
features of the corresponding supermassive black hole.
Thus, significant effort has been dedicated to study tidal
effects, including the shape deformation of a body in
black hole spacetime. In Schwarzschild black hole space-
time, it is known that the tidal force stretches a body fall-
ing toward a black hole in the radial direction and com-
presses it in the angular direction [26]. In the Reissner-
Nordstrom case [27], the charge of the black hole
strongly affects the tidal force so that its radial and angu-
lar components change their signs as the body falls to-
ward the center of the black hole. Tidal effects have been
investigated in other static spacetimes, including regular
black holes [28, 29], Kiselev black holes [30], and naked
singularities [31]. Moreover, the effect of the Gauss-Bon-
net coupling constant on tidal forces and the geodesic de-
viation vector has been studied in four-dimensional
Gauss-Bonnet black hole spacetime [32]. This investiga-
tion also revealed [33] that in the ergosphere of a rotating
black hole, a star broken by tidal interactions can emit a
jet composed of debris, which may provide a potential
mechanism for explaining the formation of jets near black
holes. Subsequently, the study of tidal effects has also
been performed in various black holes [34—40]. The main
purpose of this paper is to study tidal effects in a galactic
black hole with a dark matter halo [18] and to probe how
dark matter mass and galaxy lengthscale affect tidal
forces and the motion of the geodesic deviation vector.

This paper is organized as follows: In Sec. II, we
briefly review the galactic black hole solution with a dark
matter halo [18] and the geodesic equation. In Sec. III, we
investigate the tidal forces on a body free falling in the ra-
dial direction in the galactic black hole solution with a
dark matter halo. In Sec. IV, we present the dynamical
evolution of a deviation vector in the spacetime of a black
hole with a dark matter halo and analyze the effects of the
dark matter halo and galaxy lengthscale. Finally, we con-
clude with a summary.

II. GEODESICS IN THE SPACETIME OF A
GALACTIC BLACK HOLE WITH A DARK
MATTER HALO
Let us now briefly review the galactic black hole
solution with a dark matter halo obtained in [18]. It is
well known that the Hernquist-type density distribution

[41] can be used to describe the Sérsic profiles observed
in bulges and elliptical galaxies.

_ agM
2nr (ag + r)3 ’

(M

where M is the total mass of the dark matter halo, and a
is a typical lengthscale of the galaxy. With this matter
density distribution, an interesting exact solution [18] was
introduced to describe a black hole immersed in the cen-
ter of a galaxy. The metric of the black hole solution has
the form

1
1 2, L0 2 2, a2 2
ds® = —f(r)dt +1 ) dr* +r (d0 +sin” 6d¢ ) )

r

where the mass distribution of matter around the black
hole is [18]

m(r) = Mgy +

)

r

Mr2 _2MBH)2
(ap+r)? '

Here, Mgy is the mass of the black hole at the center. The
function f(r) can be expressed as [18]

fr)y = (1 - —Mf“ )e“’), )

with

Y(r)=-nm \/g—i- 2 @arctan(%) , Q)

§=2a0+4MBH—M. (6)

It must be noted that in solution (2), the dark matter
surrounding the black hole is assumed to exhibit only
non-zero tangential pressures and vanishing radial pres-
sure. The spacetime in (2) is asymptotically flat, and the
corresponding ADM mass is M + Mpy. It has a horizon at
rg =2Mgy and a curvature singularity at » =0. Egs. (5)
and (6) indicate that 2ag+4Mpy — M > 0, which is con-
sistent with the best fit of galaxy observations where
ayg > 10*M [42]. In the spacetime of a black hole im-
mersed in dark matter (2), the corresponding density
function of dark matter becomes

2M,
2M(ag + 2MBH)(1 - BH)

p= , 7

r(ag+71)3

which differs from the original Hernquist-type density
distribution (1) owing to the interaction between dark
matter and the black hole at the center of the galaxy. As
the mass of the black hole Mgy tends to zero, the density
function (7) reduces to the original function (1). At the
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horizon ry = 2Mpy, the matter density vanishes. In fact, In black hole spacetime (2), the geodesic motion
the parameters M, ay, and Mgy determine the geometry equation for a massive test particle along the radial direc-
of spacetime (2). The observation of galaxies corres- tion is [43]

ponds to the regime ag>10°M [42]. Moreover, as

ap > Mgy, the density function of dark matter (7) at large - i? ~1 )
distances becomes the Hernquist-type density distribu- 1 2m(r)

tion (1). Thus, as in [18, 19], we focus on the regime in r

which Mgy < M < ay. In particular, in this parameter

region, the spacetime (2) only has a curvature singularity where the dot represents differentiation with respect to
at r=0, and the another singularity r=M—-ayx the proper time 7. It is clear that a massive particle mov-

VM(M —2ay—4Mgy) does not exist because M —2ag— ing along the geodesic in spacetime (2) has two con-
4 Mgy < 0; therefore, spacetime (2) is regular in the phys- served quantities: the energy £ and angular momentum L.
ical region r > ry. Moreover, the choice of such a para-  As in [44], with the equation E = f(r)i, Eq. (8) can be ex-

meter region means that the Ricci scalar near the horizon ~ pressed as
R~ M/(a(z)MBH) can be decreased in a controlled manner

and decays as R~ 4May/r* at large distances [18]. In .2:(E_2_1)(1 _ 2m(r)) 9)
Fig. 1, we also present the change in dark matter density f(r) ro )

distribution with the halo mass M and lengthscale para-

meter ag. It is shown that the density increases with the The Newtonian radial acceleration [45] of the particle
mass M at fixed ap =10Mpy but decreases with ay for in the black hole surrounded by a dark matter halo (2) can

fixed M = 10Mpy. be expressed as

r

R_“_rm’(r)—m(r)_ E? [rm’(r)—m(r)  f'(r) _2m(n)\|_ Msu _ 1
A= 2f(r)[ 2 +2f(r)(l JI=-= (r+ao)®

PN \/I 7—2arctan ———t
X {w +2E2 MMy + ag)e N T i t0) } (10)

> [7‘2 - (6MBH + ao)}" —2Mpguao
r

Clearly, the absolute value of the Newtonian radial creases with the dark matter mass M but decreases with
acceleration increases with the energy E of the test the lengthscale parameter ay of the galaxy. Moreover, we
particle, which differs from that in Schwarzschild and Re- find that the effects of parameters M and ay on the New-
issner-Nordstrom black hole spacetimes, where the New- tonian radial acceleration become more remarkable in the
tonian radial acceleration is independent of the test case where the test particle has a higher energy E. From
particle energy E. In Fig. 2, we present the change in Eq. (9), we find that the test particle free falling from rest
Newtonian radial acceleration with parameters M and ag at r = b > ry does not bounce back in its radial motion be-
for a test particle moving along the radial direction in a cause Eq. (9) does not have another root satisfying i =0
black hole with a dark matter halo (2). It is shown that the ~ under the previous condition M < 2ag+4Mpy, which is

absolute value of the Newtonian radial acceleration in- similar to that in the Schwarzschild case.
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Fig. 1. (color online) Change in density distribution with the halo mass M and lengthscale parameter a in black hole spacetime (2).
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(color online) Change in Newtonian radial acceleration with parameters M and a¢ for a test particle moving along the radial

direction in the background of a galactic black hole with a dark matter halo (2).

III. TIDAL FORCE OF A NEUTRAL BODY IN
RADIAL FREE FALL IN THE BACK-
GROUND OF A GALACTIC BLACK
HOLE WITH A DARK MATTER
HALO

Here, we study the tidal forces acting on a massive
particle in the background of a galactic black hole with a
dark matter halo (2). It is well known that tidal forces are
governed by the geodesic deviation equation of a space-
like vector n*, which describes the distance between two
infinitesimally close particles following geodesics [46,
47]. The geodesic deviation equation is

D2
_)7” _R'g_vpva—vvnp = 0,

D72 (1

where v” is the unit vector tangent to the geodesic. In the
spacetime of a black hole with a dark matter halo (2), the
tetrad basis related to a freely falling frame can be ex-

f(r)

E
S
0 (f(r)

2m(r))’0’ 0)7
r

X 1 | E? E 2m(r)) )
H=l-— —_—1,— 1- ,0,01,
i ( CANCEGA (r)( r

1
¢ = (0,0,—,0),
2 r
& =(0,0,0,— (12)
37\ 7 7 rsing)’
which obeys the condition
euxf/ég Mo (13)

Here, 7, is the Minkowski metric. The indices with and
without a hat correspond to the tetrad and coordinate
basis indices, respectively. Moreover, we have é’o’ =W,
With the tetrad basis (12), the geodesic deviation vector
n* can be expanded to n* = éﬁn“ with the fixed compon-
ent 70 = 0. In the background of a black hole with a dark
matter halo (2), the non-vanishing independent compon-
ents of the Riemann tensor are [43]

R'o10 :lf”(r)(l - 2m(r))
2 r

2m(r)\’ | 2m(r)\ f/(r)?
r )_( oy ) ]’

1,
“3l7 (r)(l_ 70
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_ m(r)—rm’(r)

Ry =—"——,
r
Rl313 :M Sinzg’
2m(r)sin’ @
R*323 =L,
r
4
(r) 2m(r)
R*020 =R%30 = f2— l-—] (14)
r r
. . s 4 "
Making use of the relationship ngs = efjeéegeg Rypors

we can obtain the Riemann curvature tensor in the tetrad
basis

R =370 [ff(<32 (1 - zmr(r))],’
Ry =Ry = %[Ez(%) —(1 L )] (15)

Here, we also note that the components ROQ()Q and Rﬁm
depend on the energy of the particle, which could lead to
several new features of tidal force in the spacetime of a
black hole with a dark matter halo (2). Substituting the
above formula into the geodesic deviation equation (11),
we can find that the equations for tidal forces in radial

free-fall reference frames satisfy [48]

(r - ZMBH)M

o1
.
=—{2Mpy +
=5 { BH (r+ap)?
X [2}’2 + (Ll() - 6MBH)r — 4MBHa0]

Mr*(2Mgy +ao)
(r+ao)[r? +2(ag— M)r+4M Mgy +al]

(16)
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[r2 - (6MBH + ao)r - 2MBH610

where i = 2,3 correspond to the angular coordinates 8 and
@, respectively. The radial and angular tidal forces de-
pend on the black hole mass Mgy, the mass of the dark
matter halo M, and the typical lengthscale ay. Further-
more, the angular tidal force is related to the energy £ of
the test particle in spacetime. As the parameter M van-
ishes or ap tends to infinity, Eq. (16) and (17) reduce to
those in Schwarzschild black hole spacetime, which can
be explained by the fact that the dark matter density (7)
vanishes in these two limit cases.

The changes in tidal forces with the dark matter mass
parameter M and typical lengthscale ay of the galaxy are
also shown in Figs. 3 and 4. For a fixed ap, we find that
with increasing M, the radial tidal force increases in the
region far from the black hole but decreases in the region
near the black hole. This is understandable because the
test particle in the far region of the gravity originating
from the dark matter around the black hole has the same
direction as that of the black hole at the center of the
galaxy, which makes the gravitational field stronger than
in the case without dark matter. However, for the particle
in the near region, they are in opposite directions, which
makes the gravitational field weaker than in the pure
Schwarzschild case. Moreover, we find that the effect of
ap on the radial tidal force is opposite to that of M in the
background of a black hole with a dark matter halo. The
main reason is that the dark matter density (7) increases
with the mass parameter M but decreases with the scale
parameter ay. Figure 4 shows that the angular tidal force
is negative for all M and ag, which is consistent with the
results in the Schwarzschild black hole case. The abso-
lute value of the angular tidal force monotonously in-

0.004

0.003

0.002

0.001

0.000
0 20 30

riMgy

(color online) Change in radial tidal force with the dark matter mass parameter M and typical lengthscale ay in the back-
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creases with dark matter halo mass but decreases with ag.
We find that the angular tidal force also depends on the
particle energy E, and the effects of M and ay become
more distinct for the test particle with higher energy E,
which differs from their behavior in typical static black
hole spacetimes, where the angular tidal force is inde-
pendent of the test particle energy E.

IV. EVOLUTION OF THE DEVIATION
VECTOR IN THE SPACETIME OF A
BLACK HOLE WITH A DARK MATTER
HALO

In this section, we solve the geodesic deviation equa-
tions (16) and (17) and analyze the dynamical evolution
of the deviation vector »” for a particle radially free-fall-
ing in the spacetime of a black hole with a dark matter
halo (2). Making use of the equation

3 2m(r)\( E?
dr/d‘r——\/(l— , )(%—1),

it is easy to find that the geodesic deviation equations
(16) and (17) can be rewritten as

(18)
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E? ; (1_2m(r))c12ni
(% ) ro)dr

1] o(r=2m(r)Y 2m(r)\ 1dy!
+§[E(W)‘(1‘ ; ) O

T [ffg); (1 i zmr(r))]’"i " )
PR

70 r )
{220 1220
_%[ﬁ(%) —(1 _ 2’"(’))/ ]nf 0. (20)

The general solution for the angular component 5 can be
expressed as

n;zr[Cl-i-sz

dr
()i 22)

where the coefficients C; and C, are the constants of in-
tegration. However, for the radial component 7', we can-

2
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not find such analytical solutions. Thus, we must numer-
ically solve the differential equation (19). As in [27], we
consider two types of initial conditions describing the
dust of particles starting at the region outside the event
horizon r = b > ry. The first type of initial condition, ICI,
is

')=1,  i'®)=0, (22)
which corresponds to particle-like dust released from rest
at r=b. This means that the four-velocity component of
the particle 7 =0, and the energy of the dust is fixed at
E = f(b). The second type of initial condition, ICII, is

0)=0, ®)=1, (23)
which represents dust "exploding" at the starting point
r = b. Under the initial condition ICII, we find that

1
\/(1 b )(f(b) :

where the energy of the particle-like dust £ is not a fixed
parameter. The absolute value of 7|, decreases with E,

e 1
Tlp |r:h = ;|r:h = (24)

which means that the dust energy £ will affect the dy-
namical evolution of the deviation vector in the case of
the second type of initial condition, ICII.

In Fig. 5, we present the change in the radial compon-
ent of the geodesic deviation vector ' with the dark mat-
ter mass parameter M and typical lengthscale q¢ in the
background of a black hole with a dark matter halo (2)
with the initial conditions ICI and ICII. As the particle
falls from rest at r = b, the radial component ;' increases
for different M and ap under both initial conditions ICI
and ICIIL The length of »' and its rate of increase are less
than those in Schwarzschild black hole spacetime.
Moreover, the deviation vector component ;' monoton-
ously increases with the dark matter parameter M. With
increasing ag, for the initial condition ICI, we find that '
increases when the dust lies in the region far from black
hole, whereas it first decreases and then increases when
the dust lies in the region near the black hole. However,
with the initial condition ICII, ' always increases with
ap, which indicates that the evolution of the deviation
vector component 1' depends on the initial condition.
With increasing b, we find that the component nl in-
creases, which is similar to the behavior observed in typ-
ical static black hole spacetimes. We find that the particle
energy E also affects the component n'; the effects of M,
ag, and b on ' are suppressed by E.
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(color online) Dependence of the radial components ;' of the geodesic deviation vector on the dark matter halo mass M and
typical lengthscale a in cases with the initial conditions ICI and ICII.
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Figure 6 shows the dependence of the angular com-
ponents 7' of the geodesic deviation vector on the dark
matter halo mass M and typical lengthscale ag. With the
initial condition ICI, 7' increases with M, but first in-
creases and then decreases with ap. However, the effects
of M and ag on qi are small in this case. Moreover, for
fixed M and aq, 1 decreases with b. For the initial condi-
tion ICII, as the body falls from r = b, we find that there
is a peak in the change curve of 1’ with 7, and the peak
value of 5 and its corresponding position depend on the
parameters M, ag, and b. Furthermore, 7' is a decreasing
function of M but an increasing function of gy and b in
this case, which means that the dynamical behaviors of
the particle-like dust differ from those in the case with the
initial condition ICI. Similar to the radial component 7',
the effects of M, ag, and b on 7 are suppressed by the
particle energy E under the initial condition ICII. Thus,
the tidal effects of a dark matter halo depend on the dark
matter mass M and typical lengthscale of the galaxy agpas
well as the initial condition of the particle-like dust.

V. SUMMARY

We investigate tidal forces and geodesic deviation
motion in the spacetime of a black hole in a galaxy with a

100 0 20 40 60 80 100

riMgH

60 80

(color online) Dependence of the angular components 7' of the geodesic deviation vector on the dark matter halo mass M and

dark matter halo (2). Our results show that the tidal force
and geodesic deviation motion depend on the dark matter
halo mass M and typical lengthscale ay of the galaxy. The
effect of ap on tidal force is opposite to that of M in the
background of a black hole with a dark matter halo. The
main reason is that the dark matter density around a black
hole increases with the mass parameter M but decreases
with the scale parameter ag. With increasing mass M of
dark matter, the radial tidal force increases in the region
far from the black hole but decreases in the region near
the black hole. The main reason is that for a test particle
in the far region, gravity originating from the dark matter
around the black hole has the same direction as that from
the black hole at the center of the galaxy, whereas they
are in opposite directions for a particle in the near region.
The angular tidal force is negative for all M and ag; the
absolute value of angular tidal force monotonously in-
creases with dark matter halo mass. We find that the an-
gular tidal force also depends on the particle energy E,
and the effects of M and ag become more distinct for the
test particle with higher energy E, which is different from
their behavior in typical static black hole spacetimes,
where the angular tidal force is independent of the test
particle energy E.

We also present the change in the geodesic deviation
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vector in the spacetime of a black hole in a galaxy with a
dark matter halo under two conditions, ICI and ICII. The
dependence of the geodesic deviation vector on the ini-
tial position parameter b is similar to that in other black
hole spacetimes. The radial deviation vector component
n' monotonously increases with the dark matter paramet-
er M. With increasing ag, for the first type of initial con-
dition, ICI, »' increases when dust lies in the region far
from black hole, whereas it first decreases and then in-
creases when dust lies in the region near the black hole.
However, with the second type of initial condition, ICII,
n' always increases with ap. With the initial condition
ICI, the angular components 7' increase with the dark

matter mass parameter M but first increase and then de-
crease with ap. However, the effects of M and ap on 7
are small in this case. With the initial condition ICII, ' is
a decreasing function of M but an increasing function of
ap and b, which means that the dynamical behaviors of
the particle-like dust differs from those in the case with
the initial condition ICI. We find that the particle energy
E also affects the dynamical evolution of the geodesic de-
viation vector in black hole spacetime, and the effects of
M, ay, and b on the deviation vector are suppressed by E.
These behaviors of tidal forces and the geodesic devi-
ation vector could help us understand tidal effects and
dark matter halos around galactic black holes.
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