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Effects of density- and momentum-dependent potentials in Au+Au

collisions at intermediate energies *
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Abstract: Based on an isospin-dependent transport model, the effects of the density- and momentum-dependent

potentials are studied by simulating Au on Au collisions at 90, 120, 150 and 400 MeV/nucleon. It is found that the

calculated results overestimate the experimental data on the directed flow and underestimate the data on the elliptic

flow for protons. The impact of the density- and momentum-dependent potentials is observed in the mid-rapidity

region of the final spectra. At 90 MeV/nucleon, the momentum-dependent potential has a larger impact on the

observables than the density-dependent potential, and the elliptic flow has a higher value with the positive effective

mass splitting. At 400 MeV/nucleon, however, the opposite is observed. The rapidity dependence of the elliptic flow

for protons is sensitive to the symmetry energy. A soft symmetry energy corresponds to a higher value of the proton

elliptic flow.
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1 Introduction

The isospin-dependence of the nuclear equation of
state (EOS), generally known as symmetry energy,
Esym(ρ), is the most important but poorly known prop-
erty of neutron-rich matter [1]. Constraints on the sym-
metry energy in neutron-rich matter have been an in-
teresting subject of study over the past two decades.
Numerous theoretical studies [2–12] and experimental
measurements [11–17] have been devoted to the study
of the nuclear symmetry energy at both subsaturation
and suprasaturation densities; for recent reviews, see Ref.
[18]. So far the symmetry energy at subsaturation den-
sities has been relatively well constrained by compar-
ing the theoretical results with the experimental data on
isospin diffusion and the ratios of neutron and proton
multiplicities in heavy ion collisions [4, 6]. However, the
case at suprasaturation densities still remains uncertain.

According to the contribution of the symmetry en-
ergy, we have

Esym(ρ)=Ekin

sym(ρ)+Eloc

sym (ρ)+Emom

sym (ρ). (1)

The first term in Eq. (1) is the kinetic energy and can

be written as

Ekin

sym (ρ)=
1

3

~
2

2m

(

3

2
π2ρ

)2/3

. (2)

The second and third terms in Eq. (1) are the local and
the momentum-dependent parts, respectively. The lo-
cal part corresponds to the density-dependent symme-
try potential and the momentum-dependent part cor-
responds to the momentum-dependent symmetry po-
tential. Therefore, to constrain the symmetry energy,
knowledge of the density- and the momentum-dependent
symmetry potentials is required. In non-relativistic
transport models, the momentum-dependent potential
leads to the neutron-proton effective mass splitting m∗

n−
m∗

p, where m
∗
n and m∗

p represent the neutron and proton
effective masses, respectively. Positive (m∗

n >m∗
p) and

negative (m∗
n<m∗

p) effective mass splittings correspond
to completely different momentum-dependent symmetry
potentials [19–22]. Unfortunately, the constraint on the
neutron-proton effective mass splitting is highly contro-
versial [23].

One of the forms for the momentum-dependent
symmetry potential stems from the Gale-Bertsch-Das-
Gupta (GBD) force, which has been widely used in
the Boltzmann-Uehling-Uhlenbeck models [24–26]. It
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is found that the sensitivity to the symmetry energy
is suppressed as compared to that for the momentum-
dependent symmetry potential [26]. The momentum-
dependent symmetry potential plays an important role
in understanding the mechanisms of fast nucleon emis-
sion [27] and nuclear collective flow [19]. Based on
the real Skyrme potential energy density, Zhang et
al. improved the quantum molecular dynamics model
(ImQMD05) by including the energy density of isospin-
dependent Skyrme-like momentum-dependent interac-
tions [28]. Based on the momentum-dependent poten-
tial derived from the measured energy dependence of the
proton-nucleus optical potential [29], Feng et al. incor-
porated a Skyrme-like momentum-dependent symmetry
potential into the QMD model [20, 30], which is used in
the present work.

In this article, based on the isospin-dependent quan-
tum molecular dynamics model developed at Beijing
Normal University (IQMD-BNU) [21, 22, 31–36], the ef-
fects of the density- and momentum-dependent symme-
try potentials are investigated via calculating the collec-
tive flow of protons produced in the reaction Au+Au in
the incident energy range from 90 to 400 MeV/nucleon.
The article is organized as follows. In Section 2, we give
a description of the recent version of the IQMD-BNU
model. The calculated results for the proton collective
flows are shown and discussed in Section 3. In Section
4, conclusions are given.

2 Theoretical approach

In QMD-like models, the time evolution of nucleons
in the system are governed by the Hamiltonian equations
of motion, which read

ṗi=−∂H

∂ri

, ṙi=
∂H

∂pi

(3)

with ri and pi standing for the average values of the po-
sition and momentum for the ith nucleon. The Hamilto-
nian H of nucleons and resonances in the present QMD
version is constructed by

H=
∑

i

√

p2
i+m2

i+UCoul+Umdi+

∫

Vloc[ρ(r)]dr, (4)

where the first term on the right-hand side of Eq. (4)
is the kinetic energy. The second term is the Coulomb
potential energy and is written as

UCoul=
1

2

∑

i,j,i6=j

eiej
rij

erf

(

rij√
4L

)

(5)

with ei representing the electric charge of nucleons or res-
onances, and rij = |ri−rj| the relative distance between
two charged particles. The third term in Eq. (4) denotes
the momentum-dependent potential energy.

Generally, the nucleon energy density consists of two
parts, namely the local and non-local parts. The local
potential density used in the present work reads

Vloc(ρ)=
α

2

ρ2

ρ0

+
β

γ+1

ργ+1

ργ
0

+
gsur
2

(∇ρ)2

ρ0

+Eloc
sym(ρ)ρδ

2, (6)

with

Eloc
sym(ρ)=

1

2
Csym

(

ρ

ρ0

)γs

. (7)

Here α, β, γ, gsur and ρ0 are taken as −390 MeV,
320 MeV, 1.14, 130 MeV·fm5 and 0.16 fm−3, respec-
tively, and the corresponding compressibility is 200 MeV.
δ= (ρn−ρp)/ρ is the isospin asymmetry, where ρn and
ρp stand for the neutron and proton densities, respec-
tively. Equation (7) gives the soft and hard cases of the
symmetry energy with γs = 0.5 and 2.0. The non-local
potential density reads [37]

Umdi=
1

2ρ0

∑

τ,τ ′,τ 6=τ ′

Cτ,τ ′

∫ ∫ ∫

dpdp′dr

×fτ (r,p)ln
2[t5(p−p

′)2+1]fτ ′(r,p′). (8)

The coefficient t5 in Eq. (8) has the value of 0.0005
MeV−2, Cτ,τ=t4(1−x) and Cτ,τ

′ =t4(1+x) with t4=1.57
MeV. The parameters x and Csym are taken to be -0.65
and 52.5 MeV respectively for the positive mass split-
tings, and 0.65 and 23.52 MeV respectively for the neg-
ative mass splittings [37]. The slope parameter L, which
is calculated by L= 3ρ0(∂Esym/∂ρ)|ρ=ρ0, is 201.5 MeV
for the hard symmetry energy and 83.6 MeV for the soft
symmetry energy. According to Eqs. (6), (7) and (8),
one can obtain the single-particle potential used in the
QMD-BNU model as:

Uτ (ρ,δ,p)=α
ρ

ρ0

+β

(

ρ

ρ0

)γ

+U sym

τ +U mom

τ , (9)

with

U sym

τ =Eloc
sym(ρ)δ

2+
∂Eloc

sym(ρ)

∂ρ
ρδ2+Eloc

sym(ρ)ρ
∂δ2

∂ρτ

, (10)

and

U mom

τ =
Cτ,τ

ρ0

∫

dp
′

fτ(r,p)ln
2[t5(p−p

′

)2+1]

+
Cτ,τ

′

ρ0

∫

dp
′

fτ ′ (r,p)ln2[t5(p−p
′

)2+1], (11)

where U sym
τ denotes the part which corresponds to the

density-dependent symmetry energy and U mom
τ is the

momentum-dependent part.
Shown in Figs. 1 and 2 are U sym

τ (shown by solid
lines), and U mom

τ (shown by dashed lines) as a function
of momentum for two cases of the symmetry energy
and the nucleon effective mass splitting with isospin
asymmetry δ=0.2 at ρ = ρ0 and ρ = 2ρ0, respectively,
where ρ0 represents the saturation density. One can
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Fig. 1. (color online) Single-particle potentials that correspond to the density-dependent symmetry energy (solid
lines), and to the momentum-dependent interactions (dashed lines) for protons as a function of momentum for two
sets of the symmetry energy and the nucleon mass splitting at ρ=ρ0 with isospin asymmetry δ=0.2.
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Fig. 2. (color online) Single-particle potentials that correspond to the density-dependent symmetry energy (solid
lines), and to the momentum-dependent interactions (dashed lines) for protons as a function of momentum for two
sets of the symmetry energy and the nucleon mass splitting at ρ=2ρ0 with isospin asymmetry δ=0.2.

104103-3



Chinese Physics C Vol. 42, No. 10 (2018) 104103

see that protons suffer a repulsive (attractive) force due
to the momentum-dependent (density-dependent) po-
tential. With increasing momentum, the momentum-
dependent potential has different values in comparison
with the density-dependent one. Moreover, this differ-
ence changes when the nucleon density, the nucleon ef-
fective mass splitting, and the symmetry energy are dif-
ferent. Protons suffer more repulsion when we take the
positive mass splitting, as shown in Fig. 3.
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Fig. 3. (color online) Momentum-dependent po-
tential for protons as a function of momentum for
two sets of the nucleon mass splitting with δ=0.2
at ρ=2ρ0.

The method to deal with two-nucleon collisions is
same as in the cascade model [39]. The cross sections
in free space, from Ref. [40], are taken for the elas-
tic channels and the cross sections in the medium are
taken for the inelastic channels. The in-medium modi-
fication factor for the inelastic channels has the form of
1−0.2ρ/ρ0 [41]. Pauli blocking and the constraint on
the phase space density used in the constrained molecu-
lar dynamics (CoMD) approach [42] are included in the
model to take the fermionic nature of the nucleon into
consideration.

3 Results and discussion

In Figs. 4, 5 and 6 we plot the rapidity dependence
of the directed flow, v1(y0), the transverse momentum
dependence of the directed flow, v1(ut0), and the trans-
verse momentum dependence of the elliptic flow, v2(ut0),
for protons produced in Au+Au collisions at 90, 120 and
150MeV/nucleon respectively, with centrality 0.25<b0<
0.45 and various cuts as indicated in the figures. Here

y0, ut0 and b0 are same as in Ref. [16]. The directed and
elliptic flows are respectively defined by

v1=〈px

pt

〉=〈cos(φ)〉, (12)

and

v2=〈
(p2

x−p2
y)

p2
t

〉=〈cos(2φ)〉. (13)

The quantities px and py represent the momentum com-
ponents, and pt =

√

p2
x+p2

y denotes the transverse mo-
mentum of a nucleon. The angular brackets stand for
the average over all events, and φ is the azimuth with
respect to the reaction plane. The free protons are ob-
tained by using a coalescence model, in which nucleons
with relative momentum p0≤ 300 MeV and relative dis-
tance r0≤ 3.0 fm are coalesced into a cluster [38].

In the calculations two cases of the symmetry energy
and the effective mass splitting are taken, as indicated in
the figures. It is found that the rapidity dependence of
the directed flow for protons is sensitive to both the sym-
metry energy and the effective mass splitting in Au+Au
collisions at 90 MeV/nucleon. The values obtained from
the hard symmetry energy (the positive effective mass
splitting) are larger than those from the soft symme-
try energy (the negative effective mass splitting). This
can be explained by the fact that more protons get un-
bound due to the hard symmetry energy (the positive
effective mass splitting) with respect to the soft sym-
metry energy (the negative effective mass splitting) at
subsaturation densities. However, this sensitivity be-
comes weaker as the incident energy increases. This is
because, with increasing incident energy, the pressure
coming from the isospin-dependent mean-field potential
(symmetry potential part) is weaker than that from the
isospin-independent and kinetic parts [22, 43]. The to-
tal effect caused by the effective mass splitting and the
density-dependent symmetry energy is quite weak. For
the transverse momentum distributions of the directed
flow and the elliptic flow, one cannot extract information
on the symmetry energy and the effective mass splitting.
Our calculated results slightly overestimate the experi-
mental data taken by the FOPI collaboration [17]. It
is difficult to interpret the difference between the calcu-
lated results and the data. As stated in Ref. [44], one of
the main reasons for the overestimation is the in-medium
modification factor for the nucleon-nucleon cross section.
The theoretical values will approach the experimental re-
sults if we take a stronger modification factor.

Shown in Fig. 7 is the rapidity dependence of the
elliptic flow for protons in Au+Au collisions at 150
MeV/nucleon with the transverse velocity cut ut0 > 0.8
and centrality 0.25 <b0< 0.45. In the mid-rapidity re-
gion, the v2 values calculated by using the positive effec-
tive mass splitting are larger than those obtained from
the negative case. This can be understood by the fact

104103-4



Chinese Physics C Vol. 42, No. 10 (2018) 104103

0.0 0.2 0.4 0.6 0.8 1.0 1.2
-0.1

0.0

0.1

0.2

0.3

 

 

v 1

y0

 FOPI data

 m*
n > m*

p, Hard

 m*
n < m*

p, Hard

 m*
n > m*

p, Soft

 m*
n < m*

p, Soft

u
t0
>0.8 

0.0 0.4 0.8 1.2 1.6 2.0
-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

 

 

v 1

ut0

0.4< y
0
 <0.8

0.0 0.5 1.0 1.5 2.0

-0.08

-0.04

0.00

0.04

0.08

-0.4< y
0
 <0.4

 

 

v 2

ut0

Fig. 4. (color online) Left panel: Rapidity dependence of the directed flow with the transverse velocity cut ut0>0.8.
Middle panel: Transverse momentum dependence of the directed flow with the longitudinal rapidity cut 0.4 <y0<

0.8. Right panel: Transverse momentum dependence of the elliptic flow with the longitudinal rapidity cut -0.4
< y0 < 0.4. The results are calculated for protons produced in the reaction Au+Au at 90 MeV/nucleon with
centrality 0.25 <b0< 0.45. The experimental data are taken from Ref. [17].
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Fig. 5. (color online) Left panel: Rapidity dependence of the directed flow with the transverse velocity cut ut0>0.8.
Middle panel: Transverse momentum dependence of the directed flow with the longitudinal rapidity cut 0.4 <y0<

0.8. Right panel: Transverse momentum dependence of the elliptic flow with the longitudinal rapidity cut -0.4
< y0 < 0.4. The results are calculated for protons produced in the reaction Au+Au at 120 MeV/nucleon with
centrality 0.25 <b0< 0.45. The experimental data are taken from Ref. [17].
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Fig. 6. (color online) Left panel: Rapidity dependence of the directed flow with the transverse velocity cut ut0>0.8.
Middle panel: Transverse momentum dependence of the directed flow with the longitudinal rapidity cut 0.4 <y0<

0.8. Right panel: Transverse momentum dependence of the elliptic flow with the longitudinal rapidity cut -0.4
< y0 < 0.4. The results are calculated for protons produced in the reaction Au+Au at 150 MeV/nucleon with
centrality 0.25 <b0< 0.45. The experimental data are taken from Ref. [17].

that protons calculated with the positive effective mass
splitting suffer more repulsive force than those with the
negative effective mass splitting.

In Fig. 8, we show the rapidity dependence of the
elliptic flow for protons in Au+Au collisions at 400
MeV/nucleon with the transverse velocity cut ut0 > 0.4
and centrality 0.25 < b0 < 0.45. For the impact of the
effective mass splitting, as shown in the left-hand panel
of Fig. 8, it is found that, contrary to the results in
the mid-rapidity region of Fig. 7, the v2 values obtained
with negative mass splitting are larger than those calcu-
lated with the positive mass splitting. This is because, in
the mid-rapidity region, the system is in a high-density
state and the density-dependent symmetry potential is
stronger than the momentum-dependent one, as shown
in Fig. 2. The effects of the neutron-proton effective
mass splitting are cancelled by the effect of the density-
dependent potential. For the impact of the symmetry
energy, as shown in the right-hand panel of Fig. 8, we
can see that the proton elliptic flow has a larger value for
the soft symmetry energy than for the hard symmetry en-
ergy. The high-density region is more proton-rich with
a higher symmetry energy and consequently more free
protons are squeezed out with a lower symmetry energy.
Moreover, this phenomenon becomes more pronounced
as the transverse velocity cut increases, as indicated in
Fig. 9. Our calculated results can describe the experi-
mental data relatively well.
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Fig. 7. (color online) Rapidity dependence of the
elliptic flow for protons in the reaction Au+Au at
150 MeV/nucleon with the transverse velocity cut
ut0>0.8 and centrality 0.25 <b0< 0.45. Various
cases of the symmetry energy and the effective
mass splitting are used in the calculations as in-
dicated. The experimental data are taken from
Ref. [17].
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energy and the effective mass splitting are used in the calculations as indicated. The experimental data are taken
from Ref. [17].
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4 Conclusions

In summary, we have investigated the effects of the
density- and momentum-dependent potentials via cal-
culating the directed and elliptic flows for protons pro-
duced in Au on Au collisions at 90, 120, 150 and 400
MeV/nucleon with centrality of 0.25 <b0< 0.45 in the
framework of the IQMD-BNU model. It is found that
the directed flow is sensitive to both the neutron-proton
effective mass splitting and the symmetry energy at 90
MeV/nucleon, but this sensitivity disappears as the in-
cident energy increases. Our results for the rapidity
distributions of the directed flow, and the transverse
momentum distributions of the directed flow and elliptic

flow, overestimate the experimental data. At lower inci-
dent energies, such as 90 MeV/nucleon, the momentum-
dependent potential plays a more important role than
the density-dependent potential, and the elliptic flow
has a higher (lower) value with the positive (negative)
effective mass splitting. However, at 400 MeV/nucleon,
the opposite phenomenon is observed, with the elliptic
flow having a higher (lower) value with the negative
(positive) effective mass splitting. This is different from
the results in Ref. [19]. The elliptic flow has a higher
(lower) value with a soft (hard) symmetry energy.

We thank Prof. Zhao-Qing Feng for fruitful discus-

sions.
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