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Abstract: We obtain an exact slowly rotating Einstein-bumblebee black hole solution by solving the correspond-
ing rr and 7¢ components of the gravitational field equations for both cases: A) b, = (0,b(r),0,0) and B) b, = (0,b(r),
0(6),0). Then, we check the other gravitational field equations and the bumblebee field motion equations using this
solution. We find that for case A, there indeed exists a slowly rotating black hole solution for an arbitrary LV
(Lorentz violation) coupling constant £; however, for case B, this slowly rotating solution exists if and only if coup-
ling constant ¢ is as small as or smaller than angular momentum a. Thus far, no full rotating black hole solution has
been published; hence, the Newman-Janis algorithm cannot be used to generate a rotating solution in the Einstein-
bumblebee theory. This is similar to the Einstein-aether theory, wherein only some slowly rotating black hole solu-
tions exist. To study the effects of this broken Lorentz symmetry, we consider the black hole greybody factor and
find that, for angular index /=0, LV constant ¢ decreases the effective potential and enhances the absorption prob-

ability, which is similar to the results for the non-minimal derivative coupling theory.
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I. INTRODUCTION

Lorentz invariance (LI) is the most fundamental prin-
ciple of general relativity (GR) and the standard model
(SM) in particle physics. It is, therefore, not surprising
that most theories of gravity encompass this symmetry,
and little attention has been paid to understanding the im-
plications of the breaking of LI. However, LI should not
be an exact principle for all energy scales [1]. For ex-
ample, when one considers the unification of quantum
mechanics and GR, it should not be applicable. Both GR
and the SM are based on LI and the spacetime back-
ground, but they address problems in profoundly differ-
ent ways. GR is a classical field theory in curved space-
time that ignores all the quantum features of particles,
whereas the SM is a quantum field theory in flat space-
time that disregards the gravitational effects of particles.
For collisions of particles with energies on the order of
103 eV (above the Planck scale), the gravitational inter-
actions estimated by GR are very powerful, and gravity
should not be ignored [2]. Thus, on this scale of very high
energies, one has to reconsider combining the SM with

GR in a unified theory, i.e., "quantum gravity". There-
fore, studying the Lorentz violation (LV) is a useful ap-
proach toward investigating the foundations of modern
physics. This involves studying the LV in the neutrino
range [3], the standard-model extension (SME) [4], the
LV in the non-gravity range [5], and the LV effects on
the creation of atmospheric showers [6].

Experimental confirmation of this idea of quantum
gravity is challenging because direct experiments on the
Planck scale are impractical. However, suppressed ef-
fects, emerging from the underlying unified quantum
gravity theory, might be observable on our low energy
scale. Thus, the search for reminiscent quantum gravity
effects in the low energy regime has attracted significant
attention over the last decades. The combination of GR
and the SM provides a remarkably successful description
of nature. The SME is an effective field theory that stud-
ies gravity and the SM on low energy scales. It couples
the SM to GR, enabling dynamical curvature modes, and
involves extra items embracing information about the LV
happening on the Planck scale [7]. The LV items in the
SME have the form of Lorentz-violating operators
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coupled to coefficients with Lorentz indices. The appear-
ance of the LV in a local Lorentz frame is manifested by
a nonzero vacuum value for one or more quantities tak-
ing along local Lorentz indices. A specific theory is the
"bumblebee" pattern, where the LV arises owing to the
dynamics of a single vector or axial-vector field B,,
known as the bumblebee field. This model is a simple ef-
fective theory of gravity with the LV in the SME and a
subset of the Einstein-aether theory [8-10].It is con-
trolled by a potential revealing a minimum scrolls to its
vacuum expectation value, showing that the vacuum of
the theory obtains a preferential direction in the space-
time. The bumblebee gravitational model was first stud-
ied by Kostelecky and Samuel in 1989 [11, 12] as a spe-
cific pattern for an unprompted LV.

Deriving black hole solutions is a very requisite task
in any theory of gravity, because these solutions yield a
large amount of information about quantum gravity. In
2018, R. Casana et al. gave an exact Schwarzschild-like
solution in this bumblebee gravity model and considered
some classical tests for it [13]. Then, Rong-Jia Yang et al.
considered the accretion onto this black hole [14] and dis-
covered that LV parameter ¢ decreases the mass accre-
tion rate. The rotating black hole solutions are the most
relational subsets for astrophysics. In 2020, C. Ding et al.
found an exact Kerr-like solution by solving Einstein-
bumblebee gravitational field equations and studied its
black hole shadow [15]. However, this solution does not
seem to meet the bumblebee field motion equation re-
quirements. Thus, in the present paper, we seek a slowly
rotating black hole solution for both of the following
cases: b, = (0,b(r),0,0) and b, = (0,b(r),b(6),0).

Then, we study the black hole greybody factor and
obtain some deviations from GR and some LV gravity
theories. The remainder of the paper is organized as fol-
lows. In Sec. 11, we provide the necessary background on
the Einstein-bumblebee theory. In Sec. 111, we derive the
slowly rotating black hole solution by solving the gravita-
tional field equations. In Sec. IV, we study the black hole
greybody factor and report some effects of Lorentz break-
ing constant £. Sec. V contains the summary of our work.

II. EINSTEIN-BUMBLEBEE THEORY

In the bumblebee gravity theory, bumblebee vector
field B, attains a nonzero vacuum expectation value via a
given potential, leading to a spontaneous Lorentz sym-
metry breaking in the gravitational sector. Its action [16] is

1
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where b? is a real positive constant. The Lorentz and/or
CPT (charge conjugation, parity, and time reversal) viola-
tion is opened by potential V(B,B*Fb?). It yields a
nonzero vacuum expectation value (VEV) for bumblebee
field B, , implying that the vacuum in this theory gets a
preferential direction in the spacetime. This potential is
assumed to have a minimum at B“B,+bh*>=0 and
V'(b,b*) = 0 to assure the breaking of the U(1) symmetry,
where field B, obtains a nonzero VEV, (B*) =b". Vec-
tor b* is a function of the spacetime coordinates and has a
constant value of b,b* = Fb?, where the + signs imply
that b is timelike or spacelike, respectively. The bumble-
bee field strength is

B,, =48,B,-0,B,. )

Real constants o, o, 11, 72, 73 determine the form of the
kinetic terms for the bumblebee field. Term £, repres-
ents possible interactions with matter or external currents.
Note that if o =0 =0 and with a linear Lagrange-multi-
plier potential

V = A(B,B" ¥ b%), 3)

this bumblebee model becomes a special case of the Ein-
stein-aether theory [16]. In the Einstein-aether theory [9,
10], the Lorentz symmetry is broken by an introduced
tensor field, u?, with the constraint u,u®= -1, termed
aether, which is timelike everywhere and at all times.
Then, a preferred time direction exists at every point of
the spacetime, i.e., a preferred frame of reference. The in-
troduction of the aether vector allows for some novel ef-
fects, e.g., matter fields can travel faster than the speed of
light, which has been dubbed superluminal particles. In
Ref. [9], we derived a series of charged Einstein-aether
black hole solutions in 4 dimensional spacetime and stud-
ied their Smarr formula. In Ref. [10], we obtained a series
of neutral and charged black hole solutions in 3 dimen-
sional spacetime.

In this study, constant 7; =1, A=o =1, =13 =0, and
there is no £;; hence,

1
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where ¢ dominates the non-minimal gravity interaction
with bumblebee field B,. Action (4) yields the gravita-

tional field equation in vacuum,

1
Ruv = 38R = KT, (5)

where « =8nGy, and the bumblebee energy momentum
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The prime denotes differentiation with respect to the ar-
gument,
_0V(x)

V= Ox x=B"BM:th. (7)

Using the trace of Eq. (5), we obtain the trace-reversed
version

Ruy =KT 2, + 26,0,V — kg B By V' + fz’ 2 VA(B*B,)

+ 24 VaVu(B'BP). )

The equation of motion for the bumblebee field is

e

V“B,, =2V'B, - SB'R,,. ©9)
K

In the following, we suppose that the bumblebee field
is frosted at its VEV, i.e., it is

B, =b,, (10)
then, the specific form of the potential controlling its dy-
namics is irrelevant. As a result, we have V=0,
V’ =0. Then, the first two terms in Eq. (6) are like those
of the electromagnetic field; the only distinctions are the
coupling terms to the Ricci tensor. Under this condition,

Eq. (8) leads to the following gravitational field equa-
tions:

R, =0, 11)

with

Ryy =Rty — kb, + g 8uvb™bog + 0, " Rey
(3 Q (3 D
+0b,b*Roy — ng,b bPRop+ By,

By =- %)[Vavﬂ(babv) + VoV (b = VA(buby)|. (12)

In the next section, we derive the slowly rotating black
hole solution by solving the gravitational equations in this
Einstein-bumblebee model.

III. SLOWLY ROTATING SOLUTION IN THE
EINSTEIN-BUMBLEBEE MODEL

In this section, we derive the slowly rotating black
hole solution by solving the Einstein-bumblebee gravita-
tional equations. Rotating black hole solutions are of ex-
treme importance in astrophysics. However, deriving an
exact rotating solution is very troublesome. For example,
the Schwarzschild black hole solution was obtained in
1916, soon after GR was presented [17]. However,
only 47 years later, in 1963, its rotating counterpart was
obtained [18]. Many scholars have used the Newman-
Janis algorithm [19] to obtain a full” rotating black hole
solution, but they have not checked the gravitational field
equations with this obtained solution. Some authors have
demonstrated that this method does not work for nonlin-
ear sources [20].

In Ref. [15], we have found an exact Kerr-like solu-
tion for bumblebee field b, = (0,5(r,6),0,0) by solving the
gravitational field equations. However, this full rotating
solution does not seem to meet the requirements of the
bumblebee field equation. Considering only the case of
b, = (0,b(r),b(6),0) is very difficult, and it seems imprac-
tical to use the same method. Thus, here, we derive the
slowly rotating black hole solution. The slowly rotating
stationary axially symmetric black hole metric has the
general form

1
ds? =—U(r)dr* + %dﬂ +2F(r)H(0)adtdg
r

+r2d6? + ¥ sin? 6d¢? + O(a?), (13)

where a is a small constant denoting the rotating angular
momentum, and O(a*) denotes a small quantity, as small
as or smaller than the second order of @, which can be ig-
nored here. We will use this metric ansatz to set up the
gravitational field equations.

In this study, we assume that the bumblebee field ac-
quires a radial vacuum energy expectation, since the
spacetime curvature has a strong radial variation com-
pared with very slow temporal changes. Thus, the
bumblebee field is spacelike (b,b* = positive constant)
and is assumed to be

Case A : b, =(0,b(r),0,0);
Case B : b, =(0,b(r),b(8),0). (14)

Case A was considered by Casana and Ding et al. in Ref.

1) The term "full" means that there is no man-made restrictions on the angular momentum a.
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[13, 15] for the bumblebee field coupled to the gravita-
tional field. Case B was considered by Chen et al. in Ref.
[21] for the bumblebee field coupled to the electromag-
netic field. Then, the bumblebee field strength is

b,uv :a,ubv_avb;u (15)

whose components are all zero for cases A and B. Their
divergences are all zero as well, i.e.,

VEbyy = 0. (16)

From the equation of motion (9), we have
PRy =0. (17)

Gravitational field equation (11) becomes
Ruy + Buy = 0. (18)

The explicit form of b, is

Case A: b, [O bo

1+¢
U(r)

CaseB: b, = {O, bo ,abgcos0, 0] s (19)

where by is a real constant. The amplitude of this
bumblebee field is

b b = g"b,b, = b}, (20)
for case A; for case B, it is
bb* = g"b,b, = b} +O(a), (21)

which are both consistent with the condition of b,0" =
positive constant.

For metric (13), the nonzero components of the Ricci
tensor are Ry, Rig, Rrr, Rrg, Roo, Ry, shown in the ap-
pendix. We consider the following gravitational field
equations (for both cases A and B):

_ 1
R+ By = ———(rU" +2U")+O(@*) = 0, (22)
2ru

’

_ U
Rig+ Bip = — g(HUF” +2FH—

F FcosH

r? r?sin@

II

) +0(d®) = (23)

where the prime ’ is the derivative with respect to the cor-
responding argument. From Eq. (22), we obtain function
U(r); then,

C
U=—71 +Cs, (24)

where C;, C, are constants. Using the asymptotic flat-
ness condition, we set C, =1 and C; =2M, where M is
the mass of the black hole; then,

2M

From Eq. (23), we obtain functions F(r) and H(6); then,

oM
F="",
p

H =sin’6. (26)

Lastly, substituting these quantities into Eqns. (13)
and (19), we obtain bumblebee field b, = (0, by
VA +0Or/(r-2M), 0,0) for case A and b,=(0, by
VA +O)r/(r—2M), abgcos#, 0) for case B. The slowly ro-

tating metric in the bumblebee gravity in both cases is

ds? 1-—

P
(1+{’)r

V—

2M 4Masin’ 0
( )dtz—&dtdw
r

d 2 1+ r2d6? + r sin® 6d¢>. (27)

If £— 0, it recovers the usual slowly rotating Kerr
metric. When a — 0, it becomes

2M 1+
ds? = —(1 - —)dz2 +
r

md +r2d02+r sin Hd(p .

(28)

which is the same as that in Ref. [13]. Metric (27) repres-
ents a Lorentz-violating black hole solution with slowly
rotating angular momentum a. It is easy to see that the
horizon is located at r,. =2M.

Next, we consider the bumblebee motion equation
and check for other gravitational equations. From
bumblebee field motion equation (17), we obtain the fol-
lowing equation:

'Ry + bRy =0, b Rug+b"Ryg =0. (29)

From the appendix, we have R, =—-(U" +2U")/2rU+
0(@®) =0+0(a?), Ry=0+0@a?), and Rgy=—-(rU’ +U)/
(1+0)+1+0@* =¢t/(1+£6)+0(a*). We can observe that
the first equation is fulfilled for both cases; the second
one can be fulfilled for case A (because b%=0).
However, the second equation for case B is
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bocos8 afl

b*Rep =
R R

+0(d%). (30)

If and only if coupling constant ¢ is also sufficiently
smaller than angular momentum a, the second motion
equation can be fulfilled for case B. As for the other grav-
itational equations, for case A, they are,

R+ By = 0+0(d%), (31)
Reo+ By =0+0(a), (32)
Rgg + Bgo = 0+0(a?), (33)
R + By = 0+0(a?), (34)

which are all fulfilled. However, for case B, there are
similar limits for these equations to be fulfilled, i.e.,

cos?26 al\NU

2V1+Csing 12 +O@), 33)

R+ By =

cosf al

Vi+l 2T

Rré) + Br@ = + 0(612)’ (36)
1 al

Vi<lsing r\U
—c0s20U) + O(d?), (37)

Roo + Bog = (rsin? U’

siné al

Ry + By = — -
W T+ e rNU
+2¢0s20U) +O(a?). (38)

(rcos® U’

In conclusion, there exists a slowly rotating black
hole solution for case A, for an arbitrary coupling con-
stant ¢; however, for case B, there exists a slowly rotat-
ing black hole solution if and only if the coupling con-
stant is sufficiently smaller than rotating angular mo-
mentum a. It is interesting that in both cases, the forms of
the solutions are the same. Up to date, a full rotating
black hole solution has not been derived. Thus, for case

A, when the slow rotation restrictions on a are relaxed,
we have b, = (0,b(r,6),0,0), and the obtained full rotating
solution [15] does not seem to meet the bumblebee field
equation requirements; for case B, it remains an open is-
sue whether there exists a full rotating solution when
coupling constant ¢ is sufficiently small. Therefore, one
cannot use the Newman-Janis algorithm to obtain a full
rotating black hole solution. This is similar to the Ein-
stein-aether theory, where only a slowly rotating black
hole solution exists [22], with a spherically symmetric
(hypersurface-orthogonal) aether field configuration for
c14 =0,c123 #0 [23].

IV. GREYBODY FACTOR

The above slowly rotating solution contains the ef-
fects of the bumblebee field and can be used to study the
effects of the bumblebee field on the black hole grey-
body factor. In this section, we study some observational
signatures on the Lorentz-violating parameter, ¢, by ana-
lyzing the black hole greybody factor (Hawking radi-
ation) with metric (27) and try to find some deviations
from GR and some similarities to other LV black holes.

In Ref. [24], we obtained analytical expressions for
the greybody factor and dynamic evolution for the scalar
field in the Horava-Lifshitz black hole. In Ref. [25], we
studied the greybody factor of the slowly rotating Kerr-
Newman black hole in the non-minimal derivative coup-
ling theory. In this model, the kinetic term of scalar field
¥ is only coupled with the Einstein tensor, G*” 8,0,
The coupling was confirmed to be breaking the Lorentz
symmetry [26].

The Klein-Gordon equation in the Einstein-bumble-
bee black hole spacetime (the scalar field coupling to the
bumblebee field is ignored here) is

\/%_gay (V=g d,u)=0. (39)

Using spherical harmonics
Y(t,r,0,9) = e " Ryi(N T]' (6, a),  (40)

and substituting metric (27) into Eq. (39), we obtain the
following radial equation:

d dRim rrw(r?w —2am)
5[@2_21\4@ dr’ +(1 +€)[—r2_2Mr — I+ 1) +2amw |Ryim = 0. (41
Before attempting to solve it analytically, we first ana- Reim(r)
Ryim(r) = T: (42)

lyze the profile of the effective potential that character-

izes the emission process. Defining a new radial function,

and using tortoise coordinate x as follows:
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(43)

d _(,_2mM\d
dx ~ r)dr’

Eq. (41) can be rewritten in the standard Schrodinger

equation form as

(é - eﬂ)iéwlm(x) =0, (44)
where the effective potential is
Veg =(1+¢) (—wz + t—];/lmaw)
+(1—27M) 4r—];4+(1+5)l(l;1) . @)

For graphical analysis, we display the dependence of the
effective potential on different parameters in Fig. 1. It is
found that the gravitational barrier decreases gradually
with the increase in LV coupling constant £ when /=0
(left plot of Fig. 1), similar to the Einstein-aether theory
[23] and non-minimal coupling theory [25]. However, the
barrier increases with £ when /=1 (right plot of Fig. 1).
Increasing the effective potential means reducing the
emission of scalar fields; hence, LV coupling constant ¢
affects the black hole greybody factor.
Now, we derive the analytical solution of Eq. (41).
We change radial variable » [24, 25] to function f(r) as

follows:

oM d 1-fd
=]1-— —_—= _ 4
r— f(r) = Foar (46)
following which Eq. (41) becomes
d*R(f) drR(f) [ K: AT
(1= +(1-1) + - R(f)=0,
TP D= = pr - a-p Y
47)
where'
‘ l:m:‘O
0.1 J‘://:t: N
. \{;" - :;0 TSI e—
-0 ‘J‘ 1=0.1
i
110 115 210 215 310 315 410
r/2M
Fig. 1.

Einstein-bumblebee black hole, for fixed quantity w =0.3.

K. =(wry—a.m) V1 +¢,

a,=afre, A= NT+{[I(1+1)-2maw].  (48)

After using the redefinition, R(f)= f*(1-fP’F(f), and
constraints

@ +K2=0, B -B+[KZ-Al"]=0, (49)

we observe that Eq. (47) is a hypergeometric equation,

d>F(f) sz dF()
fa-x5 de +[c—(l+a+b)f]?—abF(f)—0, (50)
with

d=a+pB, b=a+pB, c=1+2a. (51)

The above two constrains (49) show that parameters «

and B are

(52)

ay = iiK;y,

ﬁi:%[lt \/TZ—A,’”)]

Then, the exact analytical solution of Eq. (50) is

(53)

R(f)=A_f*(1- fPF(a,b,c; f)
+A 0= fPF@a-c+1,b—c+1,2—c;f), (54)

where A, A_ are arbitrary constants.
Near the horizon, r — r, and f — 0; the solution is

Rau(f) = A-f + AL f*. (55)

The boundary condition near the horizon is that no outgo-
ing mode exists; hence, we consider either A_ =0 or

/=1, m=0
T T T

04l S

VRN

i N
03f N

4 N

/ N

f N
02f | N

5 f — =01 s

[ (=0 S
— =01 s N

00F | =02

L L
35 4.0

L L L L
1.0 1.5 2.0 25 3.0
2M

(color online) Variation of the potential, Vg, for different values of coupling constant ¢ of a scalar field in the slowly rotating

1) For the sake of solving the equation mathematically, we should make all coefficients in it dimensionless, therefore we define these quantities.
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A, =0, corresponding to the choice for a.. Here, we set
a=a- and A, =0. The convergence of the hypergeomet-
ric function F(a,b,c; f) will determine the sign of 4, i.e.,
here, Re(c—a—b)>0; then, we set S=8_ [24, 25].
Therefore, the asymptotic solution near the horizon
(r~ry)is

T(c)(c—a-Db)

Rau(f) =A-f* (1= fY [(c—a)(c-Db)

XF(c—a,c—b,c—a-b+1;1-f)|.
When r > r,, function (1 - f) is
1-f=—, (58)

and then, the near horizon solution (57) can be reduced
to

RNH(}’)ZC]r_ﬁ-f-CzIﬁ_l, (59)
with
~ () (c—a—b)
Ci=A-@My T(c—al(c-b) (60)
C, :A_(QM)I—BM_ (61)

T(@T(b)

In the far field region, we expand the wave equation
(41) as a power series in 1/r and maintain only the lead-
ing terms

I

2
d"Rer(r) | 2 dRpr(r)

1 2_
dr? r dr I+ 5)[0)

;1)]RFF(r) ~0. (62)

It is easy to see that this is the usual Bessel equation.
Therefore, the solution of the radial master equation (41)
in the far-field limit is

Rer(r) = %’ BiJ,(N1+twr)+ ByY,(V1+L€wr)|, (63)

where J,(wr) and Y,(w r) are the first and second kind
Bessel functions, respectively; v= V(A +0)I(1+1])+1/4.
B; and B, are the integration constants. Now, we take
limit r —» 0 and extend the far-field solution (63) to the
small values of the radial coordinate. Then, Eq. (63) be-
comes

F@ba+b—c+1;1-f)+(1—-f

Rau(f) = A_f*(1 - fPF(a,b,c; f). (56)

Now, we can smoothly extend the near horizon solu-
tion (56) to the intermediate zone. We consider the prop-
erty of the hypergeometric function [27] and alter its ar-
gument in the near horizon solution, from f'to 1 — f

b [(OT@+b-c)

[(@)T(D)
(57
B Vl+£’wr)v
"2 B.,T(v)
R ) = = Frovn N
A

After applying the conditions of low-energy and low-an-
gular momentum limits (wr,)> < 1 and (a/r,)*> < 1, both
power coefficients in Eq. (59) become, approximately,

_ﬁ:—%+v+0(w2,a2,aw), (65)

(,8—1):—%—v+0(w2,a2,aw). (66)

Up to this point, it is easy to see that both extensions
(59) and (64) of the near horizon and the far field solu-
tions can be simplified to power-law representations with
the same power coefficients, »~'/2*” and r~!/>7". By com-
paring the corresponding coefficients between Eqns. (59)
and (64), we obtain two connections between Cj, C, and
B, B,. Eliminating A_, we gain the ratio between coeffi-
cients By, B,

B

R

By  nl\T+twM
I(c—a—b(@)Ik)

T@a+b-c)(c—al(c-b)

(67)

In asymptotic regime r — oo, the far-field solution can
be rewritten as
B+ iBQ

e—i 1+ wr

Rgp(r) =

21 V1+ € wr

By —iB;

+—
\27m V1 +{ wr

ei 1+€ wr (68)
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1VI+L wr iVI+£ wr

) €
+ A

out

= A2 (69)
r

The absorption probability can be obtained from

() |2
out
A(°°)

in

2 2i(B* — B)

"~ BB*+i(B*-=B)+1°
(70)

B—i
Al = 1- —‘

B+i

Substituting the expression for B from Eq. (67) into Eq.
(70), we acquire some features of the absorption probabil-
ity for the bumblebee field coupled with the Ricci tensor
in the slowly rotating black hole spacetime in the low-en-
ergy limit.

In Fig. 2, we set the angular momentum to a=0.1,
and plot the absorption probability of a scalar particle for
the first (/=0) and second (/=1) partial waves in the
slowly rotating Einstein-bumblebee black hole spacetime.
Evidently, the absorption probability, Ao, rises with the
increase in LV coupling constant £, which is analogous to
the situation in the non-minimal coupling theory [25].
However, A;-; decreases with the increase in LV coup-
ling constant ¢.

In the case of /> 1, there is a superradiation region,
where m = 1,2,---,/, which is analogous to [25]. In Fig. 3,
we show the dependence of the absorption probability on
angular indices / and m, for different ¢ and a. From the

a=0.1 /=m=0

T
0.030 -

0.025F =0 ,

0.020 - s

< o015F p
0.010F o

0.005 F oz

0.000 br——", L L L =
0.00 0.02 0.04 0.06 0.08

oM

Fig. 2.
hole, for a fixed angular momentum with a = 0.1 and m = 0.

¢=0.1, I=1
1A
0.000015
0.00001
5.x1078}
o a=0m
s e L T oM
0.02 0.04 0.06 —6.08 -010 0.12

Fig. 3.

above two graphics in Fig. 3, for the super-radiation case,
angular momentum a improves the usual radiation
(m =-1) and the super-radiation (m = 1) for weak coup-
ling. We note the attenuation of |Ag,[> for I>1. This
means that the first partial wave, /=0, leads the other
ones with respect to the absorption probability. This is
similar to the situation for a scalar field without any
couplings.

V. SUMMARY

In this paper, we have studied the slowly rotating,
asymptotically flat black hole solutions of the Einstein-
bumblebee theory, for both cases of the bumblebee field:
b, =(0,b(r),0,0) and b, = (0,b(r),b(6),0). In the case of
the radial Lorentz symmetry breaking, we have obtained
an exact slowly rotating black hole solution for the rr and
t¢ components of the gravitational field equations. In the
a — 0 limit of the angular momentum, the solution re-
duces to a Schwarzschild like solution [13]; in the £ — 0
limit of the LV constant, we obtain a slowly rotating Kerr
black hole solution. We also reported the horizon posi-
tions.

With this solution, we then check the other gravita-
tional equations and the bumblebee motion equations. In
the case of bumblebee field b, = (0,b(r),0,0), all of these
equations can be fulfilled for an arbitrary coupling con-
stant (. In the «case of bumblebee field
b, = (0,b(r),b(6),0), all of these equations can be fulfilled

a=0.1 /=1, m=0

- =01
(=0

- (=0.1 /

2.5%107° F =02 /

L — L L e
0.00 0.02 0.04 0.06 0.08

(color online) Variation of the absorption probability, |4;,?, of a scalar field in the slowly rotating Einstein-bumblebee black

r=-0.1, I=1
AP
0.00006 £
0.00005
0.00004 £
0.00003 |
0.00002 |
0.00001 |

== _— ~

002 004 006 008 010 012

(color online) Dependence of absorption probability |4, of a scalar field on angular momentum a in the slowly rotating Ein-

stein-bumblebee black hole, for fixed £=0.1,-0.1;/=1; and m=1,0,-1.
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if and only if coupling constant ¢ is as small as or smal-
ler than slowly rotating angular momentum a. If LV
coupling constant ¢ is not small, the slowly rotating solu-
tion cannot exist. Thus far, no full rotating black hole
solutions have been published; hence, the Newman-Janis
algorithm cannot be used to obtain a rotating solution, be-
cause it may not satisfy the entire set of field equations.
This is similar to the Einstein-aether theory, where there
can only exist a slowly rotating black hole solution. The
existence of a full rotating black hole solution for case B
for very small values of the coupling constant remains an
open issue.

With this obtained black hole solution, we studied
some LV effects on future astronomical events. In partic-
ular, we studied the black hole greybody factor for some
observational effects of LV constant £. We reported the
deviation effects of the LV from GR (a slowly rotating
Kerr black hole); for the angular momentum index of

1 =0, the effective potential, Vg, decreased with the in-
crease in LV coupling constant ¢. These decreases were
similar to those for the Einstein-acther black hole [23]
and non-minimal derivative coupling theory [25], which
are also LV black holes. The LV affected the greybody
factor by increasing the absorption probability, similar to
the non-minimal derivative coupling theory [25]. These
differences can be detected by new generation gravita-
tional antennas.
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APPENDIX A: SOME QUANTITIES

In this appendix, we show the nonzero components of
the Ricci tensor for metric (13). They are as follows:

U [U” rsin®ouU’| a* [F2U H*U? F?’H?U FH?*U
Ry = —+ +—|——H" U?+ ’ F'U'|, Al
" 1+€[2 z } 22[ r2 1+¢ (1+0)r 1+¢ } A1)
a|HUF” FH” rFHUsin?6 FU cos0sin@ aAFPH? (1 U
Rip=—= + - H'|- —F'U +—F'|, A2
T2 140 2 1+0x by ] 22(1+5)(2 r ) (A2)
R - rsin’0 (U” . rsinZQUU, aZFZHZF,,+a2H2 ls 2 F2p? Sinf 2
" z 2 z T 2|2 4U
F¥ F2(5r*U sin” 0+ a*F2H?
ey sorysinopp - O USIC 04 A )y’ — Fusinel, (A3)
2U 2rU
FH| 1 1
R,y =2 = [— z(azeHz +3r2Usin2 O)F H' + EFr2 singU’H’
F oo 2rr e 2y L 2. , . | B
+—(a"F*H*+2r°Usin”“ 0)H +§HUr Sin26F —FHrsm@cosH(ErU +U)|, (A4)
r
ro (. . PUin*0\ FAU%sin'0 &PFH[ ., rFHU' HrU
R(.)g:—— U+ + - - + F
1+¢ ¥2 x2 by 20+¢0)  1+¢
212 2 ainl
F2[1._ 0
- “22 [52171’2 — HrUsin20H' + r*H*U cos 20+ ﬂfﬂlﬂ], (A5)
R PUsin*6 (rU' +U . +a2 L 22 0m” 2 L P2 sin g
=- - —|—=F"sin = sin
ad b 1+¢ | 2 2
H2sin’0( 1 1
T URF? 4 ~F2U + FUrF —2F2U | - F2H? cos26), (A6)
1+¢ 2 2
where ¥ and £ are _ U (U ’ 5
ﬁ_l_-i-f( 3 +T)+O(a ), (A7)
E:rzUsin29+a2F2H2,
_ atHUF" alFHU' 3
2 =r’Usin*0-a*F*H>. “TT0+0  r(1+0) +0@), (A8)
B, =0, (A9)

The nonzero components of quantity By, are
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By =0, (A10)
By = ——_ (rU' +U)+O0(a%) (A1)
A @

. {sin®6 , 5
B¢¢=— (l"U +U)+O(Cl ), (A12)
1+¢

for case A; and
_ U (U’ U alcos20\U
Bi=—|—+— |+ ————— +0(d®),

! 1"‘5( 2 r) 2V1+¢€r?siné
(A13)
_ HUF"” FHU’'
alHUFT _alFHU” | 2y, (Al4)
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