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Abstract: The ratio of pairing-energy coefficient to temperature (ap/T ) of neutron-rich fragments produced in

spallation reactions has been investigated by adopting an isobaric yield ratio method deduced in the framework of a

modified Fisher model. A series of spallation reactions, 0.5A and 1A GeV 208Pb + p, 1A GeV 238U + p, 0.5A GeV
136Xe + d, 0.2A, 0.5A and 1A GeV 136Xe + p, and 56Fe + p with incident energy ranging from 0.3A to 1.5A GeV,

has been analysed. An obvious odd-even staggering is shown in the fragments with small neutron excess (I≡N−Z),

and in the relatively small-A fragments which have large I. The values of ap/T for the fragments, with I from 0 to

36, have been found to be in a range from −4 to 4, and most values of ap/T fall in the range from −1 to 1. It is

suggested that a small pairing-energy coefficient should be considered in predicting the cross sections of fragments

in spallation reactions. It is also concluded that the method proposed in this article is not good for fragments with

A/As> 85% (where As is the mass number of the spallation system).
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1 Introduction

The pairing energy, which originates from neutron
and proton pairing in the nucleus, contributes to the
binding energy of a nucleus. The study of nucleon
(proton/neutron) correlations and nuclear structure in
neutron-rich nuclei has become a hot topic, because their
pairing correlations are quite different to those of sym-
metric nuclei. The Facility for Rare Isotope Beams
(FRIB) under construction at Michigan State Univer-
sity, and the suggested Beijing Isotope Online Separa-
tor Laboratory (BISOL) aiming at the study of nuclei
with large asymmetries, will provide new opportunities
to study neutron-rich isotopes near the drip line. Mean-
while, the design of accelerator-driven systems (ADS)
requires a precise knowledge of the production cross sec-
tions inside the spallation target. These new opportuni-
ties will surely motivate research into very asymmetric
nuclear matter, and test nuclear theories in extreme sit-
uations.

The pairing energy, which can be divided into
isoscalar and isovector parts, also depends on temper-
ature (T ). At finite temperature, for example in the
fragments produced in reactions, the pairing energy is
weakened and even disappears [1–3], because of the dis-

appearance of the delicate balance between isoscalar and
isovector pairing energy [4]. Parameterizations for T -
dependent binding energy for finite nuclei have been sug-
gested by Lee and Mekjian [5] using a density-functional
theory based on a Skyrme interaction. The binding ener-
gies of nuclei at finite temperature have also been inves-
tigated, using the relativistic Hartree-Bogoliubov theory
[6–8], covariant density functional theory [9], Hartree-
Fock-BCS approximation [10], etc. Formulas for T -
dependent binding energy are usually used to calculate
the excitation energy (or free energy) of the primary frag-
ment, such as in the statistical multifragmentation model
[11] and the thermodynamic model [12]. Though the
pairing correlation of nucleons becomes less important
when the temperature goes high, it is very important
in forming cold fragments. The yields of fragments are
significantly influenced by the pairing correlations. The
pairing correlations also take important roles in the sim-
ulation of sequential decay [13, 14]. The temperature
effects in binding energy are usually omitted. Examples
can be found in the de-excitation calculation of the sta-
tistical abrasion-ablation model [15] and the simulated
annealing clusterization algorithm (SACA) method [16–
19]. In a previous analysis of the pairing energies of
fragments in projectile fragmentation reactions, it is sug-
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gested that the pairing-energy coefficients are rather low
compared to the standard value [1–3]. This phenomenon
is explained as a temperature effect in the pairing en-
ergy by a self-consistent finite-temperature relativistic
Hartree-Bogoliubov model [6].

The yields of fragments are mostly determined by
the free energy of fragments in theories, for example the
thermodynamical models such as the canonical ensem-
ble theories [12, 20, 21], the statistical models such as
the modified Fisher model [22, 23], and the Landau free
energy theory [2], etc. A set of parameterizations, which
is called the semi-empirical parameterizations of SPAlla-
tion residue Cross Section (spacs) [24], with the physical
ideas originating from epax, predicts the cross sections of
fragments in spallation reactions well. It is also interest-
ing to find that the isobaric difference between fragments
of different neutron-richness (I≡N−Z) in spallation reac-
tions shows a scaling phenomenon like those in the pro-
jectile fragmentation reactions [25, 26]. Many theories
can deal with both projectile fragmentation and spalla-
tion reactions [27]. It is generally accepted that in dy-
namical models, global equilibrium of the system is hard
to achieve (though local equilibrium can be achieved),
though in thermodynamics the equilibrium of the system
is a fundamental assumption. The fragments measured
in experiments, both in spallation reactions and projec-
tile fragmentation reactions, undergo a sequential decay
process. The study of fragments produced in projec-
tile fragmentation reactions should help to understand
the fragment production in spallation reactions. The
pairing-energy coefficients of neutron-rich fragments in
projectile fragmentation reactions have been analyzed
using an isobaric yield ratio (IYR) method. It is pro-
posed that many terms can be cancelled out in the iso-
baric methods [1–3, 25, 28–33]. In this work, more
neutron-rich fragments produced in spallation reactions
will be analyzed to understand the pairing energy of very
neutron-rich fragments.

The article is organized as following. In Section 2,
the isobaric yield ratio method to determine the pairing
energy coefficient is briefly introduced. In Section 3, a se-
ries of spallation reactions is analyzed, and the results for
the pairing-energy coefficient of neutron-rich fragments
are presented and discussed. In Section 4, conclusions
are presented.

2 Formulism

The isobaric yield ratio method deduced in the frame-
work of a modified Fisher model (MFM) [2, 3, 22, 23],
as has been discussed in detail in Ref. [1], will be
adopted to analyze the pairing-energy-coefficient of the
very neutron-rich fragments in spallation reactions. In
this article, the method will be briefly introduced. The

MFM is a thermodynamics model, which assumes that
the system is in equilibrium. In the MFM, the cross sec-
tion (σ) of a fragment is mainly determined by the free
energy, temperature, and chemical potentials of protons
and neutrons, and has the form [22, 23]

σ(I,A)=CA−τ exp{[W (I,A)+µnN+µpZ]/T

+N ln(N/A)+Z ln(Z/A)}, (1)

where I =N−Z and A are the neutron excess and the
mass number of the fragment, respectively. τ depends on
the asymmetry of the reaction system [34]. µn(µp) is the
chemical potential of the neutrons (protons). W (A,I) is
the free energy of the fragment, which reads as a form of
the Weiszäcker-Bethe semiclassical mass formula [35–37]

W (I,A)=av(ρ,T )−as(ρ,T )A
2/3

−asym(ρ,T )I
2/A−EC−δ(I,A), (2)

where av, as, and asym represent the coefficients of the
volume, surface, and symmetry energies, respectively.
The dependence of W (I,A) on the density ρ and temper-
ature T of the system is reflected by ai(ρ,T ). EC is the
Coulomb energy. The following pairing energy δ(I,A) is
adopted [38]:

δ(I,A)=











ap(ρ,T )/A
1/2, (o−o)

0, (o−e)

−ap(ρ,T )/A
1/2, (e−e)

(3)

where ap is the pairing-energy coefficient. ai can be seen
as a free parameter and can be fitted from the fragment
yield [3, 22, 23]. Different forms of pairing energy can be
found in Refs. [1, 39–41].

From Eq. (1), the IYR between isobars differing 2
units in I is defined as

lnR(I+2,I,A)=ln[σ(I+2,A)/σ(I,A)]

=[W (I+2,A)−W (I,A)+(µn−µp)]/T

+Smix(I+2,A)−Smix(I,A),
(4)

where Smix(I,A) = N ln(N/A)+Z ln(Z/A). The depen-
dence of σ on C and τ in Eq. (1) cancels out for isobars.
Inserting Eq. (2) into Eq. (4), one obtains

lnR(I+2,I,A)=[(µn−µp)−4asym(I+1)/A

+∆EC(I+2,I,A)+∆δ(I+2,I,A)]/T

+∆Smix(I+2,A),
(5)

in which ∆EC(I+2,I,A) is the difference between the
Coulomb energies of isobars, and ∆Smix(I+2,I,A) =
Smix(I+2,A)−Smix(I,A). ∆δ(I+2,I,A) is the difference
between the pairing energies of the isobars with (I+2,A)
and (I,A). In Eq. (5), the volume energies, at the same
time as the surface energies of isobars, cancel out. For a
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fragment with even I, ap/T can be written as

(sgn)ap/T=(1/2)A1/2{lnR(I+2,I,A)−[(µn−µp)

+2ac(Z−1)/A
1/3−4asym(I+1)/A]/T

−∆Smix(I+2,A)}, (6)

where sgn = 1 and sgn = −1 denote the odd-odd and
even-even fragments, respectively. In Eq. (6), the terms
relating to the chemical potential and the symmetry en-
ergy are replaced by the neighboring IYRs with odd-I,
i.e., [lnR(I+3,I+1,A

′

) and lnR(I+1,I−1,A
′

)] which have
no pairing energy. For a neutron-rich fragment (I > 0),
one has [1]

(sgn)ap/T=(1/2)A1/2{lnR(I+2,I,A)−(1/2)

×[lnR(I+3,I+1,A
′

)+lnR(I+1,I−1,A
′

)]

+(1/2)[∆Smix(I+3,I+1,A
′

)

+∆Smix(I+1,I−1,A
′

)]−∆Smix(I+2,I,A)},
(7)

where A
′

denotes that for the odd-I fragment, the mass
number differs 1 unit from that of the even-I fragment.
For convenience, 〈IY R〉=lnR(I+3,I+1,A

′

)+lnR(I+1,I−
1,A

′

) is defined.

3 Results and discussion

It is important to verify whether 〈IY R〉 is a good
approximation for the symmetry energy and chemical
potential energy terms in Eq. (7) for the more neutron-
rich fragments in spallation reactions, though this has
already been done for fragmentation reactions [25]. The
spallation reactions 0.5A GeV 208Pb + p have been mea-
sured by L. Audouin et al using the inverse-kinematics
method and the fragment separator (FRS) spectrometer
at GSI [42]. The spallation reaction 208Pb + p has been
measured at a higher energy of 1A GeV by T. Enqvist et

al using the FRS at GSI, and the isotopes from Z= 22 to
82 have been identified [43]. The results of lnR(I+2,I,A)
and 〈IY R〉 for the fragments produced in the 0.5A and
1A GeV 208Pb + p spallation reactions, with I ranging
from 20 to 34, are plotted in Fig. 1. The distributions of
lnR(I+2,I,A) in the 0.5A and 1A GeV 208Pb + p spal-
lation reactions are similar. The incident energy only
shows a small influence on lnR(I+2,I,A) for the more
neutron-rich fragments of I> 30. The lnR(I+2,I,A) for
each I chain shows a small odd-even staggering, while
the staggering is weakened when A becomes larger. Only
small differences between lnR(I+2,I,A) and 〈IY R〉 are
seen for the fragments in the 1A GeV 208Pb + p reaction
for fragments of I 6 26, while this difference becomes
larger when A becomes larger. A larger difference be-
tween lnR(I+2,I,A) and 〈IY R〉 is seen for the more
neutron-rich fragments with I > 26. Similar behavior
can be found in the 0.5A GeV reaction, though the mass

ranges of the measured fragments in the 0.5A GeV reac-
tion are much smaller than those in the 1AGeV reactions
when I6 28, because the 1A GeV reaction is much more
violent than the 0.5A GeV reaction. According to Eq.
(7), ap/T is mainly determined by the difference between
lnR(I+2,I,A) and 〈IY R〉, since the mixing terms of N
and Z are negligible.

Fig. 1. (color online) lnR(I+2,I,A) (solid symbols)
and 〈IY R〉 (open symbols) for the measured frag-
ments in the 0.5A and 1A GeV 208Pb + p spal-
lation reactions. The measured cross sections are
taken from Refs. [42] and [43], respectively.

The results of ap/T determined by Eq. (7) for the
measured fragments in the 0.5A and 1A GeV 208Pb +
p spallation reactions are plotted in Fig. 2. The values
of ap/T for most of the fragments are within the range
−1 to 1, and for many fragments the values of ap/T are
near 0. For fragments with a relatively large A, ap/T
increases. This can be accounted for by the large differ-
ence between lnR(I+2,I,A) and 〈IY R〉 shown in Fig.
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1. The results of ap/T for most of the fragments in the
0.5A GeV 208Pb + p spallation reaction are also within
the range −1 to 1. In both reactions, the results of ap/T
in general do not exceed the range −2 to 4. The val-
ues of ap/T for fragments are found to increase with A
when A> 180, which should be produced in peripheral
reactions.

Fig. 2. (color online) The values of ap/T deter-
mined by Eq. (7) for the measured fragments in
the 0.5A and 1A GeV 208Pb + p spallation reac-
tions. The shaded area denotes the range from
−1 to 1.

Fig. 3. (color online) A comparison of ap/T for
the measured fragments in 1A GeV 238U + p and
208Pb + p spallation reactions. The cross sections
of fragments measured in the 238U and 208Pb re-
actions are taken from Refs. [44] and [43], respec-
tively. The shaded area denotes the range from
−1 to 1.

The cross sections of fragments produced in 1A GeV
238U + p spallation reactions have been measured by J.
Täıeb et al using the FRS at GSI [44]. The cross sec-
tions of more than 350 isotopes from tungsten (Z= 74)

to uranium (Z= 92) have been measured using the in-
verse kinematics method. The values of ap/T for the
fragments in the 1A GeV 238U + p and 208Pb + p (the
same as in Fig. 2) spallation reactions are compared in
Fig. 3 to observe the evolution of ap/T in neutron-rich
fragments. For the fragments of A< 180, the values of
ap/T for the fragment in the 238U reaction are similar to
those in the 208Pb reaction. One can see that ap/T for
most of the fragments in the 238U + p reaction are also
within the range from −1 to 1, and ap/T is found, in
general, to increase with A. However, the values of ap/T
do not exceed the range from −2 to 4, except for a few
fragments.

Fig. 4. (color online) A comparison of ap/T for
the measured fragments in the 0.2A, 0.5A, 1A
GeV 136Xe + p, and 0.5A MeV 136Xe + d spalla-
tion reactions. The shaded area denotes the range
from −1 to 1. The cross sections for fragments in
the 0.2A GeV 136Xe + p reaction are taken from
Refs. [45]. The cross sections for fragments in the
0.5A GeV 136Xe + p and 136Xe + d reactions are
taken from Refs. [46] and [47], and those for the
1A GeV 136Xe + (p) hydrogen reaction are taken
from Ref. [48].

The fragments in the reactions analyzed above have
neutron excesses of more than 20. In the 0.2A GeV 136Xe
+p [45], 0.5A GeV 136Xe +p [46], 136Xe + d [47], and 1A
GeV 136Xe +p [48] spallation reactions, fragments with
I= 10 to 24 have been measured depicted in Fig. 4. The
0.2A GeV 136Xe +p spallation reaction was performed by
C. Paradela et al using the inverse kinematics technique
at the FRS, GSI [45], measuring the isotopes from cad-
mium (Z= 48) to cesium (Z= 55). The 0.5A MeV 136Xe
+p experiment was performed by L. Giot et al using the
FRS, GSI [46], measuring the cross sections for isotopes
from Nb (Z= 41) to Ba (Z= 56). The 0.5A GeV 136Xe
+ d experiment was performed by J. Alcántara-Núñez et
al using the FRS, GSI [47], measuring the cross sections
for isotopes from V (Z = 23) to Ba (Z = 56). The 1A
GeV 136Xe + p (hydrogen) reaction was performed by P.
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Napolitani et al using the FRS, GSI [48], measuring the
cross sections for isotopes from Li (Z = 3) to Ba (Z =
56). This provides an opportunity to study the evolu-
tion of ap/T of fragments in in-medium masses. The
values of ap/T for most of the fragments with A< 125
are within the range from −1 to 1. An increase of ap/T
with A is found in fragments with A> 125, for which the
mass numbers are quite close to that of 136Xe and are
believed to be produced in peripheral collisions. Besides
the 1A GeV 136Xe + (p) hydrogen spallation reaction,
the 1A GeV 136Xe + 12C spallation reaction has also
been measured (cross sections for isotopes not reported)
using FRS and the large ALADIN dipole magnet [49, 50].
With more data provided, one can investigate the 136Xe
spallation more systematically.

Fig. 5. lnR(I+2,I,A) (solid symbols) and 〈IY R〉
(open symbols) for the measured fragments in the
0.5A GeV 56Fe + p spallation reaction. The mea-
sured cross sections of fragments are taken from
Ref. [51].

The smallest spallation system that can be found is
the 56Fe + p reactions, for which fragments were mea-
sured by C. Villagrase-Canton et al at the FRS, GSI [51]
at incident energies of 0.3A, 0.5A, 0.75A, 1A, and 1.5A
GeV. The mass range of the measured fragments is from
20 to 54. The results of lnR(I+2,I,A) and 〈IY R〉 for
the measured fragments in 0.5A GeV 56Fe + p spalla-
tion reaction are plotted in Fig. 5. A strong odd-even

staggering is found in the distribution of lnR(I+2,I,A)
for the I= 0 fragments. The 〈IY R〉 reproduces the odd-
even staggering, though the staggering is not as strong
as that in the lnR(I+2,I,A). The odd-even staggering
is significantly weakened in lnR(I+2,I,A) for the I= 2
fragments, and 〈IY R〉 only has a small difference from
lnR(I+2,I,A). To investigate the energy dependence of
ap/T , the results of ap/T for fragments are plotted in
Fig. 6 for different values of I. A strong odd-even stag-
gering is found in the values of ap/T for fragments with
I= 0 (a), while this staggering is weakened for fragments
with I= 2 (b) and 4 (c). The odd-even staggering phe-
nomenon in ap/T has been also found in the fragments
produced in projectile fragmentation reactions of 140A
MeV 40,48Ca(58,64Ni) + 9Be (181Ta) [1]. A slight depen-
dence of ap/T for fragments has been shown, in particu-
lar for the I= 0 fragments. Huang et al have attributed
this phenomenon for light and symmetric fragments to
the decay process of the last two or three particles, which
happens at the end of deexcitation [35], by a simula-
tion using the antisymmetrized molecular dynamics plus
gemini method. The absolute values of ap/T for frag-
ments are no larger than 4, and most of the values of
ap/T for the fragments are within the range from −1 to
1.

Fig. 6. (color online) The values of ap/T for the
measured fragment in the 56Fe + p spallation re-
action. The squares, circles, triangles, diamonds,
and stars denote the results for fragments mea-
sured in the 0.3A, 0.5A, 0.75A, 1A, and 1.5A
GeV 56Fe+ p reactions (measured cross sections
of fragments taken from Ref. [51]), respectively.
The results are plotted according to I= 0 (a), 2
(b), and 4 (c), respectively. The shaded area in
each panel denotes the range from −1 to 1.
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The results of ap/T for fragments in the 208Pb, 238U,
136Xe, and 56Fe spallation reactions have been found to
be in a range from −4 to 4, while for most of the frag-
ments the values are within a range from −1 to 1. The
results agree with the ap/T obtained from the isotopic
cross sections of high energy p + Xe and p + Kr re-
actions [23], which are 1.80 and 1.63, respectively. As
concluded in Ref. [23], a reduced coefficient of the pair-
ing energy term is expected in a system near its critical
point. The results obtained for ap/T should be correct
for temperatures lower than the critical point (∼ 5 MeV)
as suggested in Ref. [23].

An obvious odd-even staggering is shown in frag-
ments with small I, and in relatively small-A fragments
which have large I. As has been explained in Ref.
[2], the odd-even staggering is induced by the last few
steps of particle emission in the de-excitation of hot
fragments. The odd-even staggering phenomenon has
also been investigated in the framework of the isospin-
dependent quantum molecular dynamics (IQMD) model
with the gemini model by Su et al [52]. Conclusions
have been drawn that the odd-even staggering is af-
fected by the excitation energies and the isotope dis-
tributions of the prefragments. The nuclear structure
takes a important role in the formation of cold frag-
ments. For fragments with intermediate mass, where
the nuclear structure is complex, the results for ap/T
in this work may show a non-uniform staggering phe-
nomenon. The phenomenon of staggering of V (Z) (de-
fined as V (Z)=2σ(Z)/[σ(Z−1)+σ(Z+1)]) was suggested
as a puzzle in Ref. [52].

The values of ap/T also depend on the mass num-
ber of the fragment, which is shown clearly for frag-
ments with A/As > 85% (As refers to the mass number
of the spallation system). These fragments are mostly
produced in semi-peripheral collisions which have rela-
tively large impact parameters. In these zones, the large
isospin difference induces a large difference between the
densities of protons and neutrons. An enlarged odd-even
staggering was also observed in the simulations of frag-
ments yields in Ref. [52], which similarly reflects the
dependence of the odd-even staggering strength on A, Z
and Tz (Tz=I/2). The results of ap/t determined by the
IYR method based on Eq. (7) are sensitive to the IYR
distributions for which 〈IY R〉 is a good approximation
for the symmetry energy and chemical potential energy
terms for the even−I fragments. The results shown in
Fig. 1 indicate that the 〈IY R〉 denoted by the odd-
I fragments are no longer good approximations for the
symmetry energy and chemical potential terms for the
even-I fragments, where the large differences between

〈IY R〉 and lnR(I+2,I,A) for the even-I fragments are
observed. A slight dependence of ap/T on the incident
energy of the reaction is also observed. In the form of
pairing energy described in Eq. (6), the value of ap =
11.2 MeV is usually adopted. To estimate the cross sec-
tion of a fragment, the value of T is usually fixed at 2.0
MeV in the canonical ensemble theories [21]. A theoret-
ical ap/T = 5.6 is suggested. The values of ap/T deter-
mined in this work, as well as the results reported for
the fragments in the fragmentation reactions of 40,48Ca
(58,64Ni) [1], are much smaller than 5.6. In Ref. [1], it
is explained as a temperature dependence of pairing en-
ergy with the help of a self-consistent finite-temperature
relativistic Hartree-Bogoliubov model [6]. In the de-
excitation calculation of the statistical abrasion-ablation
model [15] and the SACA method [16–19], or the theo-
retical parameterizations of T -dependent binding energy
using density-functional theory [5], the temperature de-
pendence of pairing energy is still not considered. In
fact, the pairing energy of a fragment depends on mass
in 1/A1/2 and the total pairing energy is small for frag-
ments of large A, which suggests that the pairing energy
may only have a small influence on the cross section of
fragments. The results should be helpful in studying the
properties of the very neutron-rich isotopes, and may
help to study the sequential decay process of nuclear re-
actions.

4 Summary

The values of ap/T for fragments with I6 36, which
are measured in the p + 56Fe/136Xe/208Pb/238U spalla-
tion reactions, have been analyzed using an isobaric ra-
tio method. Similar to the results for ap/T for fragments
measured in projectile fragmentation reactions, the val-
ues of ap/T for neutron-rich fragments in spallation re-
actions fall into the range from −4 to 4 (most of them
are within the range from −1 to 1), which agrees with
the weakened pairing energy coefficients obtained in the
early works on high-energy proton induced reactions on
Xe and Kr. The ap/T of fragments with A/As> 85% are
found to increase with A, which is explained by the ap-
proximation of symmetry energy and chemical potential
terms by 〈IY R〉 becoming worse. It is suggested that for
cold fragments, which can be measured in experiment, a
relatively small pairing energy should be adopted, espe-
cially when the spallation system is relatively small. The
results should help in studying fragment production in
spallation reactions for the ADS experiments, as well as
in searching for isotopes with very large asymmetries.
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