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Abstract: The ALICE Collaboration measured three- and four-pion Bose-Einstein correlations (BECs) for  Pb-Pb
collisions at the Large Hadron Collider (LHC). It is speculated that the observed significant suppression of multi-pi-
on BECs is owing to a considerable degree of coherent pion emission in these collisions. Here, we study multi-pion
BEC functions for granular sources with coherent pion-emission droplets. We find that the intercepts of the multi-pi-
on  correlation  functions  at  the  relative  momenta  near  zero  are  sensitive  to  the  number  of  droplets  in  the  granular
source.  They decrease with the droplet  number.  The three-pion correlation functions for evolving granular sources
with momentum-dependent partially coherent pion-emission droplets basically agree with the experimental data for
Pb-Pb collisions at  TeV at the LHC. However, the model results for the four-pion correlation function
are inconsistent with the experimental data. Investigations into normalized multi-pion correlation functions of granu-
lar sources suggest an interesting enhancement of the normalized four-pion correlation function in the moderate rel-
ative-momentum region.
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I.  INTRODUCTION

√
sNN = 2.76

Identical  pion  intensity  correlations  (Bose-Einstein
correlations, BECs) are important observables in high-en-
ergy  heavy-ion  collisions  [1-6].  Because  the  multiplicity
of  identical  pions  in  heavy-ion  collisions  at  the  Large
Hadron  Collider  (LHC)  is  very  high,  multi-pion  BEC
analysis with  high  statistical  accuracy  has  become  pos-
sible  [7, 8]. Recently,  the  ALICE  Collaboration  meas-
ured  significant  suppressions  of  three-  and  four-pion
BECs  for  Pb-Pb  collisions  at  TeV  at  the
LHC  [7, 8],  suggesting  considerable  coherence  between
the particle-emitting sources produced in these collisions
[7-11].

Analysis of  multi-pion  BECs  can  provide  more  in-
formation about particle-emitting sources, compared with
two-pion interferometry [4, 5, 7-36]. In particular, multi-
pion  BECs  are  sensitive  to  the  source  coherence  [9-12,
26, 27]. In Refs. [10, 11], we investigated three- and four-
pion BECs for a spherical evolving source of the pion gas
with  identical  boson  condensation.  However,  particle-

emitting sources  produced in  relativistic  heavy-ion colli-
sions  are  anisotropic  in  space  and  may  have  complex
structures.  It  is  of  interest  to  explain  the  experimental
measurements  of  multi-pion  BEC  suppressions  at  the
LHC  using  a  more  realistic  model  that  can  also  explain
the other observables in these collisions.

Event-wise, the initial systems produced in relativist-
ic  heavy-ion  collisions  strongly  fluctuate  in  space.  This
initial  fluctuation  may  yield  inhomogeneous  particle-
emitting  sources,  in  which  there  are  hot  spots  and  cold
valleys.  In  Refs.  [37-40],  a  granular  source  model  was
proposed  and  developed  by  Zhang  et  al.,  to  explain  the
experimental results of two-pion interferometry at the Re-
lativistic Heavy Ion Collider (RHIC) and LHC [41-45]. In
Refs.  [46-48], a  granular  source  model  was  used  to  sys-
temically  study  the  pion  transverse-momentum  spectra,
elliptic flows, and two-pion BECs in heavy-ion collisions,
at the RHIC and LHC. The granular source model repro-
duced  the  experimental  data  of  the  pion  transverse-mo-
mentum spectra,  elliptic  flows,  and  two-pion  interfero-
metry  radii  [46-48].  Considering  that  identical  pions  are
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emitted  from droplets  in  the  granular  source  model,  and
considering  that  the  droplet  radii  are  much  smaller  than
the source size, the pion emission from one droplet is per-
haps coherent in the case of high pion event multiplicity,
owing to the condensation of identical bosons [10, 11, 49,
50].

In this  work,  we consider  a  granular  source with  co-
herent pion-emission droplets. The droplets in the granu-
lar  source  move  with  anisotropic  velocities  and  evolve
according to viscous hydrodynamics, as described in Ref.
[48]. However, identical pion emissions from one droplet
are  assumed  to  be  completely  or  partially  coherent.  We
investigate multi-pion BECs in the granular source mod-
el  with  coherent  pion-emission droplets.  The normalized
three-  and  four-pion  correlation  functions  of  granular
sources are  examined  for  completely  coherent  and  mo-
mentum-dependent  partially  coherent  pion  emissions
from one droplet.

The rest of this paper is organized as follows. In Sec.
II,  we  examine  the  three-  and  four-pion  BEC  functions

for  a  static  granular  source  with  coherent  pion-emission
droplets. In Sec. III, we investigate the three- and four-pi-
on BECs in the granular source model, in which droplets
evolve according to viscous hydrodynamics. We also in-
vestigate the normalized multi-pion correlation functions
of  evolving  granular  sources  in  this  section.  Finally,  we
provide a summary and discussion in Sec. IV.

II.  MULTI-PION BECs OF STATIC GRANULAR
SOURCES

∼er2/(2r2
d)

R j ( j = 1,2, · · · ,n)
∼e−R2

j/2R2
G

We  first  consider  a  static  granular  source  in  which
identical  pions  are  emitted  from  separated  droplets.  The
spatial distribution of the emitting points for each droplet
is  assumed to  be  Gaussian,  i.e., ,  and  the  droplet
centers  are  distributed  in  the  granular
source  with  a  Gaussian  distribution .  The  two-
and three-pion BEC functions for a static granular source
can be expressed as [51, 52]
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where n is  the  droplet  number  in  the  granular  source,
, ,  and 
.  In  Eq.  (1),  the  and 

terms express the correlations between two pions emitted
from  one  droplet  and  different  droplets,  respectively.  In
Eq.  (2),  the  and  terms  express  the
pure triplet correlations between three pions emitted from
one droplet  and  two  pions  emitted  from one  droplet,  re-
spectively.  In  Eq.  (2),  the  last  term  expresses  the  pure
triplet correlations between three pions emitted from dif-
ferent droplets. The two- and three-pion correlation func-
tions  become  those  of  the  Gaussian  sources  when

.  Similarly,  one  can  obtain  the  four-pion
correlation function  for  a  static  granular  source,  as  de-
scribed in Appendix A.

For  a  small  droplet  radius,  the  pion  emission  from a

droplet is significantly coherent [10, 11, 49, 50]. Assum-
ing the pions emitted from one droplet are completely co-
herent, the two- and three-pion correlation functions for a
granular source become

C2(p1, p2) = 1+
(n−1)

n
RG(1,2), (3)

C3(p1, p2, p3)=1+
(n−1)

n

[
RG(1,2)+RG(1,3)+RG(2,3)

]
+

2(n−1)(n−2)
n2

[
RG(1,2)RG(1,3)RG(2,3)

]1
2

.

(4)

The  four-pion  correlation  function  for  a  granular
source  with  completely  coherent  pion-emission  droplets
can be expressed as
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where the third pair of square brackets expresses the cor-
relations of double pion pairs where four pions are emit-
ted from four different droplets; the fourth pair of square
brackets  expresses  the  correlations  of  double  pion  pairs
where the two pions of a pair are emitted from two differ-
ent droplets and the two pions of another pair are emitted
respectively  from the  two droplets  as  well;  the  fifth  pair
of square brackets expresses the correlations of double pi-
on  pairs  where  the  two pions  of  a  pair  are  emitted  from
two  different  droplets  and  the  two  pions  of  another  pair
are  emitted  respectively  from  one  of  the  same  droplets
and  from  another  droplet;  and  the  last  pair  of  square
brackets  expresses  the  pure  quadruplet  pion  correlations
where four pions are emitted from four different droplets.
A detailed derivation of the correlation function is given
in Appendix A.

RG = 6.0 Qm (m = 2,3, · · · )

In Figs.  1(a) and 1(b), we  plot  the  two-pion  correla-
tion functions of static granular sources with chaotic and
completely coherent pion-emission droplets, respectively.
In Figs.  1(d) and 1(e),  we plot  the three-pion correlation
functions of static granular sources with chaotic and com-
pletely  coherent  pion-emission  droplets,  respectively.  In
Figs.  1(g) and 1(h),  we  plot  the  four-pion  correlation
functions of static granular sources with chaotic and com-
pletely coherent pion-emission droplets, respectively. The
panels  (c),  (f),  and  (i)  show  the  ratios  of  the  correlation
functions  of  granular  sources  with  completely  coherent
pion-emission  droplets  to  the  correlation  functions  of
granular  sources  with  chaotic  pion-emission  droplets.
Here,  the  radii  of  the  granular  sources  were  set  to

 fm.  The variable  is  defined by
the covariant relative momenta, as follows:

Qm =

√∑
i< j⩽m

−(pi− p j)µ(pi− p j)µ, (m ⩾ 2). (6)

From Fig. 1, it is evident that the intercepts of the cor-
relation  functions  for  granular  sources  with  completely
coherent droplets decrease, compared with those for gran-
ular sources  with  chaotic  droplets.  The  intercept  reduc-
tions decrease with increasing droplet number n. The in-
tercept  for  the  four-pion  correlation  function  decreases
much more than those for the two- and three-pion correla-
tion  functions,  for  the  same droplet  number n.  From the
ratio results,  the correlation functions for completely co-
herent  droplets  exhibit  more  decreases  for  smaller
droplets in the high relative-momentum variable regions.

r3The  normalized  three-pion  correlation  function  is
defined by the ratio of the three-pion cumulant correlator
to the square root of the product of the two-particle cor-
relators  [26, 27].  For  a  granular  source  with  completely
coherent pion-emission droplets, it is given by

r3(Q3) =
[c3(Q3)−1][n/(n−1)]3/2√

RG(1,2)(Q3)RG(2,3)(Q3)RG(1,3)(Q3)
, (7)

where

c3(Q3) =1+
2(n−1)(n−2)

n2

×
[
RG(1,2)RG(1,3)RG(2,3)

]1
2

(Q3). (8)

r3Because  is insensitive to the resonance decay, it is
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r4

used  for  measuring  the  source  coherence  in  analyses  of
experimental  data  [7, 30-34].  Similarly,  the  normalized
four-pion  correlation  function  of  a  granular  source  is
given by

r4(Q4)=
[c4(Q4)−1][n/(n−1)]2√

RG(1,2)(Q4)RG(2,3)(Q4)RG(3,4)(Q4)RG(1,4)(Q4)
,

(9)

where
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×
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RG(1,2)RG(2,3)RG(3,4)RG(1,4)

)1
2
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+

(
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)1
2

(Q4)

+

(
RG(1,2)RG(2,4)RG(3,4)RG(1,3)

)1
2

(Q4)
]
. (10)

r3(Q3) r4(Q4)

Q3,4

In Figs.  2(a) and 2(b),  we plot  the  normalized three-
and  four-pion  correlation  functions  and for
static  granular  sources  with  completely  coherent  pion-
emission  droplets,  respectively.  The  parameters  of  the
granular  sources  are  the  same  as  in Fig.  1. The  normal-
ized correlation functions exhibit plateaus in the low-

Fig. 1.    (color online) Two-, three-, and four-pion correlation functions for static granular sources with chaotic (top panels) and com-
pletely coherent (middle panels) pion-emission droplets. Here, the radii of the granular sources were RG = 6.0 fm. The bottom panels
show the ratios of the correlation functions for the granular sources with completely coherent droplets to those for the granular sources
with chaotic droplets.

 

 

Fig.  2.    (color online) (a)  Normalized three-pion correlation
functions for static granular sources with completely coherent
pion-emission  droplets.  (b)  Normalized  four-pion  correlation
functions for static granular sources with completely coherent
pion-emission droplets. Parameters of the granular sources are
the same as in Fig. 1.
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∼50
r3(Q3) r4(Q4)

5 < n < 12

region,  up  to  MeV/c.  We  plot  the  intercepts  of
 and  as  functions  of  the  droplet  number  in

Fig. 3. The intercepts for the four-pion normalized correl-
ation functions are more sensitive to the droplet number n
than  for  the  three-pion  normalized  correlation  functions,
in the  region.

Q3 Q4

Owing to  the  lack  of  expansion,  the  three-  and  four-
pion  correlation  functions  of  static  granular  sources  fall
rapidly with multi-pion relative momenta  and , re-
spectively. It is difficult to describe the experimental data
of  multi-pion  correlations  using  a  static  granular  source
model. In the next section, we study the three- and four-
pion correlation functions in an evolving granular source
model  and  compare  the  resulting  multi-pion  correlation
functions with available experimental data.

III.  MULTI-PION BECs IN AN EVOLVING
GRANULAR SOURCE MODEL

Evolving  granular  source  models  can  reproduce  the
pion transverse-momentum spectra, elliptic flows, and in-
terferometry  radii  [46-48].  In  what  follows,  we  study
multi-pion BECs for evolving granular sources, in which
droplets expand according to viscous hydrodynamics and
emit pions coherently.

A.    Evolving granular source model
The model  we consider  is  based on a  viscous granu-

lar source model developed in Ref. [48], but presently, pi-
ons  that  are  emitted  from one droplet  are  assumed to  be
completely  or  partially  coherent.  In  this  subsection,  we
briefly  present  the  components  of  the  granular  source
model  used  in  the  work.  For  a  detailed  explanation  of
granular  source  models,  the  reader  is  referred  to  Refs.
[38-40, 46-48].

The  granular  source  model  was  proposed  by  W.  N.
Zhang et  al. [37, 38],  to  explain  the  RHIC HBT puzzle,

Rout/Rside ∼ 1 Rout Rside

Rout
Rside

Rout/Rside ∼ 1

 [41, 42, 47, 48],  where  and  are
two HBT radii in the transverse plane along and perpen-
dicular  to  the  transverse  momentum of  the  particle  pairs
[53-55]. Because the HBT radius  decreases with de-
creasing  system  lifetime,  while  the  HBT  increases
with  increasing  system  size,  particle-emitting  sources
have small hot droplets; therefore, a short evolution time
and distribution in a large space may yield 
[37-40]. Although the early idea of constructing a granu-
lar source model was based on the first-order QCD trans-
ition, the occurrence of granular sources may not be lim-
ited  to  first-order  phase  transitions.  In  relativistic  heavy
ion collisions  at  the  RHIC  and  LHC  energies,  large  ini-
tial  fluctuations  and  instabilities  during  the  early  violent
expansion of  the  system may yield  granular  inhomogen-
eous structures of particle-emitting sources [38-40].

⟨n⟩

The  granular  source  model  assumes  that  the  initial
spatial  inhomogeneity  and  violent  expansion  during  the
early  stages  of  the  system  produced  in  ultrarelativistic
heavy-ion collisions may break up the system into many
hot and dense droplets, leading to the formation of a gran-
ular particle-emitting source. During the formation of the
initial granular source, the droplet centers are distributed
within  a  cylinder  along the  collision  axis,  and  the  initial
energy distribution in a  droplet  satisfies  the Woods-Sax-
on  distribution,  as  shown in  Refs.  [47, 48].  The  average
droplet number, , of a granular source is related to the
initial mean separation and geometry of the source [51].

vdx vdy vdz

√
sNN = 2.76

The  evolution  of  a  granular  source  includes  the
droplet  evolution  according  to  viscous  hydrodynamics
and the droplet expansion in its entirety, with anisotropic
droplet velocities , , and . In the granular source
model, the geometry and velocity parameters are determ-
ined by  comparing  the  model  results  for  the  pion  trans-
verse-momentum spectra, elliptic flows, and two-pion in-
terferometry  radii  with  experimental  data.  In  this  paper,
we used the viscous granular source model developed in
Ref. [48] to describe the source evolution for Pb-Pb colli-
sions at  TeV [8], and the model parameters
were the same as in [48].

B.    Multi-pion correlation functions

C3(Q3)

√
sNN = 2.76

C3(Q3)

0.16 <
KT3 < 0.3 0.3 < KT3 < 1

KT3 = |pT1+ pT2+ pT3|/3
⟨n⟩

In Figs. 4(a) and 4(b), we plot the three-pion correla-
tion functions  for evolving granular sources with
completely  coherent  pion-emission  droplets,  for  central
Pb-Pb  collisions  at  TeV.  The  experimental
data  of ,  measured  by  the  ALICE  Collaboration
for central Pb-Pb collisions [8], are presented for compar-
ison. Panels (a) and (b) show the results for the low- and
high-transverse-momentum  intervals 

GeV/c  and  GeV/c,  respectively.
Here, . The average droplet num-
ber  for the simulation events with the granular source
parameters determined together by the experimental data
of transverse-momentum spectra, elliptic flows, and inter-

 

r3(Q3) r4(Q4)Fig. 3.    (color online) Intercepts of  and for gran-
ular sources with completely coherent pion-emission droplets,
as functions of the droplet number for static granular sources.
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⟨n⟩ = 9 ⟨n⟩ = 6

Q3
⟨n⟩ ⟨n⟩ = 8

Q3

ferometry radii in 0%-10% Pb-Pb collisions [48] is 8. In
Fig.  4,  the  results  for  and  are  shown,  for
the same granular source parameters but smaller and lar-
ger  initial  mean  separations.  The  granular  source  results
for the small-  region increase with the average droplet
number .  However,  the  results  for  are  lower
than the experimental data for the small-  region.

C4(Q4)

√
sNN = 2.76

C4(Q4)

0.16 < KT4 < 0.3
0.3 < KT4 < 1

KT4 = |pT1+ pT2+ pT3+ pT4|/4

⟨n⟩ Q4
⟨n⟩ = 8

Q4

⟨n⟩

In Fig.  4(c) and 4(d), we  plot  the  four-pion  correla-
tion functions  for evolving granular sources with
completely  coherent  pion-emission  droplets,  for  central
Pb-Pb  collisions  at  TeV.  The  experimental
data  of ,  measured  by  the  ALICE  Collaboration
for central Pb-Pb collisions [8], are presented for compar-
ison. Panels (a) and (b) show the results for the low and
high  transverse-momentum  intervals 
GeV/c  and  GeV/c,  respectively.  Here,

.  The  four-pion  correlation
functions of  the  granular  sources  increase  with  the  aver-
age droplet number , for the small-  region. In addi-
tion, the results for  are lower than the experiment-
al results for the small-  region. The multi-pion correla-
tion  functions  are  sensitive  to  the  number  of  droplets  in
the  granular  sources.  However,  the  transverse-mo-
mentum spectra and elliptic flows of the granular sources
are insensitive to  [46-48].

p′

p′

Considering  that  pions  with  high  momenta  are  more
likely  to  be  emitted  chaotically  from  excited  states  [10,
11, 49, 50], we further studied multi-pion BECs for gran-
ular  sources  with  partially  coherent  pion-emission
droplets.  We  assumed  that  pions  that  are  emitted  from
one  droplet  and  have  momenta  below  a  fixed  value 
have coherent amplitudes and therefore do not exhibit in-
tensity correlations. However, pions with momenta above

 result from chaotic emissions (from excited-states).

p′ =∞
p′ =

KT3

√
sNN = 2.76

Q3
p′

KT3 KT3

p′

KT3

p′ = 0.5

In Figs. 5(a) and 5(b), we compare the three-pion cor-
relation  functions  for  evolving  granular  sources  with
completely coherent pion-emission droplets (correspond-
ing  to )  and  partially  coherent  pion-emission
droplets with  0.5 and 0.7 GeV/c, for the lower- and
higher- transverse-momentum  intervals, respectively.
Here, the average droplet number of the granular sources
is 8, and the solid-circle symbols indicate the experiment-
al results for central Pb-Pb collisions at  TeV
[8].  In  the  low-  region, the  three-pion  correlation  in-
creases with decreasing , and the increase is greater in
the  higher  interval  than  in  the  lower  interval.
This is because the contribution of the chaotic pion emis-
sion to  the  correlation  functions  increases  with  decreas-
ing ,  and  pions  with  high  momenta,  which  are  more
likely  to  be  emitted  chaotically,  have  higher  than
those with low momenta. The three-pion correlation func-
tions for the granular source with  GeV/c are ap-
proximately in agreement with the experimental data.

p′ =∞
p′ =

KT4

√
sNN = 2.76

p′

In Figs. 5(c) and 5(d), we compare the four-pion cor-
relation  functions  for  evolving  granular  sources  with
completely coherent pion-emission droplets (correspond-
ing  to )  and  partially  coherent  pion-emission
droplets  with  0.5  and  0.7  GeV/c,  for  the  lower-and
higher-transverse-momentum  intervals,  respectively.
Here, the average droplet number of the granular sources
is 8, and the solid-circle symbols indicate the experiment-
al results for central Pb-Pb collisions at  TeV
[8].  Compared  with  the  three-pion  correlation  functions,
the  four-pion  correlation  functions  of  the  considered
granular sources are more sensitive to the value of  but
are  inconsistent  with  the  experimental  data.  This  puzzle
in the current framework indicates that partially coherent

 

√
sNN = 2.76

0.16 < KT3 < 0.3 0.3 < KT3 < 1 ⟨n⟩

Fig. 4.    (color online) Three- and four-pion correlation func-
tions  for  evolving  granular  sources  with  completely  coherent
droplets and experimental data for central Pb-Pb collisions at

 TeV  [8],  for  transverse-momentum  intervals
 GeV/c and  GeV/c.  Here,  de-

notes the average droplet number for the considered evolving
granular sources.

 

p′ =∞ p′ =

0.16 < KT3 < 0.3 0.3 < KT3 < 1

√
sNN = 2.76

Fig. 5.    (color online) Three- and four-pion correlation func-
tions  for  evolving  granular  sources  with  completely  coherent
( ) and partially coherent (  0.5 and 0.7 GeV/c) pion-
emission  droplets,  for  transverse-momentum  intervals

 GeV/c and  GeV/c. Here, the av-
erage droplet  number  of  the  granular  sources  is  8,  and solid-
circle  symbols  indicate  experimental  data  for  central  Pb-Pb
collisions at  TeV [8].

Ghulam Bary, Wei-Ning Zhang, Peng Ru et al. Chin. Phys. C 45, 024106 (2021)

024106-6



pion-emission  should  be  given  more  attention,  to  make
the model multi-pion correlation functions agreeable with
experimental data.

C.    Normalized multi-pion BEC functions
r3

r4

r3
r4

The  normalized  multi-pion  correlation  functions 
and  are believed to be suitable for analyzing the source
coherence in  relativistic  heavy-ion collisions.  In  the  pre-
ceding section,  it  was found that  the normalized correla-
tion functions are sensitive to the number of droplets in a
static  granular  source  with  completely  coherent  pion-
emission  droplets.  In  this  subsection,  we  investigate 
and  for evolving granular sources with completely co-
herent and partially coherent pion-emission droplets.

⟨n⟩
0.16 < KT3 < 0.3

0.3 < KT3 < 1
⟨n⟩

Q3
⟨n⟩

Q3 Q3
r3 Q3

Q3

We show in Figs. 6(a) and 6(b) the normalized three-
pion  correlation  functions  for  evolving  granular  sources
with completely coherent pion-emission droplets and dif-
ferent  average  droplet  numbers ,  for  the  transverse-
momentum  intervals  GeV/c  and

 GeV/c, respectively. The normalized correl-
ation function increases with , for both transverse-mo-
mentum  intervals.  Compared  with  the  normalized  three-
pion  correlation  functions  for  static  granular  sources,
shown in Fig. 2(a), which plateau in the small-  region,
those for evolving granular sources with large  values
decrease  with  for  the  small-  region.  The  decrease
in  with  increasing  indicates that  the  three-pion  cu-
mulant correlator (correlation of pure pion-triplet interfer-
ence)  decreases  more  rapidly  with  increasing  than
two-pion correlations.

⟨n⟩

We show in Figs.  6(c) and 6(d) the normalized four-
pion  correlation  functions  for  evolving  granular  sources
with completely coherent pion-emission droplets and dif-
ferent  average  droplet  numbers ,  for  the  transverse-

0.16 < KT4 < 0.3
0.3 < KT4 < 1

⟨n⟩

⟨n⟩

momentum  intervals  GeV/c  and
 GeV/c, respectively. The normalized correl-

ation function increases with , for both transverse-mo-
mentum  intervals.  Compared  with  the  normalized  three-
pion  correlation  functions  for  evolving  granular  sources,
the  four-pion  correlation  functions  are  more  sensitive  to

.

p′ =∞
p′ =

p′

Q3 ∼ 0

p′

0.3 < KT4 < 1
p′

Q4 ∼ 100

Q4

Q4
r4(Q4) Q4

In Figs. 6(e) – 6(h), we compare the normalized three-
and four-pion correlation functions for evolving granular
sources  with  completely  coherent  ( )  and  partially
coherent  (  0.5  and  0.7  GeV/c)  pion-emission
droplets. Here, the average droplet number for the granu-
lar  sources  is  8.  The  normalized  three-pion  correlation
functions  increase  slightly  with  decreasing .  However,
the  intercepts  of  the  correlation  functions  at  are
approximately  in  agreement,  because  the  intercept  is
mainly determined by the droplet number in the granular
source.  The  normalized  four-pion  correlation  functions
increase with decreasing . For the wide transverse-mo-
mentum  interval,  GeV/c,  the  normalized
four-pion  correlation  function  for  the  smallest  is
clearly  higher  at  approximately  MeV/c,  owing
to the  momentum  dependence  of  pion-emission  coher-
ence and the sensitivity of high-order pion correlations to
the source coherence. As discussed in Ref. [11], the aver-
age pion momentum increases with increasing  if there
are  no  other  constraints.  This  leads  to  an  increase  in  the
chaotic  emission  possibility  with  increasing  and  the
enhancement of  in the middle-  region [see Fig.
7(d)  in  [11]].  This  can  be  attributed  to  the  notion  that
high-momentum pions  are  more  likely  emitted  chaotic-
ally from excited states.

r3(Q3) r4(Q4)
Q3 = 10 Q4 = 30

Table  1 presents  the  results  for  and  at
 MeV/c and  MeV/c, respectively, for par-

p′ = p′ =∞
⟨n⟩ = 8

Fig. 6.    (color online) (a) - (d) Normalized three- and four-pion correlation functions for evolving granular sources with completely
coherent pion-emission droplets. (e) - (h) Normalized three and four-pion correlation functions of the evolving granular sources with
partially coherent  (  0.5 and 0.7 GeV/c) and completely coherent  ( )  pion-emission droplets  for  the average droplet  number

.
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p′ = 0.5 p′ = 0.7 p′ =∞
tially  coherent  pion  emissions  from  a  droplet  with

 GeV/c,  GeV/c, and . One can see
that the intercept results are almost within the error range.

IV.  SUMMARY AND DISCUSSION

We studied three- and four-pion BECs in the granular
source  model  with  coherent  pion-emission  droplets.  The
three- and four-pion correlation functions and the normal-
ized  multi-pion  correlation  functions  of  granular  sources
were examined for completely coherent and momentum-
dependent  partially  coherent  pion-emissions  from  one
droplet. It was found that the intercepts of the multi-pion
correlation  functions  at  the  relative  momenta  near  zero
were  sensitive  to  the  number  of  droplets  in  the  granular
source, decreasing with the number of droplets.

√
sNN = 2.76

0.16 < KT3 < 0.3
0.3 <KT3 < 1

KT4

KT4

KT4
p′

By  comparing  the  three-  and  four-pion  correlation
functions of  evolving  granular  sources  with  the  experi-
mental  data  for  Pb-Pb  collisions  at  TeV  at
the LHC,  we  found  that  the  three-pion  correlation  func-
tions  of  evolving  granular  sources  with  momentum-de-
pendent partially coherent pion-emission droplets were in
a  basic  agreement  with  the  experimental  results  for  the
transverse-momentum  intervals  GeV/c
and  GeV/c. However, the model results for
the four-pion correlation function were inconsistent  with
the  experimental  data.  To  solve  the  puzzle  of  the  multi-
pion correlation functions,  more  consideration should be
given  to  coherent  pion  emission.  For  instance,  coherent
emission  may  depend  not  only  on  the  magnitude  of  the
particle  momentum but  also  on its  azimuthal  angle. Fig-
ures  5(c) and 5(d) show  that  the  model  results  for  the
higher-transverse-momentum  interval have more en-
hancements  compared  with  the  experimental  data,  than
those  for  the  lower-transverse-momentum  intervals.
This may indicate that pions with small relative azimuth-
al angles (and thus larger )  possibly exhibit  coherent
emission, although their momenta are above . The four-
particle  correlations  are  sensitive  to  coherent  emission
and should be studied in more detail in model and experi-
mental data analyses.

The  normalized  multi-pion  correlation  functions,
defined as the ratios of the multi-pion cumulant correlat-

Q4 ∼100
0.3 < KT4 < 1

ors to the two-pion correlator, can reduce the influence of
the resonance decay on themselves. Our investigations in-
dicate  that  the  normalized  four-pion  correlation  function
is  improved  in  the -MeV/c  region  for  the  wide
transverse momentum interval  GeV/c. This
can be  attributed  to  the  notion  that  high-momentum  pi-
ons  are  more  likely  emitted  chaotically  from  excited
states.

√
sNN = 2.76

Recently,  D.  Gangadharan  proposed  a  technique  for
constructing three- and four-pion correlation functions for
partially  coherent  sources  and  for  estimating  the  source
coherence [9]. Using this technique, the ALICE Collabor-
ation analyzed the  three-  and four-pion correlation func-
tions for Pb-Pb collisions at  TeV at the LHC
[8]. They found that  the source coherent  fraction extrac-
ted from  the  four-pion  correlation  function  cannot  ex-
plain the three-pion correlation function if the sources are
assumed partially coherent [8]. How to consistently solve
the  suppressions  of  the  three-  and  four-pion  BECs  in  a
partially coherent source model is an open question.

∼ 4
λ ∼ 10

Finally,  it  should  be  mentioned  that  the  granular
source model used in this paper had the same model para-
meters as in Ref. [46], but with the assumption of coher-
ent pion emission from one droplet. We noted that this as-
sumption may increase the two-pion interferometry radii
by % on average and decrease the two-pion chaoticity
parameter  by %. However,  the  assumption  of  co-
herent  pion  emission  hardly  changes  the  results  for  the
transverse-momentum spectrum  and  elliptic  flow.  Con-
sidering more realistic pion coherent emissions, applying
Gangadharan's technique to granular sources, and invest-
igating multi-pion BECs in a more realistic model will be
of interest.

APPENDIX A: FOUR-PION CORRELATION
FUNCTION OF A STATIC

GRANULAR SOURCE

With the formulism developed in Refs.  [51, 52],  one
can develop the four-pion correlation function of a static
granular  source  with  completely  chaotic  pion  emission
droplets as

r3(Q3=10 r4(Q4=30 p′=0.5
p′=0.7 p′=∞

Table  1.    Results  for  MeV/c)  and  MeV/c),  for  partially  coherent  pion  emissions  from  a  droplet  with 
GeV/c,  GeV/c, and .

p′ /(GeV/c) 0.5 0.7 ∞

r3(Q3=10 MeV/c)

0.16<KT3<0.3GeV/c 1.64±0.13 1.51±0.10 1.47±0.11

0.3<KT3<1GeV/c 1.67±0.14 1.54±0.10 1.45±0.12

r4(Q4=30 MeV/c)

0.16<KT4<0.3GeV/c 2.45±0.21 2.29±0.18 2.14±0.12

0.3<KT4<1GeV/c 2.07±0.24 2.15±0.22 1.98±0.19
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qi j = pi− pj (i, j = 1,2,3,4)where ,  and n is  the  droplet
number in the granular source.  In Eq. (A1),  the first  and
second  pairs  of  square  brackets  express  the  correlations
of two pions that  are emitted from one droplet  and from
two  different  droplets,  respectively;  the  third  and  forth
pairs of  square  brackets  express  the  pure  triplet  correla-
tions of three pions that are emitted from one droplet and
from  three  different  droplets,  respectively;  the  fifth  pair
of  square  brackets  expresses  the  pure  triplet  correlations
of  three  pions  where  two  pions  are  emitted  from  one
droplet  and  another  pion  is  emitted  from  a  different
droplet; the sixth and seventh pairs of square brackets ex-
press  the  correlations  of  double  pion  pairs  where  each
pair  is  emitted  from  one  droplet  and  the  four  pions  are
emitted  from  four  different  droplets,  respectively;  the
eighth  pair  of  square  brackets  expresses  the  correlations
of double pion pairs where one pion pair is emitted from
one droplet and the two pions of another pair are emitted
from  two  different  droplets;  the  ninth  pair  of  square
brackets  expresses  the  correlations  of  double  pion  pairs
where the two pions of a pair are emitted from two differ-
ent droplets and the two pions of another pair are emitted
respectively from the two droplets as well; the tenth pair
of square brackets expresses the correlations of double pi-
on  pairs  where  the  two pions  of  a  pair  are  emitted  from
two  different  droplets  and  the  two  pions  of  another  pair
are  emitted  respectively  from  one  of  the  same  droplets
and  from another  droplet;  the  eleventh  and  twelfth  pairs
of square  brackets  express  the  pure  quadruplet  correla-

tions  of  four  pions  emitted  from  one  droplet  and  from
four different droplets, respectively; the thirteenth pair of
square brackets  expresses  the  pure  quadruplet  correla-
tions  of  four  pions  where  three  pions  are  emitted  from
one  droplet  and  another  pion  is  emitted  from a  different
droplet;  the  fourteenth  pair  of  square  brackets  expresses
the pure quadruplet correlations of four pions where two
pions are emitted from one droplet and the other two pi-
ons are emitted from another droplet; and finally, the fif-
teenth pair  of  square  brackets  expresses  the  pure  quad-
ruplet  correlations  of  four  pions  where  two  pions  are
emitted from one droplet and the other two pions are re-
spectively emitted from two different droplets.

C4(p1, p2, p3, p4) = 24 qi j = 0
(i, j = 1,2,3,4)

bc bχ
γ = bc/bχ

λ = (1+2γ)/(1+γ)2 ξ = (1+3γ)/(1+γ)3

λ2 η = (1+4γ)/(1+γ)4

The  four-pion  correlation  function  of  a  granular
source is complex, including the relative angles of two re-
lative  momenta  in  the  double  pair  correlations  and  pure
quadruplet  correlations.  For  a  completely  chaotic  pion
emission  droplet,  when 

.  For  a  partially  coherent  pion-emission
from a  droplet,  if  the  coherent  emission in  a  droplet  has
the same Gaussian distribution of  the chaotic pion emis-
sion and a constant ratio of the coherent emission contri-
bution  to  the  chaotic  emission  contribution ,

, the terms of two, pure triplet, double pair, and
pure  quadruplet  pion  correlations  are  reduced  by  the
factors  [12, 56] , ,

, and , respectively. In this case, the
four-pion  correlation  function  of  a  granular  source  with
partially coherent pion-emission droplets is given by,

C4(p1, p2, p3, p4) =1+
λ
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, (A2)

λ ξ η
For a granular source with completely coherent pion-

emission droplets, the factors , , and  are zero, and the
four-pion correlation  function  reduces  to  a  simple  for-

C4(p1, p2, p3, p4) qi j = 0 (i, j = 1,2,3,4)
mula  [see  Eq.  (5)].  In  this  case,  the  maximum  of

 at  is n-dependent.
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