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I. INTRODUCTION

The gauge invariance is known as an important
concept in the cosmological perturbation theory. In the
first order, the gauge invariant variables were introduced
for the first time by Bardeen in 1980s [1]. Since then, dif-
ferent gauge-invariant formalisms have been studied [2-
7]. In addition, they have been widely utilized to study
cosmological fluctuations [8], for example, the anisotrop-
ies in the cosmic microwave background and the large
scale structures, which have been precisely measured in
the past decades [9]. For the second order cosmological
perturbations, gauge invariance has also been recently
studied, and a quantity of gauge invariant variables have
been constructed [5-7, 10-17]. In addition, it is believed
that the gauge invariance is available to study higher or-
der cosmological perturbations [18].

However, recent changes were noticed when the
second order cosmological perturbations were studied, in-
cluding but not limited to the second order gravitational
waves [19-23], which are induced by the first order scal-
ar perturbations [24-42]. The energy density spectrum of
the second order gravitational waves, as a physical ob-
servable, have recently been involved in the gauge issue
[43-49]. A possible explanation is related to gauge fixing,
which may trigger unknown fictitious perturbations [45].
Therefore, this problem can be addressed by constructing
the gauge invariant variables [2-7, 10-13]. The other ex-

planation is related to the definition of the physical ob-
servable, which has been suggested to be defined in the
synchronous frame [48]. However, in such a framework,
the concept of gauge invariance was suggested to be ne-
cessarily abandoned, because it is impossible to truly con-
struct the gauge invariant second order synchronous vari-
ables [50].

However, we would demonstrate that the gauge in-
variance can be preserved when second order cosmolo-
gical perturbations are studied, in particular, the second
order gravitational waves. On one hand, the power spec-
trum as the physical observable should be gauge invari-
ant. Otherwise, it could take an arbitrary value if we
choose an appropriate gauge fixing, e.g., the synchron-
ous gauge [51], as reviewed in Ref. [50]. On the other
hand, the gauge invariant synchronous variables can be
logically defined for the induced gravitational waves at
second order, though they are poorly defined for the
second order scalar and vector perturbations. Accord-
ingly, the energy density spectrum of second order gravit-
ational waves could be well defined.

In this study, we investigate the gauge invariance of
second order cosmological perturbations by following the
Lie derivative method [5-7, 10, 11]. The gauge invariant
variables of any order can be systematically constructed
in such a method. We will study the gauge invariant
Newtonian (i.e., Bardeen's) and synchronous variables at
first and second orders. In particular, for the first time, we
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will construct the so-called gauge invariant hybrid vari-
ables, i.e., Newtonian at first order while synchronous at
second order, and vice versa. Further, we will determine
the conversion formulae among different families of
gauge invariant variables. Finally, we will derive the
gauge invariant equations of motion for the second order
cosmological perturbations by adopting the scalar-vector-
tensor decomposition [52]. To accomplish this objective,
we will decompose the gauge invariant perturbed Ein-
stein field equations into the scalar, vector, and tensor
components.

The remainder of the paper is arranged as follows. In
Section II, we introduce the gauge transformations and
the gauge invariant variables, in accordance with the Lie
derivative method. In Section III, we revisit the gauge in-
variant first order variables in such a method. In Section
IV, we present explicit expressions of the gauge invari-
ant second order variables, and study the conversion for-
mulae among different families of gauge invariant vari-
ables. In Section V, the equations of motion for the cos-
mological perturbations are presented in terms of the
gauge invariant Newtonian, synchronous and hybrid vari-
ables. Finally, the conclusions and discussions are sum-
marized in Section VI.

II. GAUGE TRANSFORMATION AND
GAUGE INVARIANT VARIABLES

A. Gauge transformation of an arbitrary tensor

A gauge transformation for a perturbed quantity in
space-time starts from an infinitesimal transformation of
coordinate x* — . The expansion of ¥ up to second or-
der is given by

fc/‘:xﬂ+§(1)ﬂ+%§(2)ﬂ+0(§(3))’ )

where £# and €2# are the first and second order expan-
sions of ¥, respectively. For a generic tensor @, to second
order, the infinitesimal transformations are shown to be [5]

QY =@V +£,Q", (2a)

A?» =qQ? + 2L, QW + (L, +~£§1 )Q(O), (2b)

where we let & = £ and & = £ - gDvp,£01 QM de-
notes the n-th order perturbation of the tensor @, and L,
is Lie derivative along the infinitesimal vector &£. The de-
gree of freedom of the transformation is the same for the
first and second order perturbations. The &; determines
QWM. Once & is fixed, & determines the Q@ . These for-
mulae are based on the fact that the &; i is set to be in the
same order of tensor perturbation Q. It could simplify

the formalism of the perturbation theory. For a general in-
finitesimal transformation, there is no relevance between
& and Q' on the orders. In Appendix A, an introduc-
tion to the Lie derivative is shown. We briefly summar-
ize the derivations of Egs. (2) in Appendix B.

B. Gauge invariant metric perturbations

Based on Egs. (2a) and (2b), the infinitesimal trans-
formations of the first and second order metric perturba-
tions are presented as

~(1 1 0

g =g+ Legh, (3a)
~(2 2 1 2 0

B =g +2Legl) + (Lo +LE)gn - (3b)

If we introduce the gauge invariant metric perturbations
via gf,cv;l") = gfji—@fja (i = 1,2a for example), by adopting
Egs. (3a) and (3b), we can rewrite the counter terms (Cl(fﬂ

in terms of the infinitesimal vectors X* and Y*, namely,

GL1 1 0
gf,y )= gﬁw) - .Engw) , (4a)

GI,2 2 1 0
g = g —2Lxgl) — (Ly-L3)gy,  (4b)

where

Xt =Xt + &, (5a)

=y &+ 6, X (5b)

We present the derivations of Egs. (4a) —(5b) in Ap-
pendix C. These formulae can also be found in Refs. [7,
53, 54]. Recently, they have been used in cosmology [7,
54] and in the post-Newtonian formalism [55].

Based on Egs. (5a) and (5b), the infinitesimal vectors
X* and Y* could be independent of the metric perturba-
tions in principle. In the first order, Bardeen constructed
the gauge invariant variables in terms of the metric per-
turbations [1]. Therefore, we limit our investigations to
the case in which both X* and Y* are expressed in terms
of the metric perturbations in the following.

C. Gauge invariant perturbations of the

energy-momentum tensor

In the aspect of matter perturbations, we adopt the in-
finitesimal transformation in Egs. (2a) and (2b) to obtain
the perturbed energy-momentum tensors, i.e.,

=(1 1 0
TS =Ta + Le T, (62)

T =T +2Le Th) +(Le, + LT}, (6b)
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The gauge invariant perturbed energy-momentum tensors
can be given by

Tiw = Tjy) = LxTi). (7a)
T =T —2LxTY) — (Ly - LDT,  (7b)

In the above formulae, it can be observed that the energy-
momentum tensors are not in a special status. In general,
any of the gauge invariant tensors could be formulated in
the same form as Egs. (7a) and (7b), i.e.,

QO = QW - £4Q©, (8a)

QG =Q® —214Q"V - (Ly-L£2)QY.  (8b)

D. Gauge invariant Einstein field equations

It is already known that the gauge invariant perturbed
Einstein field equations have the same form as the con-
ventional ones [8, 54]. This can be explicitly expressed
by expanding the Einstein field equations, G, =«T,y,
namely,

0=Gyy —«T,,
~GO KT + G kD + 2 (G2 T2
=Gy =T +(GTD = kTS + Ly (G - «T,))
+ 2 (G TS 2.1 (G 4T )
+(Ly - L3) (G —«TR)), ©)
where G,, is the Einstein tensor, « = 872G, and G is the

gravitational constant. We can separate Eq. (9) in suc-
cessive order to obtain

G = kT2, (10c)

The gauge invariant perturbed Einstein tensor GI(EII’”)

takes the same form as the conventional one GL’L) It can

be obtained by substituting the metric perturbations gl(fv)

with the gauge invariant ones gﬁl’"). The same situation is
also true for the perturbed energy-momentum tensor T,(I(VH’”) .

In fact, the above conclusion is obvious, and can be
understood as follows. As known, the perturbed Einstein
tensors fof,) are defined with the metric perturbations gl(,"v)
Upon the gauge transformation, the transformed per-
turbed Einstein tensor G,(,"V) should be written in terms of

the transformed metric perturbations g,(,”v) Based on this,

because we notice that gffvﬂ’”) in Egs. (4a) and (4b) form-

ally take the same form as the gauge transformations, i.e.,

gf,") in Egs. (3a) and (3b), the gauge invariant perturbed

Einstein tensor GLE,}I’") can be defined with the gauge in-
(GLn)

variant metric perturbations g,

IIT. GAUGE INVARIANT VARIABLES FOR THE
FIRST ORDER COSMOLOGICAL METRIC
PERTURBATIONS
The gauge invariant first order variables were first
proposed by Bardeen [1]. As was known at the time,
Bardeen's gauge invariant variables have the same form
as the metric perturbations in the Newtonian gauge. In
this section, we will reproduce Bardeen's formulae and

further demonstrate that there are infinite families of
gauge invariant variables that are allowed.

A. Gauge transformations of the first order
metric perturbations

In flat Friedmann-Lemaitre-Robertson-Walker space-
time, the metric takes the form of

godrdx” = a()(~dif® +6;jdx'dx)), (11)

GLOV) =KTI(1?,), (10a) where 1 and a(n) are the conformal time and the scale
factor of the Universe, respectively. The spatial curvature
(GLI) (GLI) of the space-time is zero. The metric perturbations of the
Gy =Ky ™ (10b) n-th order can take the form
2 = g —2¢" b +v," (12)
m O™ +v" 2y +20,0,6™ + 9, + 0" + Y )’
where ¢™, ¢, p™_ ™ are scalar perturbations, yg”) and or traceless conditions should be satisfied as follows
c;”) are vector perturbations, and hf;l) are tensor perturba- "
tions. For tensor and vector perturbations, the transverse 9" =0, (13a)
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dic'™ =0, (13b)

5% 0h? =0, (13¢)
ijp,(n) _

§/n) = 0. (13d)

These variables can be introduced via a scalar-vector-
tensor decomposition, which is summarized in Appendix
D.

Based on Eq. (3a), the gauge transformations of the
scalar, vector, and tensor perturbations are explicitly ex-
pressed as

) = -2ata”
= 226D — 24 (ao + f)g‘f, (14a)
a
g\ = @bV +7")
= @bV + VD) + a?(8,008] - 0:Y), (14b)

gf}) :az(—2zﬂ(1)6,-j + 26,6}-?(1) + aigi‘l) + 6.f€‘§1) + ilf;))

1 1 1
=a* (=205, +20:0,¢V +0,c') + 0 ¢l + hi )

2a
+a’ ((6,-ka j+ O RONE 7 +8"0iE15) + =6 ,-f?)-
(14c)

Here, the spatial part of & has been decomposed as
& =& ;+679;é15, where we have the transverse &| ;. and
longitudinal &, parts. Using Eqs. (14a)-(14c) and the
scalar-vector-tensor decomposition, we rewrite the gauge

transformations of the metric perturbation variables as

3D = g0 +(30 N g)f(l) (152)
B = bV 4 o5 — &, (15b)
5 =0 46008 . (150
30 =y — 35? (15d)
dV =g g (15¢)
e =Vt ouéf (15f)

B = h). (15g)

In the following, we will introduce the gauge invari-
ant variable of metric perturbations by adopting Eq. (15).
Because the gauge invariant metric perturbations could
take the same form as the Newtonian (or synchronous)
gauge, we call them the gauge invariant Newtonian (or
synchronous) metric perturbations for the purpose of
presentations.

B. Gauge invariant first order Newtonian variables

Based on Eq. (4a), we could obtain the gauge invari-
ant Newtonian metric perturbations, i.e.,

g(()gl,l) = 24200, (16a)
=, (60
g =’ (29 Vs, + H), (16c)
where the gauge invariant variables are defined as
o = ¢ — (30 N Z)XO (172)
o) =w(”+ZX0, (17b)
Vi(l) :vgl)—&jaoxj’ (17¢)
HY =D, (17d)

and we have decomposed X' =: X} +679,Xs, i.e., into the
transverse and longitudinal parts. As expected, X* is ex-

pressed in terms of the metric perturbations gﬁl‘,), we can
derive its formula from Eq. (16b),
1 1 0
azvi( ) :g(Oi) _Lng)i)
=a2 ((9, (b(l) - 60XS + XO)
+(vV = 8;:00X7)). (18)

Because the vector perturbation is transverse, it leads to
bM -9y Xs + X =0. (19)

By making use of Eq. (16¢), namely,
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(29,4 H ) =gV — Lxg?

:az(—Z(S,'j (lﬁ(l)-f- ZXU) + 26,6/ (6(1)—Xs)

+ (0401 +840) (<0 - ouxt) + hgy),
(20)

and the scalar-vector-tensor decomposition, we obtain

eV —Xg =0, (21a)

e\l —6p Xy = 0. (21b)

Based on Egs. (19), (21a) and (21b), X* can be given by

X0 = gy — b, (22a)

X' =5 (c{" +aeV). (22b)

Therefore, we rewrite the gauge invariant variables as

1

oD = ¢ — = 9o (a(dpe - b D)), (23a)
a

P =y - & (g0 - p0) (23b)
a 9

VD =0 g6ch, (23¢)

(D) _ (D)
HY =1, (23d)

This implies that the gauge invariant variables proposed
by Bardeen [1] can be reproduced by adopting the Lie de-
rivative method [54].

C. Gauge invariant first order synchronous variables

Based on Eq. (4a), the gauge invariant synchronous
metric perturbations take the form of

gl =0, (24a)
gt =0, (24b)
gE?I’l) :a2 (—2“1"(1)6[./' + 26i8jE(1)

+0,C'V +0,C) + H), (24c¢)

where the gauge invariant variables are defined as

P =y 4 Zx0, (25a)
a
ED =M X, (25b)
V=V -5y xk, (25¢)
HY = pD. (25d)
ij ij
In this case, X* can be determined by the form g™V =0

Ou
and the scalar-vector-tensor decomposition. The obtained

result is expressed as

X%éfmw%, (26a)

X =/t f dn{v§‘>+a,-b<l>+1 f dn {aaiqﬁ(l)}}. (26b)
a

Then we rewrite the gauge invariant variables in the
form of

gD :¢<1>+%fdn{a¢(l>}, (27a)
E(l)=e“)+fdn{b“)+éfdn’{aqb“)}}, (27b)
e =d" [ an e70)
HY =h). (27d)

The above approach has been used to study the scalar
cosmological perturbations in Ref. [56]. As suggested in
Ref. [48], the gauge invariant synchronous variables are
not unique, owing to the indefinite integral in Eq. (26). In
this sense, it might be difficult to define observables with
the gauge invariant synchronous variables in Egs. (27a)-
(274d).

D. Conversion among different families of gauge

invariant first order variables

In general, the gauge invariant variables are not lim-
ited to the forms in Eqs. (16a)-(16¢c) and (24a)-(24c).
There are other families of gauge invariant variables (see
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reviews in Refs. [11, 57]). For two different families of
the gauge invariant first order variables of metric perturb-
ations ngLA’” and gl(f,,ﬂ’B’l), the conversion between them
can be derived from

GLA,1 GI,B,1 1 0 1 0
gD g OB — (o) — Lxig' W) — (g5 — Lxog)

=Lox-x 8o - (28)
If we let Z*® = X4 — X, Eq. (28) can be rewritten as

GLA,1 GI,B,1 0
gotAl = OB _ g, (29)

The variable Z{*® was mentioned by Nakamura [54]. It
relates two different families of gauge invariant first or-
der variables of metric perturbations. In this study, we
further demonstrate that the infinitesimal vector Z; can be
expressed as a linear combination of the gauge invariant
variables AV, 81 and Cgl):

Z}II’AB _ N’i‘ﬂ(l) +]\A/§B(l) +N§iCEI), (30)

where N/, N, and Ng‘j are arbitrary linear operators that
are irrelative to any perturbations, and we obtain the
gauge invariant variables,

2
A = ao(iw<‘>)+a¢(1), (312)
a
BD = gy - p 4 Ly, (31b)
a
P =y -yl (3lc)

The above expressions of A, B and C!" can be ob-
tained by making use of Eq. (15).

The existence of infinite families of gauge invariant
variables can also be indicated by the infinite number of
choices of X*. To be specific, we can extend the expres-
sion of Eq. (22) to be

X0 = gV = bV + 29, (32a)

X7 = 67" + ey +Z]. (32b)
In this way, the gauge invariant metric perturbations
could take a general form of

g(GI,l) = 24290,

@ (33a)

g9 = 29,8 + V), (33b)
gl(_jGI’l) =a2 (—2‘1‘(1)5,'/' + Zaia,’E(l)
+0,C" +0,cV + HY), (33¢)
where the gauge invariant variables are defined as

1

Q)(l) = ¢(1) - —(90(&(306(1) - b(l) +Z?)), (343)
a

BV =20 -8,A'9,Z, (34b)

g = ¢<1>+g(aoe<1>—b<“+zo), (34c)

ED =A"9,7), (34d)

Vil =y — 8" - (63— ;07" k) Do Zf, (34e)

OV = — (60— 0ir'0y) 2L, (34f)

H;}) = hyj, (34g)

and A~' is the inverse Laplacian operator on the back-
ground.

As an example, we consider that gL?I’A’I) and gLCV'LB’l)
are synchronous in Egs. (27a)-(27d), and Newtonian in
Egs. (23a)-(23d) variables, respectively. In this case, we
obtain the explicit expression of Z| AB as

1
Z?,AB _ Zfﬂ(l)dn_g(l)’ (35a)
. . 1
ZHAB —g, f dn{; f ﬂ“)dn’}
ik, f BVdn+ 57 f can. (35b)

Therefore, these two families of gauge invariant vari-
ables of metric perturbations are related via the expres-
sions of the linear operators N*, 1\7’2’ ,and Ng’ "

IV. GAUGE INVARIANT VARIABLES FOR THE
SECOND ORDER COSMOLOGICAL
METRIC PERTURBATIONS

In this section, the gauge invariant second order vari-

095101-6



Note on gauge invariance of second order cosmological perturbations

Chin. Phys. C 45, 095101 (2021)

ables in cosmology will be derived in the framework of
the Lie derivative method and scalar-vector-tensor de-
composition. Previous similar studies can be found in
Refs. [11, 54]. Furthermore, we will present the conver-
sion formulae among different families of gauge invari-
ant variables. For illustrations, we will consider the gauge
invariant metric perturbations that are Newtonian and
synchronous, respectively.

A. Gauge transformations of the second
order metric perturbations

Based on Eq. (3b), the gauge transformation of the
second order metric perturbations is presented explicitly
as follows

72 =243

=—2a%¢ + 2L ) +(Le, + L) 85y (362)

gy =a*(0:B® +7v”)
=guo +2Le.8h +(Le+ L2 )2y,
=a’ (0 (0 +A‘16-’” )+v<2> +(67 0,071 0) ;)
—a2 <3, <b(2) + A71 (9"on) + Vi + 7750]) s
(36b)
g7 =a* (26,02 +20,0,8% + 0,87 + 0,87 + hY)
_gsz) +2-£$.8(1) + (sz +‘£§l)g(0)
:az( - 26,']'1,[/(2) + 26,~6je(2) + (9,'6‘5.2) + 5]'6‘;2) + hf]z)
1 kl kA—1al\= 1 -1 =1 ak al
+50(64 =007 ) B+ 500,07 (347104
—6")2)+ 0,70 ((6F - 0,07 0*) 2

+0;A71 0 (60 jA_lal)Ekl)+((6{f—8,-A_16k) (¢
—0;A™'d) - %( = 0iAT10; )(5kl—akA—la’))Ek,)
—az( - 2(5,']'1,[/(2) + 26,'6]'6(2) + (9,'6‘5.2) + (9]'(,‘52) + hf]z)

1 1
+ 551',-‘7'”5/(1 + 3i6jA71 ((8"A16’ - ET“) Ek[)
+ 3jA_lal7'ikEkl + (9,~A‘18k7';3k1
1
+ (7‘,*7‘} - zﬂjT"’)EH),

(36¢)

where ‘T]’ =
define

6. —8;A719" is a transverse operator, and we

2Le g +(Le+ L2)gh
. .

[1]

v p (37)
In Egs. (36b) and (36¢), we have decomposed the gauge
transformation into the scalar, vector, and tensor compon-
ents. Therefore, the gauge transformation of each com-

ponent can be rewritten as

3O = g _ %E (38a)
B =p? + A 3IE;, (38b)
7 =P+ TE, (38¢)
3O =y %‘Tklakl, (38d)
&P =e?+ %A“ ((a’w‘a’ - %fr’d) Ek,), (38e)
&P =P+ AT =, (38f)
R =h3 + (Ti"fr} - %7} fr’d) S (382)

In particular, the second order tensor perturbation is no
longer invariant upon the gauge transformation. Based on
Egs. (3b), (4b), and (38), we obtain the gauge invariant
second order variables as

%) = 62— (3 + 2 )10+ X, (39)
B? =b@ - 3p¥s + Y - AT 0 Xy, (39b)
V= 0] T X (399
W=y Ly Zrhix (39d)
E® =¢®_yq —%A’l ((akA - Tk’)Xkl) (39)
CE'Z) (2) — i Yk Al 6k7~]{ X, (39f)
Hg) = hg) - (‘7',"7'][ - %7-1' kal) Xkt (392)
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where we define

1 0
2Lxgl) — L2
— 2,

Xy (40)

a

In addition, we decomposed Y’ =: Y} +679;Ys, i.., into
the transverse and longitudinal parts. We infer that X,
depends on X*, which determines the gauge invariant
first order variables. In Appendix E, we present an expli-
cit expression of X,,,. As shown in Eq. (39), all the gauge
invariant variables are expressed in terms of X* and Y,
except that the gauge invariant second order tensor per-
turbation Hg) solely depends on X*. Because the explicit
expression of X* has been known, only Y* is undeter-
mined in Eq. (39). Therefore, we will show how to ex-
press Y* in terms of the first and second order metric per-
turbations in the following.

B. Gauge invariant second order Newtonian variables
To obtain the gauge invariant Newtonian variables,
we derive the expression of Y* from B® = E? = C;z) =0.
The explicit expression of Y* is given by

: 1
Y0 =9pe® —b? + A7 6/ X - E(a"A—Qalao

1
- EA_I‘Tklao)/\’kl, (41a)
S 1.,
Y =6(0;e® + c§2>)+(za’a’m 2y
1 . )
+ Z(Skla’A‘l - 6I’A‘16k))(k,. (41b)

We determine that Y* depends on a choice of the first or-
der variable X*. Therefore, the gauge invariant second or-
der metric perturbations become

Gl2
gl = —2a0?), (42a)
g = 2V, (42b)
g = 2a°6,%? + a’H.?, (42c)
where the gauge invariant variables are defined as
(D(z) =¢(2) - (g + 3())(306(2) - b(2)) + Xoo
a
~(5+ 00 ) (a1 9xo; - 38720 0 X
a
+(5kZA71/\’k1) s (43a)

PO =y @ 1 (506 _p)y
a

+2(A7191X0; - 30200 Xy
a

+ AT X ) + TR X, (43b)
Vl.(2) = v§2) - 6oc§2) + AT T o X~ 7-,~jX0j, (43¢)
1
2) 2)
HY =) = (7471 377 X (43d)

C. Gauge invariant second order

synchronous variables
For gauge invariant synchronous variables, the Y* is
determined by adopting ®® =0, B® =0, and V' =0.
The explicit expression of the Y* takes the form of

r=l f dn{a¢(2)+%a2<oo}, (44a)
a
Y* :6kifdn{v§2)+6ib(2)+lfdn{aai¢(2)}}
a
; 1
_fd”{‘sijoi_—fdﬂ{aakxoo}}- (44b)
7 2a

Therefore, we obtain the gauge invariant second order
metric perturbations in the form

%o =0, (45a)
g =0, (45b)
gE?I,Z) :a2 (—2‘{'(2)61']' + 26,~(9jE(2)

+0,C'Y +0;CP + HS), (45¢)

where the gauge invariant variables are defined with

; 1
p@ — !//(2) + % fdn {a¢(2) + EGXOO}"'TMXU’ (46a)
a

1
EQ @ _ f @, 1 f e
e dn{b + dn {a¢ }
: 1
+fd77{Alan()j__fdn/{aXOO}}
2a

1
- Z(3A’26k61 - MAHXy, (46b)
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C52) C(/Z) f Vj»z)dfl""rj ¢ | Xowdn-A"' T (X, (460)

1
HY =1~ (T4 7374 (@6d)

The gauge invariant synchronous variables are different
from the gauge invariant Newtonian variables, except the
tensor perturbations. In both of the two cases, Hg) is
completely determined by the choice of the gauge invari-
ant first order variables.

D. Conversion among different families of gauge
invariant second order variables

Compared with the first order case in the previous
section, a conversion between two different families of
gauge invariant second order variables is more complic-
ated, because the gauge invariant second order variables
are also dependent on the choice of the gauge invariant
first order variables. Specifically, for the two different
families of gauge invariant second order metric perturba-
tions g(GIA2) and g(GIBz) the conversion between them
can be derived from

GLA2 GIL,B,2 2 1 0
g — g B =g~ 2 Lyigly) — (L - L) gl
2 1 0
(g% —2Lwogly) — (Lyr - L3 ) 80

=2Lxr-x) (g;(wIB Vg Bgfff,))
+(.£(YE—YA - Ly - .EXA)gL?,)

GI,B,1
= — 2.£(XA X”)gﬂv )

— (Lys—yrapxr x0))

2 0
_L(XA_XB)) gﬂy .
(47)

If we let Z3'® = YA - Y5+ (X4, X®] and Z® = X* - X5, Eq.
(47) can be rewritten as

(GLA2) _
ny

gGIBZ) 2L g”GVIBl) (48)

(L "” _-L:%AB )8(0)

This conversion was also mentioned by Nakamura [54] in
a different formula. It can be easily verified that both Z{*B
and Z)® are gauge invariant by adopting Eqs. (5a) and
(5b). The above formula is generic. It is evident that the
gauge invariant second order variables depend on the
gauge invariant first order variables, because, in general,
we have Z*® #0, i.e., two different families of gauge in-
variant first order variables. This generic case will be
studied later in this section. When we take the same fam-
ily of the gauge invariant variables at the first order, i.e.,

=0, Eq. (48) can be reduced to a simpler form
gt = g8 rugl), where Z0B = YA — Y2, For this
simple case, the formula is similar to that of Eq. (29).

We also have infinite families of gauge invariant
second order variables. Similar to Z2*® in Eq. (30), the in-
finitesimal vector Z3'® can also be expressed as a linear
combination of the gauge invariant second order vari-

ables A?, 8, ¢ and DF,

0.AB _ 140 (2) . 130 (2) 4 1y0i(2)
27 =M AT + My B + My'C,

+ M7 D), (49a)
k,AB _ xrk 7(2) Ok (2) ki ~(2)
Zy"" =M{ A7 + My B + M5'C,
+ M DR, (49b)

where M/, MY, ]\71‘3”, and M/ are four arbitrary linear
operators that are irrelative to any perturbations, and the
gauge-invariant variables are defined as

@ a o @, 1. (@
A =00 =y | +ap” + =0 | =T Xu
a 4 a

+ %aXOO, (50a)
B =3pe® —b® + gw@ + AT Xo;

+% (gﬂl—m-zakalao +A‘16”60)Xk1, (50b)
C? =P~ 86c? + AT T 00Xy — T X, (50¢)
DR = (2L g8 - £3,50) (50d)

Here, we express A?, 8@ and ng) in terms of X,
which is completely determined by X2. Based on Egs.
(49a) and (49b), we can also obtain a new family of the
gauge invariant second order variables by a conversion
from a given family of the gauge invariant second order
variables. This prediction is similar to that of the first or-
der case.

We consider three typical cases in the following. In
the case that g(GIA“) and ngLB‘“) (n=1,2) are synchron-
ous and Newtonian, respectively, we infer that Z’l“AB
takes the form of Eqgs. (35a) and (35b), and ZQ"AB is ex-
pressed as

Z)AP = ! f ADdn -8 +
a

ia f dp{aDy}.  (5la)
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. . 1
ZpAP =67y f dn{— f ﬂ@)dn'}
a

5o, fB(Z) dn+6%* fc;f)dn
. 1 .
kqy(2) (2)
—fdn {5, o —Zfdn {ad D) }} (51b)

Since the vectors X* and Y* are independent, we can
choose, e.g., the gauge invariant Newtonian variables at
the first order, and the gauge invariant synchronous vari-
ables at the second order, and vice versa. First, in the case

that ngI’A’” and gfgl’B’l) are Newtonian while gﬁLA’z) and

[,B,2 : :
gffv} 2 are synchronous and Newtonian, respectively, we

obtain Z{ AB _ 0 and

1
ZYAP = - f APdn -89, (52a)

. . 1
ZpAP =579, f dn{— f ﬂ<2>dn'}
a

- 5%y, f BPdn + 6 f CcPdy. (52b)

Second, in the case that gfij’A’l) and gfgI’B’l) are syn-

chronous and Newtonian, respectively, while both
gI(fVH’A’Z) and g/(SI’B’Z) are Newtonian, we deduce that Z’f AB
takes the same form as Egs. (35a) and (35b), and Z’2"AB

turns to be

0,AB _ A—17j (2
277 =A [)Z)Oj

1 1
-3 (akA-2a’ao - EA‘IT“ﬁo)D,(j), (53a)

=2 @ (53b)

Zi,AB: (l (9i6kA_2é)l+l(5klA_lGi—dliA_lak)Z)(Z)
4
which is expressed in terms of the square of the first or-

der metric perturbations only. The above two cases are
called the gauge invariant hybrid variables.

V. GAUGE INVARIANT EQUATIONS OF
MOTION FOR THE SECOND ORDER
COSMOLOGICAL PERTURBATIONS

In this section, we will derive the equations of mo-
tion of the second order cosmological perturbations,
which are obtained from the first order scalar perturba-
tions in the gauge invariant framework. For simplicity,
we will consider the gauge invariant Newtonian, syn-

chronous, and hybrid variables that have been introduced
in previous sections.

A. Gauge invariant energy-momentum
tensor up to second order

On the matter side, we expand the energy-momentum
tensor of the perfect fluid up to the second order, i.e.,

1
GI 0 GL1 GI,2 GL3
TS =T + TS )+§wa ‘vo(riMY). (54

where

0 0) (0 0
T = ul u (' + Py + g0 PO, (552)

GL1 GL1) (0 0), (GL1
T/(“, )=“;(1 )u(v)(p(o)+P(0))+ul(l)u$, )(p(0)+P(0))

0). (0
+”/(1 )us )(p(GI,l) +P(GI,1)>

0 GI,1

GL2 GL1) (GL1 0 0 GL1) (0 GIL1
7612 = (S (S (50 4 pO) 1 G0 O LD

H H
+P(GL1))+u;(10)u$,GI’l)(p(GI’l) +P(GI,l))

GL2) (0 0) (GI,2
X u( )I/t(,, )(p(o) + P(O)) + u(, )uS )(p(o) + P(O))
0) (0 12 GlL.2 GL1 1,1
u( )I/t( )(p(G, ) P( s )) g( )P(G )

0 GI,2
+ g plOI2), G12)pl0)

(55¢)

Here, p©@, P9 denote the background density and pres-
sure, respectively. p©L", uLGI’"), and PEL denote the
gauge invariant n-th order density, pressure, and velocity
perturbations, respectively. As has been suggested in Egs.
(8a) and (8b), the gauge invariant matter perturbations are
formulated as

LD = 5O po 5O (56a)
pELY = p) _ p pO) (56b)
uLGI’l) = ui,l) - LXMLO), (56¢)
oG = 5@ _o py oD (£y —£§)P(0), (56d)
pC2) — p@ _9p p_ (Ly _ Li)P(O), (56¢)
MI(JGI,Z) _ u,(f) _ 2£xu,(ll) _ (£Y —£§<)“LO)~ (5610
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The velocity field of the perfect fluid can be redefined as
@O = (YO | where () C could be determined
via g,,u*'u” = —1. The equation of state w and the speed of
sound ¢, (and ¢'?) are defined as

PO = 1p®, (57a)
PELD = (25GLD) (57b)
pGLY) _ (6(52))2’0(012). (57¢)

All of them are gauge invariant. In principle, one could
choose ¢ can be taken to be equal to ¢, for the adiabat-

ic perturbation with a constant speed of sound [58].

B. Second order cosmological perturbations induced

by the first order Newtonian variables

As the first step, we study the gauge invariant Newto-
nian metric perturbations at the first order, including their
equations of motion. The gauge invariant metric up to the
first order is given by

g dxdx” == a? (14200 dn? + 2a?V,Vdyd ¥’
+a*6;;(1-29") dx'de/, (58)

where the gauge invariant first order Newtonian vari-
ables have been expressed in Eq. (23a)-(23c). Here, we
neglect the first order tensor perturbation, i.e., Hi(jl.) =0.1In
contrast to the neglect of the scalar or vector perturba-
tions, neglectig Hfjl.) does not violate the gauge invari-
ance that is defined with all the diffeomorphisms
(namely, arbitrary &'). In the second order, we will con-
sider that the gauge invariant metric perturbations are
Newtonian and synchronous, respectively.

Based on Egs. (10a) and (10b), we express the tem-
poral derivative of the conformal Hubble parameter, and
the density and velocity perturbations in terms of the
gauge invariant first order metric perturbations, i.e.,

. 1
H= —5(1 +3w)H?, (59a)
3H?
P(O) = Pk (59b)
—6H> DD — 6HIPD + 24P
PO = Ka2° , (59¢)
LG __ 0 AVD—48,(HDD +499'¥ D) (594)
i i 6(1+w)H? ’

where v\ = 6;;())CMD. By substituting the above
equations into the spatial part of the first order Einstein
field equation, we obtain

oD =y, (60a)

vV =0, (60b)

and the equation of motion of ® i.e,

OV +3(1 + cHHID +3(c; —wyH* @V - cZAD = 0.
(61)

Here, we disregard the decaying mode of the first order
vector perturbations. In fact, the above results for the
first order cosmological perturbations are well known [8].

1.  Gauge invariant second order Newtonian variables

At second order, the gauge invariant Newtonian met-
ric perturbations are given by

gflcv;l’z) dxtdx’ =2a*@Pdn* + 24> Vl.(z)dndxi
+a? (-26,/¥? + H) dx'dx/. (62)

The explicit expressions of the gauge invariant second or-
der variables ®@®, ¥@, Vl.(z), and Hl.(f) are presented in
Egs. (43a)-(43d) with the expression of Xﬁ'v in Appendix
E. Based on the temporal components of the second or-
der Einstein field equations and Eqgs. (59a)-(60b), we can
express the gauge invariant second order density perturb-
ations in terms of the gauge invariant metric perturba-
tions, i.e.,

(GL2) _ 2
3(1 +w)ka2H?

2
—9(1 + wYH? 3@ + H*(9(1 + w)(3p ")
+24(1 + w)OPADD +3(1 + w)AYP?
+(5+9w)3, 0V o) - 8H3;0,0 Vo'V

0 (o0 + W)?’(4(4((I)(1))2 -o?)

— 40,000V 3,0D). (63)
Using Egs. (59a)-(60b), and substituting the expression of
G2 into the spatial part of the gauge invariant second

order Einstein field equations, we can rewrite the second
order Einstein field equations in Eq. (10c) to be

Qij+8ij = 0, (64)

where the tensor G;; comprises the second order metric
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perturbations while the tensor S;; consists of the square
of the first order metric perturbations. Here, their explicit

expressions are presented as follows

4(6(2)) (1) ak 5,(1) 2 2) 2 2 (1) 2 2 (1) (1)
Sy =6| 301 oy H 00 - 12(cs+(cs ) —2w)7—( (@) - 4(5+32) HOVayd
2
. 8(c'?)? a@mﬁ”#@“ﬁml+3@@f)wmﬂ”f—4®amaﬂn‘4®mA®m‘3@®“wQﬂD
31 +w)H s 0
—8(c<2) aMan® -3(c?) oV ¢ M o k00 + 42D A0
Cy Ccy k 30+ w2 k00 0 Cs
4
4019001 — ——— (9,000V9,0 + 9,01 5p0,;0"
* j 3(1+w)'H( 0PTOETE 09;0")
4
2- 3;019,0" — ————3,000"8,0,0", 65
+( 3(l+w)) T T (g2 00T (63)
1 1
Gij= 82H(2) += 7{6 H? - 4AH§? +6ij (3 ((c?))z—w)ﬂzq)@ +HIO? + ZA0?
242 @)2 o_L O\ ap@ | _ Lagyg @
e +(2+3(cs ) )ﬂaoty 2(1 +2(c2) )A\I’ ) SHOV!
! @ _1 @ _1 @_1 @, 1 @
= 2000V = S HI VD = 20,00V, = 590,07 + 20:0,9. (66)
We can decompose Eq. (64) into the tensor, vector, 2,2) ) 2 il
and scalar components. For illustrations, we decompose OoH;j"+ 2HOoH; ;" — AH; = —4A;; S, (68a)
Gij as a first step. The decomposition of G;; is explicitly
iven b
8 Y @0 +2H)V? = —4A" ' TFI' Sy, (68b)
NGy = ~RH® + Lo ~ L AH® 67
klglJ—ZOkz*'E 0y = 78 (67a) ' 1
PO _p? = 2A7! (a’Alaf - Efr'f)si i\ (68c¢)
1
AT G = 700+ 2H)V?, (67b)
62‘P(2)+(2+3 <2’)2)7{a P (1 +2(c (2))2)A‘{‘(2)
1 1
*WNW—fﬂg_Z@Q(WW (67c) ((m ”W@@”M@@

i, 1 @ 20,(2) @, Lia®
ZTjgij_§(3((cY) )‘H(D +Hoy® +§Ad)

+ W 4 (2 +3 (c§2>)2)7160\11<2>

—% (1 +2(c§2>)2)A\1/<2>),

(67d)

where A"’ T, "7' '—(1/2)T:j7". The equations of motion
of the gauge 1nvar1ant second order cosmological perturb-
ations can be written as

1
+5 800 = TS,

1
2

where we have the following expressions of S;;,

g Al M )
A,j,S,-,-_AH((er )CD 9,0;®

30 +w)
oD808,:8.0"
T30 wH | N0
4
31+ m)H?
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A'TFI Sy =A"' T} ((2 - )Bkd)“)ﬁl(l)“) -

3(1+w)

+4015,0,0) - ————
T3 wyH?

3(1+w)

__4
3(1+w)H

) (k0@ V3,V + 8, D9y,

aka()@“)alaoq)(“), (70)

()
ifrifsij 1[4<C )acD“)a"cb(“ 12(c +(c?) zw)ﬂz(q><1>)2—4(5+3c§)7{q><1>aoq><1>—8(cgz))sz“mq)(“

8(c\?)?
3(1+wyH
2)
(<2>) PO ﬂ
31 +wyH?

1
4

. A 1 . 1
AN - TS ==A" Ao - =T ||[2-
(6 0 3 Sij > 0'A 0 5

4
3(T+wyH

The above equations of motion can be derived in an easi-
er approach, by adopting the scalar-vector-tensor decom-
position operators onto both sides of Eq. (64). These op-
erators are defined on the background, and are thus gauge
invariant. Therefore, the equations of motion in Eqs.
(68a)-(68d) should also be gauge invariant. Here, the op-

erator Af]l is defined in configuration space. In Appendix
F, we express Aff in momentum space and demonstrate

that it can be rewritten in terms of the polarization
tensors.

2.  Gauge invariant second order synchronous variables

At second order, the gauge invariant synchronous
metric perturbations are given by

gl dxtdx” =a® (-26,;9? +20,0;E®
+0,CP +0,C7 + HY)dxd'dx/.  (73)
The explicit expressions of the gauge invariant second or-

der variables, E®, y@, Cl@, and Hg) are presented in
Eqs. (46a)-(46d) with the expression of Xﬁ’v in Appendix

E. Based on the tempnoral components of the second or-
|

. 4 8
+=TU([(2+ =—— |®P3;0,0" + ——— dD§y3;0,0" -
(( 3(1+w)) J 3L+wyH

3(1+w)

<6i60q)(1)6j(b(1) + 61'(1)(1)800]'(1)(1)) -

2 2
6k60q)(l)akq)(l)_(1+3(C§2)) )(60(1,(1)) ~ 4008200 — 40D AQD - 38,0V gk

@Dy +4c2c1><1>Ac1><1>]

Wa,-ao@“)a jao@“)), (71)
w

)aicp<1>a oD 1+ 401 5,0,00

4
. Dy, (1
W@,GOCD 616()(13 ) (72)

[PENC. @
Q,;,- =Z(90Hij +§7’{(90HU —4

der Einstein field equations and Egs. (59a)-(60b), the

gauge invariant second order density perturbations in
terms of the metric perturbations is given by

GL2) _ 2
3(1 +w)ka?H?

—3(1+w)H>(300¥® — AJyE?)

+H2O(1 +w) (0@ )2 +24(1 + w)d DAY

+3(1 +w)APP + (5 +9w)3; 0V d)

— 8HD;000 VDY — 49,0,0 V3 5y dDV). (74)

p (36(1 + wyH*(@1)?

Using Egs. (59a)-(60b) and substituting the expression of
0612 into the spatial parts of the gauge invariant second
order Einstein field equations, we can also rewrite the
second order Einstein field equations in the terms of the
tensors G;; and S;;, i.e.,

Gij+S8ij=0, (75)

where the S;; takes the same form expressed in Eq. (65),
and

1 1 1
~AH? +5, (agqﬂ) + (2 +3 (cﬁ?))z) Hov® - 3 (1 +2 (cﬁ?))z) AP _ A (5 (@0 +2H)0,E®

2 1 1 1 1 1 1
+(c$) wanE@))) + zwaiaocf) + Zaiagcf) +5HD 180C? + 79 103CP + H3,0,00E@ + S0i0,00E) + 500,92,

(76)
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By adopting the scalar-vector-tensor decomposition to
Eq. (75), the equations of motion of the gauge invariant
second order cosmological perturbations are obtained as

OGH? +2HAH,; — AH[) = —4AfLSy, (77a)

(00 +2H)3CP = —4A~ TFI Sy, (77b)

, o1 .
(00 +2H)IE® + PP = 277! (B’Al & - E‘T”)Si s
(77¢)

Py 4 (2 +3 (c§2>)2)7{60‘{'<2> - %(1 +2(cP)Ap®
-A (%(ao +2H)IE® + (c?))2 WaOE@))

[y
= - ET jSij.
(77d)

The right hand sides of the above equations are the same
as those in Egs. (69)-(72), because the source term S;; is
uniquely determined by the gauge invariant first order
Newtonian variables. In particular, the equation of mo-
tion of the tensor perturbation H/(fv}"z) in Eq. (77a) is as
same as that in Eq. (68a). For the vector perturbation, the
evolution of 60C§2) in Eq. (77b) is demonstrated to be the

same as that of Vl.(z) in Eq. (68b).

C. Second order cosmological perturbations induced

by the first order synchronous variables

In the subsection, we turn to discuss the gauge invari-
ant synchronous metric perturbations in the first order,
and their equations of motion. For the second order equa-
tions of motion, we will also consider the gauge invariant
variables thatare Newtonian and synchronous, respectively.

The gauge invariant synchronous metric up to the first
order is given by

DAy =~ PP + @361 - 29 V)

+20:0,EV +0,C\V +0,C)dx'dx’,  (78)

where we also neglect the first order tensor perturbation,

(GL2) _ _ 1

# 3(1 +w)ka?H?

ie., HZQ) = 0. Here, the gauge invariant first order variables
¢, ED, and C'V have been expressed in Egs. (27a)-
(27d). Based on the first-order Einstein field equations
and Egs. (59a) and (59b), the density and velocity per-
turbations are expressed in terms of the gauge invariant
first order metric perturbations, i.e.,

Ly _ —OHBYD + 2HAGED + 24"
p ’ =

5 , (79a)

Ka

G _ A8C + 48,899
i 6(1 +w)H?

(79b)

By substituting Eqs. (59a) and (59b), including the equa-
tions above, into the spatial parts of the first-order Ein-
stein field equations, we can obtain

cV =0, (80)
and the equations of motion for E(V and ¥V, i.e.,
P 4+ 2HIED +95ED = 0, (81a)

PPV + H(2+3cH)3g YD — APV — HEAJED = 0.

(81b)

Here, we also disregard the decaying mode of the first or-
der vector perturbations.

1. Gauge invariant second order Newtonian variables

In the second order, the gauge invariant Newtonian
metric perturbations are given by

g dxtdx” =2a>0Pdn? + 24>V dpdx'

+a* (=26, ¥ + H )dx'dx/,  (82)
The explicit expressions of the gauge invariant second or-
der variables, ®@®, ¥, Vl.(z) and Hf?) are presented in
Egs. (43a)-(43d) with the expression of Xﬁv in Appendix
E. Based on the temporal components of the second or-
der Einstein field equations and Egs. (59a), (59b), (79a)-
(80), we can express the gauge invariant second order
density perturbation in terms of metric perturbations,
namely,

( 18(1 + W)YH*D? + 88,00 PV ¥ + 6(1 + w)H> (300 F? — 49y ¥V AED

+4PD 33D — AdgeV) +40;0,00EV I ED) = 3(1 + wyH?(6(0pP™V)? — 40PV AdpEM
+16PDAYD 1 2A¥? 4+ 69, VG YD — 45, AED YD + AG)EV A ED — 4AED APV

—GAEVFAED ~ 40,0, 9V EDV - 5:0,00EV 39 ED + 0,00, E V5 ' EV)).

(83)
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Using Egs. (59a), (59b), and (79a)-(80), and substituting Gii+Sij=0, (84)
the expression of p©1?) into the spatial parts of the gauge
invariant second order Einstein field equations, we can

also obtain where the form of G;; is the same as in Eq. (66), and

Si; 5,]( &~ (c?) )7{\?<1>00\P(‘>+(1—3(c§2))2)(50w<‘>)2—2(1—2c§+4(c§2))2)w<1>w<‘>

2
4(&) 2
(2) (1) gkgu(1) (1) ok (1) (2) (1) (1)
~(2+3(c$ )B‘I’ PV 4 2k i o (1+(cs ))AaoE AGOE

+(1 + )a AE<1>a’<AE<”+8(1 (<) )ﬂaka,aoE“)a"a’E(“+4aka,a§E<“a’<a’E“>
+(34(c?) ) udr0 BV 0 ED - 1+ (c) )ondianE Vo elof EO
2 2
— 229 DAED —(1 ~2(c®) )8O‘P(1)A60E(1) +(1 +2(c®) )6kAE“)6k\I’(1)
2
+2(1+( @) )AE<1>A\P<1>+2(C§2)) 80 YV ED
2 2
-2- 4?{(60‘1’(1) (1 +(c$) )AE“) +y® ((c?)) - cf)AaOE“)))
4
+30;9V0, ¥ - ————9,00¥V3,;00¥" + 29,0, ¢
J 3(L+wyH2 0 0 y
~20;0,;00EV 0,00 ED — 9, AEV 39,0, EV + 80,0, EV 8" 38, ED
— 20 ED0,0;EV —4H (1+¢2) A EV 30, EV + AdE3;0 ;00 EV
—010;0;E + 2040 ENY +2010; BN+ +cC ) ;0 E
3,0;0;EVPY +20,0 ¥V, ED +20,0,¥V "3, ED +12(1 + 2)HP V9,0, EV

+6039V0,0,ED —4(1+ ) APV3;:0,ED + 99D 0;0;00EV — 20ED8,0;9. (85)

Following the approach in the previous subsection, the

2q(2) @ 2) ®)
equations of motion of the gauge invariant second order RY+ (2+ 3(65 ) Ho'Y

cosmological perturbations can be written as 1 (1 2 (C(z))z)qu(z)
RHP +2HHD ~ AHP = 4Ny, (86a) +3 <(C§z>)z ~ W)qu,@
1
. ek +HIHDP + AD?
(0o +2H)V,” = 4N T 0 Su, (86b) 2
I_;
=- ETJSU, (86d)
. 1
PO — @ = 277! (a'A—laf - —7’”)8,- i (86¢)
2 where

ALS;; =AZ( ~p090,9W + 009 9,0;009 ) +( - 50"P 8, - 6c2H AP

3(1+w)H?
=2(1-c2) AP + 99Dy - 29V A)0;0,ED + 20,00 EV"9:0,00ED + Ao EV ;0,00 E

— O AEV 30,0 ;ED - 0,0, EV 3" 0:0,EV + 22 HAIEN 5,0 ,-E“)), (87)
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AT S =N 76730, 90,9 —

3(1 +4 T aiaoll’(l)aj@oly(l) +2\P(l)al_6j\}/(1) _Zaka‘/aOE(l)akaiaoE(l)
w

—AED30,0,ED + 0,0,0,;,EV 0 6'0,ED — 2005 EV0;:0,EV — 4H (1 + ) AdoEV 9,0, EV
+A3)EV3,0,00EY — 80,0, EV WPV + 28,0 ¥V, EV + 28,0,V 8", EV + 12(1

+YHOP V0,0, ED + 659V 0,0;EV - 4(1+ c2) APV 9,0,EV + 309 0,0,00EV ~20EV ;0 ,\P“)),

1 ..
ZTUSij

l\JI'—‘

4( C(Z))

)2 M gapD)
2+3(c$ ))a\y e

+

+

(88)

( 12 cf (<) )ww<‘>60w<‘>+(1—3(c§2>)2)(aow“>)2—2(1—2c§+4(c§2>)2)w<”w“>

-( 0100% V990 - 1+ (c1”) ) Ao EVAd BV
(1+ (<®) 2)6kAE“)6"AE(')+8(1+( ) )waka,aoE“)aka’E(‘)+4aka,agE<‘>aka’E<‘>

(3+ () 2)aka,aoE“>a’<a’a ED_ (1+( ) )ama,akE(”amafakE“)—232\11<‘>AE<‘>

~(1-2(c?) )30\1’<1>A60E<1> (1+2(c§2’) )a AE(”a"‘I’“)+2(l+( ) )AE(”A‘P(“

+2(c2) gVt d ED - 47{(30\1’<1>(1+( @) )AE(”

+\y<1>((c§2))2 )Aa E(l))) ’7'”( 03,0, +

+ (=509, — 6c2H P —

w0t 0000
w

2(1-c) AP + 309V — 29V A) 8,0,V + 20,00 E V" 0,000 E)

+A39EV3;0,00E" - 0, AEV3"3,0;E — 0,0, EV 3" 3" 0;0;EV + 2c2HAEV ;0 jE(”), (89)

! (a"A—laJ‘ - %'rif)s,- i =%A‘1 (a"A—laJ‘ - %fr"f')(w,-w“)a e -

w0 0,00
w

+291D9,0 PP - 28,000 EV* 3,00EV — HhAED 43,0, ED
+040,0;EV 00, EV — 2005 EV0:0,ED —4H (1 + ) AdoE ;0 EV
+A80EV3;0,00EY — ;0,0 EV YD + 28,0,V k ), ED + 28,0, ¥V ko, EDV
+12(1+c2)Ho 9,0, EV + 6959V 0;0,E

—4(1+AHAPD3,0,ED + 899 V9;:0,00E" — 2AEV ;0 j\f'(l)). (90)

It is not surprising that the left hand sides of the equa-
tions of motion are the same as those of Egs. (68a)-(68d).
As suggested in Ref. [47], we demonstrate that the source
terms in Eq. (86b) include the first order perturbation E"
without a temporal derivative. This differs from the for-
mulae in the other previous works [13, 44, 48].

2. Gauge invariant second order synchronous variables

For the gauge invariant synchronous metric perturba-
tions in the second order, we also have

gl dat'dx” =a® (-26;;9 +20;0;E®
+0,C'Y +0;CP + HY Jdx'dx/.  (91)

The explicit expressions of the gauge invariant second or-
der variables, E®, ¥, sz), and Hl.(f) are presented in
Eqgs. (46a)-(46g), with the expression of X/SN in Appendix
E. Based on the temporal components of the second or-
der Einstein field equations and Egs. (59a), (59b), and
(792)-(80), the gauge invariant second order density per-
turbation is obtained as
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G12) _ _ 1
3(1 +w)ka?H?

+6(1+w)H> (3009 - AdE® — 499 PV AED

o (80,009 V0wV

+49 D (390D - AGED) +40,0,00EV IV ED)

=31+ wyH(6(00 ¥ V) — 490V AGED

+16PDAPD + 2A9? 1 69,9V oy

— 4, AEDV YD + AGGED AGoEV

—4AEVAYY G AEV I AEY - 40,0,V 6/ ED

—3:0,00EV0 00 EDV +0,0,0EV 01 ED)).
(92)

Substituting Eqgs. (59a), (59b), (79a)-(80), and (92) into
the spatial parts of the gauge invariant second order Ein-
stein field equations, we also obtain

Gij+S8ij =0, (93)

where G;; is expressed in Eq. (66) and S;; in Eq. (85).
Therefore, we derive the equations of motion of the
gauge invariant second order cosmological perturbations as

GGH? +2HAH,; — AH[) = —4AfiSy, (94a)

(@0 +2H)3CP = 4N~ TFI S, (94b)
. A
(B0 +2H)HE® + PP = 27! (a’Al & - Efr'f)si i
(%94c)

1
Py 4 (2 +3 (c(sz))z)”Hao‘P(Z) -5 (1 +2 (c(f))z) AP
1
-A (5 (80 +2H)DE® + (c?))2 7—[60E(2))

I
= —57.]8,‘]‘.
(944d)

The right hand sides of the above equations are the same
as that in Eqgs. (87)-(90), because the source term S;; is
uniquely determined by the gauge invariant first order
synchronous variables. In particular, the equation of mo-
tion of the tensor perturbation Hfgl’z) in Eq. (94a) is the
same as that in Eq. (86a). For the vector perturbation, the
evolution of 60C52) in Eq. (94b) is demonstrated to be as
same as that of sz) in Eq. (86b).

VI. CONCLUSIONS AND DISCUSSIONS

In this study, we investigated the gauge invariance of

the cosmological perturbations up to the second order via
the Lie derivative method. We demonstrated that there
are infinite families of gauge invariant variables for the
cosmological perturbations up to the second order. For
different families, we determined their conversion formu-
lae, which belong to a linear space spanned by a finite
number of bases that were also shown to be gauge invari-
ant. In particular, we focused on the Newtonian, syn-
chronous, and hybrid variables. We presented the expli-
cit conversions between these different families of gauge-
invariant variables. In contrast to the first order, the
second order gravitational waves were demonstrated to be
mixed with the first order cosmological perturbations.
Therefore, the gauge invariance is important in the stud-
ies on second order gravitational waves.

We derived the equations of motion of the gauge in-
variant second order cosmological perturbations, which
were obtained from the gauge invariant first order scalar
perturbations. It was determined that the choices of gauge-
invariant variables at different orders are independent,

e.g., Newtonian at first order while synchronous at
second order, and vice versa. In this research, we studied
both of the above four typical cases. To obtain the gauge
invariant equations of motion, we decomposed the gauge
invariant perturbed Einstein field equations into scalar,
vector, and tensor components.

In principle, the above method can be generalized to
explore the higher order cosmological perturbations. A
formal derivation of the gauge invariant higher order cos-
mological perturbations has been demonstrated in a previ-
ous study [18]. Based on the same approach in this work,
it is straightforward to obtain the explicit expressions for
the gauge invariant higher order scalar, vector, and tensor
perturbations, as well as their equations of motion.

This study was based on the method developed by [5,
7]. We further focused on the conversion between differ-
ent gauge-invariant variables. Because there is no unique-
ness in the framework, it might suggest that one can not
determine the gauge-invariant tensor perturbations Hg)
that correspond to the energy density spectrum of gravita-
tional waves. However, physical insights or arguments
should be explored in future studies.
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APPENDIX A: EXPANSION OF A GENERIC
TENSOR WITH LIE DERIVATIVE

For a generic tensor Q, its Lie derivative along a vec-
tor ¢* is defined as
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LgQ =lim

PeQ(x) — Q(x) ’ (AD)
e—0 €

where ¢}Q is a one-parameter coordinate transformation
that acts on the tensor Q. In the € — 0 regime, it becomes
the infinitesimal transformation in the form of Eq. (1),
where ¢ o« e/, For a scalar function, contravariant
vector, and covariant vector, the expressions of ¢! are
given by

e f(x) = f(), (A2a)

WD) = T (D, (A2b)

b (0 = 2% 4 (3. (A20)
oxr

Based on the first order expansions of Egs. (A2a)-(A2c),
we obtain

Lef =001, (A3a)
Lowy =L wy+w, ", (A3b)
LA =70,AH — A8,0". (A3c)

The Lie derivative in Eq. (A3c) is also symbolized as
LxA* = [X,A#, where [,] is the Lie bracket. For a tensor
S uv, its Lie derivative is given by

L{Syv = é//la/lsyv'f's/lvaug/l"f'su/lavg/l- (A4)

Higher order expansions of any tensor upon the infinites-
imal transformation have been constructed in terms of Lie
derivatives [5-7, 10, 11]. In the following, we briefly re-
view the formulae up to the second order.

For the scalar function f(x) upon the infinitesimal
transformation, up to the second order, we expand it in
terms of ¢ and ¢®, namely,

S —=f(0)~ f(x+§(1) + %g(z))
=f+§(l)v(9vf+ %é:(Z)van+ %g(l)o'g(])paa_apf

1
=f+EV DL+ 5 EVOf+EV7EW 0,0, f
+§_~(1)0'00_§(1)p8pf_é:(l)(fao_g(l)papf)

1
:f + Lgmf + 5 (Lf‘z’—f‘”"ﬂvf“‘ + L?ﬂ))f' (AS)

For simplicity, we denote

g=gbn (A6a)

— #2
5121 = ‘g:( M _é:(l)V(’)Vé:(l)ﬂ. (A6b)

It leads to
1
f® :f+.£§|f+§(£§Z+£§I)f+0(§(3)). (A7)

For the contravariant vector w,, up to the second or-
der, we expand it in terms of ¢ and &%, namely,

=V

0 1
wy(x) — ﬁwv(i) ~ (5j +0,ED + z(f—a,1§(2>ﬂ)(m(x)
1
+ (f“” + 55@”) dwa
1 1
+ (6(1)0' + 55(2)0') (5(1)/) + §§(l)p) Bgapw/l)
1
=wy(x) + §<1)V6Vw# + w,laﬂf(m + EW/]aﬂé:(z)/l
+6ﬂ§(])/l§(])v(9vw,1
1
Z((£@v (Do (1)
+ 3 ((.f Oywy +&E7E P&,a,,w,,))
1
=Wy + £§mwﬂ + §£§<2> Wy
e (L2owu—ED70,6100,m,)
5 (=W o PWu
_Wpaﬂ ((g(l)a'agf(l)P))
1
=wy + Lgmwﬂ + 5 (-Efﬁ’—g(')”{’i,f”) + _Eé.)) wy

1
=Wt Lewut 5 (Le,+ L2 )Wy (A8)

Similarly, for the covariant vector A*, up to the second
order, we expand it in terms of & and ¢®, namely,

ox 0x
~AH +§:(1)0(90A/1 —Avavf(l)” _ avé:(l)}lé:(l)ffao_AV

u -1
2 - GEn @ (5] arfvreh s Je)

1
— 5 (0,67 ~20,609,6) 4
1
N E((§<2>030Au £V g 40)
1 2
=AH 4+ .Lg(l)All + E (.Lg(z»_gmvl')vgm)Aﬂ + .LE“,A#)

1
=AY+ Lo A+ S (LeA" + L3 AY), (A9)

095101-18



Note on gauge invariance of second order cosmological perturbations

Chin. Phys. C 45, 095101 (2021)

where the inverse Jacobi matrix dx*/dx" is given by

o\ _ W _ Lo o
((9)(") =0, — av§ - 5 (avf

~20,6M0,£0) +0(£2). (A10)
~A\—1 q~ 1 9~
It is derived from g)j % = Z;% =¢),. Finally,

we consider the tensor S ,,, which is expanded as

0x” OxP
1 1
+§(1)/l + Eé:(?)#)[)p (xV +§(])V + 55(2)1’)

28 5p +EV101S 5 + 8 0N +8 0 £

S uw(®) ~ S 1y (x +& 4 %gm) 6[,()&‘

S ap(X) =

1
+3 ((E2101S op + S ypOr W + 8 3>
+EDEDRG10,8 oy +28 1y 0D, DY
+2§:(1)/13/1S0_Va é:(l)v + zé_-(l)/la/ls ) f(l)”)

=Sop+LenSop+ 5 (Lfm —eva.e0 +Lon)Sop

=Sop+LeSopt+ = (.E.g +.£$)

The above formulae can be straightforwardly generalized
to higher order expansions.

In these derivations, we adopt Eq. (1) to expand . It
can be obtained via

1 d®px*
e=0€+ = Pe

2 de?

dpext
de

F = et =2+ e€+0(€),

e=0
(A12)

where the explicit expressions of &) and ¢? are defined as

P 5 (A13a)
de 0
g
&2 = c‘fzx e (A13b)
€ e=0

Therefore, the order of the &™ is determined by the
power of € in the transformation (Eq. (A12)), and has no
relevance with metric perturbations or matter perturba-
tions in principle.

APPENDIX B: GAUGE TRANSFORMATIONS IN
THE LANGUAGE OF LIE DERIVATIVE

(A11) For an arbitrary tensor Q(x“)’/"j " upon the infinites-
imal transformation, it can be expanded as [5]
i, o1 9zh x' o ok 1 on L, Lo o ok 1 e ey
QU (@ﬁﬁﬁ"')a( ) (f%. +0;60+ 50,67 ‘)(~~)(Q(X>z.zz +£070,Q(0; !

((g<1>f’g<2>Pa BpQUx)[ 1 +§<2>Vava(x)§';jjj;'))) ~ QU+ Lo QYN + (.ggm evvg,en + Lan)QE)1E

For simplicity, the above equation can be rewritten
without indices as follows

~ 1
Q- Q=Q+LQ+ S (Le+ L3)Q+0EY) (B

In Appendix A, we presented four examples of Eq. (B2):
Egs. (AS), (A8), (A9), and (A11).

In the following, we consider the infinitesimal trans-
formation of perturbations up to the second order. The n-
th order perturbations Q™ of the tensor Q can be expan-
ded as follows

Q=Q"+Q" + %Q@) +0@Y). (B3)

In order to study the gauge transformation of Q™, one
can choose a type of infinitesimal transformation, where

JiJa2

(B1)

the order of ¢ is in the same order as Q. Combining
Egs. (B2) with (B3), we obtain

a=Q© +(Q<1) + 1:&@(0))
+ % (@2 +2L,QV +(Le +£2)Q%)+0(£9). (B4

On the other side, the tensor @ can also be expanded in
the form of Eq. (B3), namely,

G=09+00 4+ %é@) L 0@, (B5)
Therefore, based on Egs. (B4) and (B5), we deduce the
infinitesimal transformations of the zeroth, first, and
second order perturbations in Egs. (2).
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APPENDIX C: BRIEF DERIVATION
OF EQS. (5A) AND (5B)

For the first order metric perturbations g\, it could

uy s

Xt Xt =g, (C4)

Here, X* is rewritten in a form independent of the back-
ground metric. Therefore, we can rewrite Eq. (C1) as

be split into a gauge invariant part g}f;’L” and a gauge
variant counter term C'!) ,1.e., 1 GL1 0
w g = &+ Lxg- (C3)
@ _. (GLD) )
B = G+ Gy (1) For the second order metric perturbations gl(lzy), we could
_ . also split it as
Based on the gauge transformation of g/(“,) in Eq. (3a),
.. (GLD) 2 GI2 2
we could rewrite g, to be L ) . L GL.2) +CL ) (C6)
(GLD — g@LD — 50 &0 = g4 £, g9 -C).  (C2)  where gio"” are the gauge invariant second order metric
perturbations. Based on Egs. (3b) and (C6), we can also
) (GL2)
Based on Egs. (C1) and (C2), we obtain CXpress g, "’ as
- (G12) _ ~(G12) _ ~(2) _ &2
EO) =CY) + L g (C3) & " = 8w = 8w —Cy
1 0 AQ
1 i i =2Legl) +(Le+ L3)gn —Ci). (€T
If we let C,(”,) =Ly g,(“,), Eq. (C3) is reduced to Lig/(w) =
Lxig gfg,). We can obtain Based on Egs. (C6) and (C7), we have
(2 2 1 0 (1 0 1 0 0
Tl —Cloy =2Le gl +(Le. + L3 ) gho = 2L (80 — L g )~ 2Lxgpn) + Le.gio + (L3 + L3 — L Lx - LxLz) g
(1 0 1 0 0) _ (1 0
=(2Lsg — Ligin)) — (2Lxgl — Lx8w) + Lic. it 8 = (2LxZln +(Ly—L3) g0
1 0
—(2Lxgin +(Ly - £3) 2w (C8)
where we have introduced the infinitesimal vector Y* sat- US) = A1o', (D2b)

isfying

Pyt =&+ 6, X (C9)
Therefore, we can rewrite Eq. (C6) in the form of
g = g +2Lxgy +(Ly = L)gn)- (C10)

APPENDIX D: SCALAR-VECTOR-TENSOR
DECOMPOSITION
By adopting the transverse operators, namely,
7=06,-9"A"'9;, we could decompose an arbitrary spa-
tial vector U; to be

U= UD +0,U), (D1)

where the transverse U{"’ and longitudinal U parts are
defined as

v =T1kUL, (D2a)

0951

and A~! is the inverse Laplacian operator.
For an arbitrary spatial tensor S;;, we could decom-
pose it as [60, 61]
Sij =S f/H) + 25ijS 82 + 28,‘61'5 (£
+0;81 +09;8', (D3)

where we can define the tensor S 1(7), vector S l(,c), and
scalar S, §® parts as

1
sl = (7;"7} =57 jfr“)s ks (D4a)
SO = A TES 1, (D4b)
1 1
1
s® = Z‘T“S ks (D4c)
1 1
§E = EA_I (akA—la’ - Efr’d)slk. (D4d)
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Here, (7*7!—77;7/2) denotes the transverse and trace- 4 2
ator i " X =—HX g} +2X7 0, | i) |+ =80, X

less operator. Other kinds of decomposition can be found L) v
in Refs. [52, 62]. .
= g0, X"~ n,,y((zmz + 21{)()(0)

APPENDIX E: EXPLICIT EXPRESSIONS OF X, + 2HXH 3, X") = 2010, X7 0, X — 11 (XP 9,0, X7
For a given X*, we express X, in terms of the first +0,X70,X" +47{X05VXU)_’7W(XP3/)5#XU
order metric perturbations, based on Eq. (40). The ob- +0,X78,X° +4HX"d, X(T)
tained results are expressed as (ED

For X* in Eq. (22), we obtain X, to be
2 : 1
Xy = —2(;(60(61(806(1) —bD)) + (e = b3 + 6™ (c\V +a,<e“>)al-)(2¢“> ~~do (a(@oe™ —b<‘>)))
+28%(90 (¢} + ae™)) (9:b™ + 20" = dpcl), (E2a)
2a ‘
N _[ sk 2= M _pM 1 _ D k(D) MY 5. 1 _ M
XO/._(dj(a (B0e™ =bV) + (9o ™ = b0) 3 + 5™ (¢} + Ake™) i + (80 (Boe™ - b )))
1
460 (9)(c <1>+ae<1>)))(akbu>+zv,<g>_aoc;w)_z(aj(aoan_b<l>))(z¢m__ao(a(aoe<l>_b<l>)))
a

+6% (0 (" + a,e“)))( -25 jk(z;,y(“ + g(ﬁoe(l) - b(”)) +20;0ke) + 9 e +0c + 2h§}j), (E2b)

Xy =(5;§5;(2a—a (Boe™ =) + (9o = b M) 3 + 5™ (¢} + ﬁke(l))ﬁi)
+((636™0)+616™ 0k ) ¢ty +0 e<‘>)))( - 253,(2¢<1> + Z (G0 ™ - b“))) +20,0,eV

+05c ) +8,c" + 2h<‘>) (6201 + 6700 (@oe” = b D)) (96 + 264" = Boc). (E2¢)

For X* in Eq. (26), we have X,,, in the form of

Xgo——2(2¢“) fdn{a¢(1)}6o+6”fdn{v(l)+5 b + fd’Y {aa ¢(l)}} )¢(1)

ea (s w0+ L [anfas,e]) a0 "), (E39)

a 1 .
X5, =(6_’j¢(1)+a—26’jfdr]{a¢“)}+;6’;fdn{a¢“)}8o+5’16§fdn{v§1)+8ib(‘)

1
+—fdn’{a3i¢“)}}8;+5”‘(6 fdn{v(])ﬂ? b + fdn {ad, ¢“)}}))( Kb+ )
a
2
+—¢(1)fdn{a(9 ¢<1>}+5’k(v(”+a b + fdn{aa ¢<‘>})(—4¢“>6,-k+4a,-ake<”
a a

+20;c}” +20,c) +2h) - 5k, f dn{ae"}

+(6§6k+6iﬁj)fdn{ v +a,bD + fdfl {ad, ¢(1)}}) (E3b)
a
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2 1 N 1
X5 =(oi6 5 | dnfag®y+ = | dntag™yao+67 | dndv+ap V= | dftadieV) b,
a? a a

. . 1
+ ((626”61 +6)0"'0) f dn {Vf-” +0ibV +~ f dn’{aa,-¢‘”}}))( — 4y 6 +40,0,eV + 20,6V +20,¢" + 24 )

1
(850, +079;) f dn{fo) +0,00 + f dn’{a6n¢“)}}

1
- (0:6™ ") f dn{a(a,ia, +5;ak)¢“>}.

APPENDIX F: TRANSVERSE AND TRACELESS
OPERATOR IN MOMENTUM SPACE

The transverse and traceless operator in the configura-
tion space is expressed as

A =TT - %Tifrlm
=(si-d'A™'a;) (o7 —0"A70))
1

—E(5,~,~—5,-A—la,»)(5’m—a’A—la’"). (F1)

In momentum space, we could simply let 9; — ik;. Eq.
(F1) can be rewritten as

Kk; K"\ 1 kiki\( K™
w5 Ho S5
|k| k> ] 2 |kl |kl

= (6f — nln,-) (6;" - nmnj) - % (6,7 - n,nj) (61’” - nlnm) ,
(F2)

where we have let n' = k'/|k| for simplicity.

The three-dimensional momentum space can be
spanned by a set of normalized orthogonal bases {e;, &,
n;} that satisfy

g€ =g =nn' =1,

(F3a)
€€ =en' =gn' =0.

(F3b)

The indices are raised and lowered via the Kronecker
delta 53., which can be written as

—z—fast f dn{a¢<”})

(E3¢)

6{ = eiej + Eiéj +ninj. (F4)

Substituting Eq. (F4) into Eq. (F2), we can obtain

Af;n = (E,'EI + E[El) (Eij + Ej§m> - % (E,'Ej + E[Ej) (Glém + Elém)

:GiEjEIGm+€iéj61€m+Ei6jél€m+éiéjélém
1 I _m “l-m == I_m == 2l
—E(e,vejee’ +6€EE" +EEEE” +EEE 6’")
1 = l-m | = l-m , = _=l_m = =l_m
zz(eiejee +E€€E +E€EEE tEEEE)

1
+ E(El'éjélfm - Elfjélgm - El@jélfm - El@jélém)

1 1
=—— (g€ + E€)—('é" + E'e™)
SRR

V2
1 1
+ % (e,fj - E,-ij) % (elem - élém) = eéex’lm + E;;-e*’l’”,
(F5)
where we define
X 1 - =
€; = %(eigi + &€;), (F6a)
o1 ==
€;= ﬁ(qej —&E)). (Fé6b)

Here, e;;. and 61');' are called the transverse and traceless po-
larization tensors. They are widely used to study the grav-
itational waves [61]. We note that the third equation in
Eq. (F5) is established when Af’/" acts on the rank-two
symmetric tensors.
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