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Abstract: -decay half-life is a key quantity for nuclear structure and nucleosynthesis studies. There exist large un-
certainties in the contributions of allowed and forbidden transitions to the total 8-decay life, which limits the resolu-
tion of the predicted B-decay half-life. We systematically study the contribution of the first forbidden (FF) transitions
to the S~ -decay half-life, and quantify it with a formula based on simple physics considerations. We also propose a
new formula for calculation of the 8~-decay half-life that includes the FF contribution. It is shown that the inclusion
of the contribution of FF transitions significantly improves the precision of calculations of the ~-decay half-life. By
fitting of the RQRPA results for neutron-rich Z = 47, 57 isotopes and N = 80, 94 isotones, the formula for the contri-
bution of the FF transitions gives similar results as the RQRPA calculations. However, because of limited experi-
mental data for the branching ratios of unstable nuclei, the fit parameters are not fully constrained. Therefore, the pro-
posed formula for the S~-decay half-life is more suitable for calculations of half-lives than of the FF contributions.
The formula could be used to predict the 5~-decay half-life in nuclear structure studies as well as nucleosynthesis cal-

culations in stars.

Keywords: S -decay half-life, nucleosynthesis, first forbidden transitions, branching ratios

PACS: 23.40.-s, 26.30.+k, 27.60.1]

1 Introduction

The B—decay half-life is one of the most important
weak interaction rates and is of great significance in both
nuclear physics and astrophysics [1-5]. In nuclear phys-
ics, the f—decay half-life is a sensitive probe of nuclear
structure, because it is mainly affected by the decay en-
ergy (Q value) and the transition matrix elements, both of
which are determined by the nuclear structure. In astro-
physics, the f—decay half-life is of great importance for
nucleosynthesis (thus, element abundance in stars) and
evolution of stars, because it determines by which route
(the rapid neutron capture process (r-process), or the slow
neutron capture process (s-process)) the heavier elements
are produced in the Universe. It is believed that nuclei
with atomic number less than iron are produced through
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thermonuclear reactions and about half of the heavier ele-
ments, referred to as neutron-rich nuclei heavier than
iron, are made by the r-process, which is considered to
occur in high temperature and high neutron density envir-
onment, although the actual site of the astrophysical r-
process is still not known with certainty [6—8]. Recent
works have confirmed the theoretical predictions that
heavy nuclei are produced in r-processes during neutron
star merging in the Universe [9—11], bringing new chal-
lenges for nuclear physics and astrophysics.

As p—decay half-life is a key quantity for nuclear
structure and nucleosynthesis, theoretical studies of the
B—decay half-life have been a hot topic in the past years.
Since the first f—decay theory proposed by Fermi [12] in
the 1930s, different models have been proposed to calcu-
late the B—decay half-life. Some of these models are mi-
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croscopic calculations in the framework of the interact-
ing shell-model [13— 15] or the quasiparticle random
phase approximation (QRPA), on top of semi-empirical
global models [16—20] or the Hartree-Fock-Bogoliubov
method [21]. Because the microscopic calculations are
very time consuming and model dependent, there exist
several phenomenological methods. Sargent [22] pro-
posed a fifth power law (T, o« E~°) between the S—de-
cay half-life and B—decay energy. Recently, we systemat-
ically analyzed the experimental data for S—decay half-
life and found an exponential law for the S—decay half-
life for nuclei far from stability, which is similar to the re-
lation between the a—decay half-life and decay energy
[23— 25]. The calculations with an empirical formula
based on this exponential law reproduce the experiment-
al data well.

Most calculations mentioned above only consider the
allowed transitions. Very recently, the forbidden trans-
itions were included in the QRPA and shell-model calcu-
lations [26—30]. It was found in the shell-model calcula-
tions that the forbidden transitions become very import-
ant and must be considered for heavier r-process nuclei
[26, 27, 30]. This was also confirmed by the QRPA cal-
culations with interactions built on the various Hartree-
Bogoliubov treatments, in which the forbidden trans-
itions are included [28]. However, there are several prob-
lems in the present theoretical calculations: i) there is a
lack of systematic studies of the contributions of allowed
and first forbidden (FF) transitions to the total S—decay
half-life; ii) the microscopic calculations including the FF
transitions are very time consuming; iii) it is hard to bal-
ance the contributions of allowed and forbidden trans-
itions and hence of the quenching factor of the 8 matrix
elements in the FF transitions. Therefore, systematical
studies of the contributions of allowed and forbidden
transitions are needed, and a reliable and fast formula for
calculating the 8—decay half-life is of great importance.

Recent experimental measurements of the contribu-
tion of FF transitions to the f~-decay half-life focused
mainly on heavy nuclei with mass number higher than
100 near the B—stable line [31-35]. In general, experi-
mental data for neutron-rich nuclei are still very rare, es-
pecially in the region of heavy nuclei. As a result, one can
not determine the full FF contribution in a given nucleus
using the existing data due to the unknown spin or parity
of certain energy levels. For example, the uncertainty of
the FF contributions for nuclei '“Tec, Mo and 75gr
[36] is about 50%. Thus, developing a reliable and simple
formula for predicting the FF contribution is of great sig-
nificance.

In this paper, we first systematically investigate the
experimental branching ratios of the first forbidden trans-
itions, and propose an empirical relation for predicting
the branching ratios. Based on this relation, we propose a

new formula for calculating the nuclear 3~ —decay half-
life which includes the forbidden transitions.

2 The formula for the FF contribution in -
decay

We plot the available experimental data for the total
branching ratios of the first forbidden transitions in Fig. 1.
In the experimental data for the total branching ratios
[36], there is generally an unknown contribution in a giv-
en nucleus because of the unknown spin or parity of cer-
tain energy levels. Therefore, we plot only those nuclei
where the unknown contribution is less than 10% . One
can see from Fig. 1 that the contribution of first forbid-
den transitions for most nuclei is small (less than 20%).
This shows that for most nuclei the allowed transitions
are the main contribution and that the FF transitions can
be neglected. However, one can see in Fig. 1 that there
are three regions where the FF contribution is larger than
30%. In these regions, the FF contribution in nearly half
of the nuclei is close to 100%. Obviously, the FF contri-
bution is non-negligible and must be included in the cal-
culations of the 8~ —decay half-life.

We can identify three regions, where the FF contribu-
tion is comparable to allowed transitions, the light nuclei
region, the medium nuclei region and the heavy nuclei re-
gion. In Fig. 1, one can see that the light nuclei region
contains nuclei with 20 <N <30 and 11 <Z <20. For
nuclei 2Ar,, {3Ar,, and 17K, in this region, the FF con-
tribution is nearly 100%. Also, there are five nuclei in
this region whose FF contributions are more than 30%.
Recent shell-model calculations in the sd+ pf+ sdg
valence space were used to study the B~—decay half-life
of nuclei in this region, and they showed that the FF
transitions have a non-negligible contribution to the half-
life [27]. The medium nuclei region contains nuclei
with30 < Z <43 and 40 < N < 64. It can be seen that the
FF contribution in most nuclei in this region is more than
20%, while 15 nuclei with nearly a 100% FF contribu-
tion are located in the region N > 50. This implies that the
FF transitions are also non-negligible and must be con-
sidered in calculations of the 8~—decay half-life. Our pre-
vious shell-model calculations including FF transitions
for the waiting point nuclei around N = 50 also showed
that the contribution of FF transitions is non-negligible
[26]. For eight nuclei with Z = 46, 47, 50 and 51 near the
[-stable line, the FF contribution is close to 100%. In Fig.
1, one can see that besides the light and medium nuclei
regions, there is another region (N > 82), where the FF
contribution is very large, and the fraction of nuclei with
significant FF contribution is much higher than in the
light and medium regions. In particular, for the nuclei
with 82 < N < 88, the FF contribution of 21 nuclei, for
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Fig. 1. (color online) The experimental branching ratios (Ry)

for the FF transitions (in percentage) as a function of the
proton (Z) and neutron (N) numbers. Experimental data for
368 plotted nuclei are taken from the database of Nuclear
Structure and Decay Data (NuDat) of National Nuclear
Data Center (NNDC) [36]. R, for the nuclei around the sub-
shell closure N =92 is shown in the inset. Magenta solid
lines indicate the positions of closed proton and neutron
shells. Black solid dots and open circles denote stable nuc-
lei and 130 nuclei used for fitting Eq. (17), respectively.
The three r-process paths are from Ref. [37].

which experimental data is available, is nearly 100%. In
the region 98 < N < 115, the FF contribution of most nuc-
lei close to the S-stable line is nearly 100%.

In the inset of Fig. 1, we show the FF contributions
around the subshell closure N = 92 close to the f-stable
line. In general, the first forbidden transitions and the al-
lowed transitions for the nuclei in the inset are of equal
importance. The FF contribution in nuclei located around
>'Smy, decreases to the minimum, which is close to 0.
However, the FF contributions in the region 82 < N < 88
increase towards the maximum, which is close to 100%.

We systematically study the 8~-decay half-life of nuc-
lei in the inset of Fig. 1, in which the allowed and first
forbidden transitions are experimentally known. It is
found that the branching ratios of first forbidden trans-
itions for these nuclei can be described by the following
formula, which will be discussed later.

(Z—-622+(N-92)
Ry=100—(hg+me 17 ; (1

where iy and h; are parameters, and Z and N are the pro-
ton and neutron numbers of the parent nuclei. With a
least-squares fit of the available experimental data for the
nuclei in the inset of Fig. 1, we obtain the following para-
meters in Eq. (1): kg =0, h; =98. The average deviation
for the 27 nuclei in the inset, which has the form:

1 - i i
A= Z log R} cq — 108 R} ey, 2)

i=1

is 0.20, where » is the number of nuclei in the fit. To see
how the formula reproduces the experimental branching
ratios, we show the ratio of the theoretical prediction to
the experimental data in Fig. 2. It is seen from Fig. 2 that
the experimental data are reproduced reasonably well for
most cases. Hence, the formula for the branching ratio
seems reliable and could be used to predict the relative
contributions of the allowed and forbidden transitions.
This is very important as it allows to quantify the contri-
bution of forbidden transitions, and hence to study the
quenching factor for the 8 matrix elements in the forbid-
den transitions, and even the quenching of allowed trans-
itions.

It is worthwhile to discuss the physics behind Eq. (1).
According to Fermi's theory of f-decay, the partial half-
life T4, is obtained by

In2
Tp= R 3)
where the decay constant 4 has the form:
1 mc* [ ) !
— /2
=53 ;7 jl‘ CWF(Z,R,w)(w™—1)
X w(wg — w)zdw. 4

In Eq. (4), C(w) is the shape factor depending on the elec-
tron energy w in units of electron mass, wy is the maxim-
um available electron energy, also in electron mass units,
and F(Z,R,w) is the Fermi function that corrects the phase
space integral for the Coulomb distortion of the electron
wave function near the nucleus, which is a function of the
nucleus radius R, proton number Z and w [38—40]. For the
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Fig. 2. Logarithm of the ratio Ryca/Rfexp betweenRy calcu-

lated with Eq. (1) and the experimental value, versus the
neutron number of the parent nuclei.
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GT decay, the shape factor does not depend on the elec-
tron energy, and for the B -decay it has the form
C(w) = B(GT™). For the first forbidden (FF) transition, the
shape factor C(w) has the form:

k
Cow) =k +kow+ Wb +kew?, 5)

where the coefficients £, k,, kp, and k. depend on the FF
nuclear matrix elements [41]. For the GT decay, repla-
cing C(w) in Eq. (4) with C(w) = B(GT"), one can obtain
the decay constant for allowed transitions [42]

5-*7?
-a*Z? aZn W0m€c2
Aqa =a(2R) e —_—
c

B(GT"), (6)
where a is constant. For simplicity, Eq. (6) can be writ-
ten in the following form:

Aa = dlw(s)_azzz, (7)

where the coefficient d; represents all terms in Eq. (6) ex-
cept the term wy>~*Z. For FF transitions, in analogy with
GT transitions, one can obtain the form:

—*7? 8*(1222 +blwg70222 +b2W(7)7(IZZZ’ (8)

/lf=b_1wg +bow

where the coefficients b_y, by, by, and b, contain the term
(2Rm,c)~*% ¢*%" and the respective matrix elements.

If we ignore the forbidden transitions higher than the
first order, the branching ratio of the allowed transition R,
can be written as:

A
Ra = —a9
Ag+ A4 f

where Ay is the decay constant of the first forbidden
transition. One can obtain the following expression by
combining Eq. (7), Eq. (8) and Eq. (9)

Rq= 1 (10)

- £
c_1/wo+co+ciwo +C2W%

)

where the coefficients c_y, ¢y, ¢ and ¢, contain only some
constants and matrix elements.

One can use Eq. (10) to calculate the branching ratios
of the allowed transitions if we know the expression for
wo. To achieve this goal, we plot the ratio wo/(bN +¢) (b
and ¢ are parameters) as a function of the neutron num-
ber N in Fig. 3(a) and Fig. 3(b). It can be seen from the
two panels that the ratio has a minimum value around the
shell (N = 82) and subshell closures (N = 92). To consider
the shell correction, we use the form wo = (bN +c¢)(1-S5)
to describe wy empirically, where S represents the shell
correction described by the Gaussian function [24]. The
expression for wy including the proton number Z and the
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(a and b) Ratio between wy and (bN +c¢) versus the neutron number for the Z = 51 and Z = 61 isotopic chains. (¢ and d) Logar-

ithm of the ratio Ryca/Rrexp between Ry calculated respectively with Eq. (12) and Eq. (1) and the experimental data, versus the neut-

ron number of the parent nuclei around Z = 62.
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neutron number N can be written as
wo(Z,N) = (b3ZN +bsN +bsZ +be)(1-S),  (11)

where {b;li =3 -6} are parameters. Substituting Eq. (11)
into Eq. (10) and fitting the experimental data for R, for
the nuclei around the subshell N =92, we obtain the ex-
pression for R, including the parameters:

B 100

©10.05/wo + 10.54 - 5.67wo + 0.68w?2’

wo =(=0.02ZN +1.42N +1.68Z
(Z-627+(N-92)}
- 106)(1 —-0.60e” 30 )

a

(12)

For wo > 1, Eq. (12) is replaced by a Gaussian func-
tion similar to the Gaussian function in Eq. (1). It is very
convenient to calculate the branching ratios with Eq. (1).
For simplicity, we take Eq. (1) to fit the experimental
data for R,. A comparison between the experimental data
for Ry and the results calculated by Eq. (12) and Eq. (1)
are shown in Fig. 3(c) and Fig. 3(d), respectively. It is
seen from the two panels that Eq. (12) describes reason-
ably well the experimental data, similar to Eq. (1), which
indicates that Eq. (12) can be replaced by Eq. (1) around
the subshell N =92. Although Eq. (12) can be regarded as
equivalent to Eq. (1) around N = 92, there is a difference
in the region away from N =92, as Eq. (12) is still a func-
tion of the decay energy, while Eq. (1) becomes a con-
stant in this case. However, it was observed that when wy
is larger than wo =11 [36] for the nucleus &'Smgy,, Eq.
(12) varies slowly. This shows that Eq. (12) can be re-
placed by Eq. (1) far from the subshell N = 92. It should
be noted that the branching ratios calculated with Eq. (1)
for Z=62 and N=92 (obtained by fitting the experimental
data) have a small deviation from the subshell closures
Z=64 and N=92. Therefore, for simplicity of calculation,
we take in this paper Eq. (1) for calculations of the 8~-de-
cay half-life and the FF contribution instead of Eq. (12).

The first forbidden transitions in Fig. 1 were dis-
cussed theoretically in [28]. In particular, heavy nuclei
beyond the shell closure at N = 82, with N = 83, 84, and
85 and Z = 59, have large FF contributions: 100%, 99%,
97% given by Eq. (1), which are very close to the experi-
mental values: 100%, 100%, 99%, respectively. This sug-
gests that the FF contribution is significantly larger after
the shell closure at N = 82.

As shown in Table 1, protons and neutrons of these
parent nuclei fill the sdg and pfh shells, respectively. The
ground state parity of odd 4 parent nuclei is opposite to
that of their daughter nuclei, and the ground state parity
of odd-odd and even-even nuclei is negative and positive,
respectively. As a consequence, the contributions of for-
bidden transitions are larger for nuclei dominated by
transitions from ground state to ground state. It is also
seen in Table 1 that there are no allowed transitions

between the ground states of parent nuclei and daughter
nuclei. Moreover, when the parity of every excited state
of daughter nuclei is opposite to the ground state parity of
parent nuclei, or the transition order is higher than the
first forbidden, then the contribution of allowed trans-
itions is 0. This case is denoted by the blank space in the
fifth column in Table 1. The decay energies become
smaller for the GT transitions from the ground state to ex-
cited states of daughter nuclei, resulting in a lower contri-
bution of allowed transitions. As Ry> 90% for the nuclei
shown in Table 1, the contributions of allowed trans-
itions are less than 10%.

In summary, the reasons why the FF contributions are
important in heavy nuclei with cross-shell transitions are
as follows: 1) there are no allowed transitions from
ground state to ground state and energy levels of some
daughter nuclei; 2) the allowed transitions to the excited
states of the other daughter nuclei are suppressed due to
the reduced decay energies. For light nuclei, neutrons and
protons fill mainly the orbits with the same parity, thus
the decay is dominated by allowed transitions. Based on a
systematical analysis of the experimental data, we identi-
fied, for the first time, the regions where the FF contribu-
tions are important. The underlying physics is also illus-
trated. This is helpful for the calculations and predictions
of the B-decay half-life. Conversely, one can also ex-
tract the nuclear structure information from the branch-
ing ratios of FF transitions in an unknown region of the
nuclei chart.

3 B -decay half-life including the FF trans-
itions

According to the above discussion, the FF contribu-
tion is more important [26—30, 43] for heavy nuclei and
must be considered in 8~-decay half-life calculations. Us-
ing the relation between the total half-life 7, and the par-
tial half-life T, for the allowed transitions and 7 for the
FF transitions, one can obtain the expression:

InT, = InT, +In(R,/100). (13)

In principle, T, could be obtained from Eq. (6) [42], from
which one can get

InT, =ap+a1a*Z* +(@*Z* - 5)InQ - aZn

1
+ §a2Z2 InA, (14)

where ay and a; are parameters, Q = wom,c> for a trans-
ition from ground state to ground state, and A4 is the mass
number. It was shown in Refs. [24, 42] that the paring ef-
fects and the shell effects are important for 8~-decay half-
life. With these effects included, Eq. (14) can be written
as
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Table 1. Experimental data [36] for 8~-decay and nuclear properties of 28 parent nuclei with Ry>90%, and of their daughter nuclei. Ground state spin

and parity of parent and daughter nuclei are shown in the first and second columns, respectively. Spin and parity of the energy level of daughter nuc-

lei with maximum Ry decay branch (3rd column) with a transition from the ground state of parent nuclei to energy level of daughter nuclei are listed

in the fourth column. The fifth column denotes the lowest excited energy of daughter nuclei with allowed decay from ground state of parent nuclei to

excited state of daughter nuclei. In the fifth column, the blanks denote the case without allowed transitions from ground state of parent nuclei to en-

ergy levels of daughter nuclei.

Parent Nuclei Daughter Jrrg, Maximum R (%) Daughter Jr, E(level) Daughter E,/MeV Qgs/MeV
1345h(0) 0 97.6 (0*; gs.) 8.91
135Te (7/27) 7/2* 62 (7/2%; g.8.) 4.46 6.40
15347)(683(7/2_) 7/2* 67 (7/2%; g.s.) 1.87 4.68
37Cs(7/2%) 3/2* 94.7 (11/270.66 MeV) 1.69
13¢5, (3) o+ 44 (3*;2.45 MeV) 2.88 5.89
15359C584(7/2+) 7/27 85 (7/27; g.) 1.62 4.72
139Ba,(7/2) 772 70 (/2% gs.) 2.83
0B, (0") 3- 40 (173 0.04 MeV) 1.56
0L (37) 0 43.9 (3*;2.41 MeV) 2.46 427
15471La84(7/2+) 7/2 98.12 (7/27; g.s.) 2.21 3.01
e (7/2) 5/2* 69.7 (7/2*;0.15 MeV) 1.09
e (3/2) 7/2* 48.2 (3/2* 035 MeV) 1.97
55 Cege(07) o 76.5 (075 gs) 0.83
Wpr (o) o+ 96.3 0% gs) 2.08 2.67
]5493Prs4(7/2+) 7/2° 100 (7/27; g.8.) 1.45
4pr (07) o* 97.9 (0%; g:s.) 2.19 3.51
15495Pr86(7/2+) 7/2° 97.6 (7/27; g.s.) 2.32
15496Pr87(2_) 0+ 45 (0%; g.s.) 1.19 4.76
WINdy(5/27) 72 80.2 (5/2%;0.09 MeV) 141
Wpm, (7/2°) 7/2° 99.99 (727 gs.) 0.74
16665Dy99(7/2+) 7/2° 83 (7/27; g.s.) 0.49 1.80
16666Dy100(0+) 0~ 97 (175 0.08 MeV) 0.43 1.00
1(3(;61_1099(0—) 0F 49.9 (2+;0.08 MeV) 1.66 2.37
6 Erii(1/2) 12 55 (1/2% g5) 0.86
1679on101(1,) 0* 81.9 (0%; g.s.) 1.48
1679le102(1/2+) 1/2= 98.04 (1/27; gs.) 0.61
2T, 4(20) 0 36 (2+; 0.08 MeV) 115 239
3T, (1/2) 5/2° 76 (1/273 0.40 MeV) 1.81

InT, =ag +a,&*Z* + (@*Z* - 5)In(Q — a,6)
1
—aZn+ §a2Z21nA+S(Z,N), (15)

where a, is a parameter, § = (=1)V +(-1)? denotes the
even-odd staggering caused by the pairing effect on S-de-
cay Q value, and S (Z, N) is the shell correction factor.

Eq. (13) is a strict definition, while Eq. (15) is an em-
pirical formula based on the assumption that 8~-decays in
the r-process nuclei are dominated by the allowed trans-
itions from ground state to ground state. For nuclei with a

larger FF contribution, Eq. (15) underestimates the3™-de-
cay half-life. Therefore, when one uses Eq. (15) to calcu-
late T, , additional correction related to R, should be in-
cluded. The empirical Eq. (13) can then be written as:

InT, =InT,+In(kR, +d). (16)

where T, is calculated using Eq. (15), and & and d are
parameters. The reason for expanding In(R,/100) in Eq.
(13) into In(kR, +d) is that when R, is close to 0, the cor-
rection term approaches negative infinity. Also, when R,
is close to 0, small errors in the evaluation of R, result in
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big differences in the obtained half-life. Therefore, choos-
ing the form In(kR, + d) is more reliable in practice.

Substituting Eq. (15) and Eq. (1) in Eq. (16), and fit-
ting to the experimental data allows to obtain the various
parameters. Because the simplified Eq. (1) is more prac-
tical than Eq. (12) and describes reasonably well the ex-
perimental data, we replace R, in Eq. (16) by Eq. (1) in-
stead of Eq. (12). To avoid mixing of the contributions of
allowed and FF transitions in the fitting, we choose first
the nuclei with the main allowed transition to determine
the parameters of InT,, and then fit the nuclei with big FF
contribution to determine the R, part. Due to the absence
of experimental data for FF contributions in neutron-rich
nuclei, we choose the fit region using the FF predictions
in Ref. [28]. It was shown in this paper that neutron-rich
nuclei in the region Z > 40 and N < 82 have a large contri-
bution of allowed transitions, while the nuclei in the re-
gion N > 82 are dominated by FF transitions. In these two
regions, the experimental data for B~ -decay half-life of
130 nuclei are selected to determine the parameters of
InT, and R, by least-squares fitting. Another reason for
choosing these neutron-rich nuclei is that the theoretical
errors become larger in Eq. (15) due to the smaller Q val-
ues near the f-stable line [42], so that we chose those
nuclei that are as far as possible from the f-stable line to
reduce the errors. The position of the chosen 130 nuclei
in the nuclear chart is shown in Fig. 1.

We now substitute Eq. (15) and Eq. (1) in Eq. (16)
and follow the fitting procedure described in the previous
paragraph to get the formula for thef™-decay half-life and
its parameters:

InT; =ag + (@*Z* = 5)In(Q — a»6) — aZn
1
R AR §a222 InA+S(Z N)

+In(kR, +d),
(Z=50)*+(N—-82)*

(Z-58+(N-82)°
S(Z,N) =aze™ 20 B

+age 19 s
(Z=477HN-80)* (Z=5T)'+(N-94)
In(kR, + d)=In (a5 +age” 56 +aje” 127 ) ,

A7)
where {a;li =0-7} are parameters, listed in Table 2 for
convenience. It should be noted that the Gaussian centers
for R, in Eq. (17) are different from those in Eq. (1). The
Gaussian center in Eq. (1) is determined by fitting to the
experimental data for nuclei close to the f-stable line,
while the fitting range for Eq. (17) is far from the S-stable
line. In addition, the fitting zone includes the magic num-
bers N = 82, Z =50 and 58. The shell effects on half-life
are described by the term S (Z,N) [24, 42] in Eq. (17).

To test the reliability of Eq. (17), the average devi-
ation A is calculated by

1 ¢ : ;
A=~ Z} [10g107 ¢ = 10g10Texp| (18)

The calculated average deviation of Eq. (17) is 0.12,
which means that the average deviation between the ex-
perimental data and the calculated half-lives after includ-
ing FF transitions is a factor of 1.32. To compare with
this work, we use the exponential formula [24] to fit the
experimental data of the 130 nuclei which were used to
determine the parameters of Eq. (17). The results for
some nuclei are illustrated in Fig. 4. Microscopic theoret-
ical calculations are also listed in the figure for comparis-
on. Also, to demonstrate the extrapolating power of Eq.
(17), we use Eq. (17) and the Q values from Ref. [20] to
predict the B~-decay half-lives in Fig. 4. The deviation
between the calculated and experimental QO values [20]
are 8% for the nuclei shown in Fig. 4. It can be seen from
this figure that the results of this work, which include the
FF transitions, are much closer to the experimental data
than the others. From Fig. 4, it can be seen that Eq. (17)
predicts larger values than the other models, and that they
decrease more slowly with increasing neutron number.
For the Z = 45 isotopic chain, our results are closer to
FRDMII calculations than the other models. In general,
the largest difference is between this work and the expo-
nential law [24], especially for the Z = 50 isotopic chain.
Predictions of all models are closest for the Z = 57 isotop-
ic chain. It should be noted that Eq. (17) has only two ad-
ditive parameters, while there are 6 parameters in the ex-
ponential formula [24]. Our results are also very close to
the previous shell-model calculations that include FF con-
tribution. For example, the calculated 8~—decay half-lives
using Eq. (17) for !28Pd,, and '2Rhg, are 43 ms and 23
ms, and are very close to the experimental values of
35+3 ms and 20*2° ms, and the shell-model results of
47.25 ms and 27.98 ms [26].

Both the formula for the FF branching ratio (Eq. (1))
and Eq. (17) can reproduce the experimental data reason-
ably well. The extrapolating power of Eq. (17) was
shown in Fig. 4. It is also important to discuss the extra-
polating power of the formula for the FF branching ratio.
We recall that Eq. (1) contains the Gaussian function with
a center at 1>'Sm,, . However, R, in Eq. (17) is based on
Eq. (1) with different Gaussian centers. Accordingly, we
can examine the Gaussian functions forR, in Eq. (17) to
discuss the extrapolation power of the formula for the FF
branching ratio.

Table 2. The eight parameters of Eq. (17) obtained by the least-squares fit of the experimental 8~-decay half-life for 130 heavy nuclei.

ao ai az as

as as ag ay

6.92 26.10 —0.94 3.14

2.73 2.69 —2.31 —2.41
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Fig. 4. (color online) Comparison between the experimental
data for log,( 71, (squares), the exponential law (up tri-
angles) [24], this work (down triangles) and the microscop-
ic approaches [19, 20] (dots and diamonds) for the Z = 45,
50 and 57 isotopic chains.

The Gaussian functions for Ry (Ry = 100—R,) in Eq.
(17) are

_(Z=47’+(N-80)" _(Z=5T+(N-94)
Ry =100~{hs + hze 56 + hge 27 |,

19
where hy, hs and hy are parameters which are not equal to
as, ag and a7 in Eq. (17). as, ag and a7 include contribu-
tions of parameters k and d, which are unrelated to Ry,
and hence & and d need to be excluded to obtain a realist-
ic expression for Ry. There are only about ten nuclei with
available experimental data for R, around 'Z/Agy and
'3'Lay, [36], which is not enough to determine reliably
the parameters in Eq. (19) by least-squares fitting. There-
fore, we also include the theoretical data for R, for 84
nuclei, Z =47, 57 isotopes and N = 80, 94 isotones, from
Ref. [28]. Finally, the values of 4,, h3 and h4, obtained by
the least-squares fit of the experimental and theoretical
data for Ry , are hy = 35, h3 =59 and hy = 10.

Before using Eq. (19) to calculate Ry, it is necessary
to define its application region, which can be determined
from Eq. (12). The theoretical expression for the branch-
ing ratio Eq. (12) was obtained by fitting the experiment-
al data for heavy nuclei with cross-shell transitions. For
nuclei without cross-shell transitions, the contribution of
the terms related to wy in Eq. (12) can be in principle neg-
lected. As a consequence, in this case R, of Eq. (12)
should be approximately constant, and equal to 100. With
these limitations, the proposed Eq. (17) and Eq. (19) are
not applicable to nuclei with Z>40 and 50 < N <70. In
addition, Eq. (19) includes Gaussian functions whose ap-
plication is limited to the region around their centers.
Therefore, Eq. (19), and even Eq. (17), are mainly applic-
able to the region around '’ Agy, and %' La,,, which does
not include other major shell closures, except for magic
numbers Z = 50 and N = 82.

Within its application region and with the parameters
of Eq. (19), we obtain results similar to the RQRPA res-
ults [28]: 1) the FF contribution is around 60% in the re-
gion 50 < Z < 63 and 90 < N < 100 around '3'La,; ii) the
allowed transitions are dominant in the region 43 < Z < 52
and 75 < N < 85 around '2/ Agg,.

Concerning the ability of Eq. (19) to reproduce Ry
shown in Fig. 1, there are in general large differences
between the experimental data for Ry and the values cal-
culated using Eq. (19). For example, the calculated FF
contribution for several nuclei around '7/Agg, is about
10%, which is close to the experimental values (less than
20%) [36]. However, there is a difference of about 15%-
80% between the experimental data and calculations in
the region70 <N <84 and Z>50. Around '2/Agy, and
121 Lay,, more experimental data for neutron-rich nuclei
are needed to constrain the parameters of Eq. (19) and to
test its ability to reproduce the FF contributions.

4 Conclusions

Based on the theory of B—decay and the analysis of
experimental data, we propose a new formula for the con-
tribution of the first forbidden (FF) transitions for the
nuclei around N =92 and near the S-stable line. Also, an-
other formula, which includes the contribution of FF
transitions, is proposed for calculating the nuclear f~-de-
cay half-life. Both formulas give reasonable description
of the experimental data. For the neutron-rich nuclei re-
gion 43 <Z <63 and 75 <N <100, centered at '2Agg,
and ' La,,, the FF branching ratios calculated with RQ-
PRA could be fitted well by the formula for the FF contri-
bution. However, because of limited experimental data
for the branching ratios of unstable nuclei, the fit para-
meters in this formula are not fully constrained. As a res-
ult, the formula for the B~-decay half-life is more suitable
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for calculations of half-lives than of the branching ratios
of forbidden transitions. For the latter, more studies are
necessary. The formula for the half-life is the first empir-
ical formula which incorporates the contribution of the

first forbidden transitions. This formula is useful for pre-
dicting B~-decay half-life in nuclear structure studies, as
well as for nucleosynthesis calculations in stars.
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