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Abstract: The light unflavoured meson η/η′ decays are valuable for testing non-perturbative quantum chromo-

dynamics and exploring new physics beyond the Standard Model. This paper describes a series of event gen-

erators, including η/η′ → γl+l−, η/η′ → γπ+π−, η′ → ωe+e−, η → π+π−π0, η/η′ → π0π0π0, η′ → ηππ and

η′ →π+π−π+π−/π+π−π0π0, which have been developed for investigating η/η′ decay dynamics. For most of these

generators, their usability has been validated in BESIII analyses for determining the detection efficiency, and back-

ground studies. The consistency between data and Monte Carlo shows that these generators work well in the BESIII

simulation, and will also be useful for ongoing BESIII analyses and other experiments for studying η/η′ physics.
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1 Introduction

As the ground states of pseudoscalar nonets, the η
and η′ mesons have been firmly established and their
main decay modes are fairly well known [1]. How-
ever, they still attract theoretical and experimental at-
tention due to their special role in understanding low
energy quantum chromodynamics (QCD), even though
they were discovered about half a century ago [2]. The
decays of η/η′ are of interest as probes of some aspects
of strong interactions, and also as sources of information
on physics beyond the Standard Model (SM).

Due to flavor symmetry breaking, η/η′ mesons in-
volve the mixing of an octet state and a singlet state,
with a mixing angle of about −20◦ [3]. A larger proba-
bility to be a singlet state gives a larger mass to the η′,
because the axial anomaly only contributes to the singlet
mass. The gluonic content in the η′, which is related to
vacuum topology and the U(1) anomaly [4], may also
contribute to its large mass.

The unflavored η/η′ mesons not only play an im-
portant role in studying the interactions between light
quarks and the interactions between quarks and glu-

ons [5], but also offer a unique place to test fundamental
symmetries in QCD in the low energy region. In addi-
tion, their hadronic decays could be used to determine
the difference of light quark masses [6]. Therefore, η/η′

physics is listed in the programs of many experiments,
such as BESIII, KLOE-2, MAMI, GlueX, and CLAS12.
Most recently, a new facility, REDTOP [7], is also pro-
posed to study η/η′ decays.

Due to the large production rate of η/η′ mesons in
J/ψ hadronic and radiative decays, the world’s largest
sample of 1.31×109 J/ψ events [8], collected with the
BESIII detector, offers a good opportunity to study the
decays of η/η′. In recent years BESIII has achieved much
progress on η/η′ decays [9–14]. Experimentally, a good
description of the amplitude for each decay mode in the
Monte Carlo (MC) simulation plays an important role
in the optimization of the event selection criteria, de-
termination of the detection efficiency, and background
suppression. In the near future, about 10 billion J/ψ
events will have been accumulated at the BESIII detec-
tor, which will allow us to search for the rare decays of
η/η′ at an unprecedented level. In that case, the es-
tablished η/η′ decays become the dominant background
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sources and proper event generators are hence essential
to the background estimation.

To meet the challenge of precision measurement of
η/η′ physics, in this paper we present a series of event
generators for their decays, including η/η′ → γl+l−,
η/η′→γπ+π−, η′→ωe+e−, η→π+π−π0, η/η′→π0π0π0,
η′ → ηππ and η′ → π+π−π+π−/π+π−π0π0, within the
framework of chiral perturbation theory (ChPT) and the
vector meson dominance (VMD) model. In Section 2, a
brief introduction is given to describe the software frame-
work for event generators. In Section 3, the decay ampli-
tudes for these decays and the corresponding parameters
used for generating events are provided. Meanwhile, val-
idations for some of these generators are also performed
to ensure that they work well in the BESIII MC simula-
tion package. A short summary is presented in the last
section.

2 Software framework for event genera-

tors

At the BESIII experiment, the geant4-based simula-
tion software boost includes the geometric and material
description of the BESIII detector, the detector response,
and the digitization models, as well as the detector run-
ning conditions and performance [15]. The charmonium
state, e.g., J/ψ, is simulated with the MC event gener-
ator kkmc [16, 17], while the decays are generated by
BesEvtGen [18] for known decay modes, with branching
fractions set to the world average values in the Particle
Data Group (PDG) [1], and by lundcharm [19] for the
remaining unknown decays. The event generators are
based on the framework of the BESIII offline software
system (BOSS) [20].

In general, the MC simulation in BOSS is performed
by passing the Lorentz-vector of all the particles pro-
duced by the event generator into a simulation pack-
age of the BESIII detector after taking into account the
detector construction, the detector response, the inter-
action between the particles, and the material [21]. In
this paper, the event generators were developed in ac-
cordance with the corresponding η/η′ decay amplitudes,
which are described in detail in Section 3, and then were
implemented in BesEvtGen.

3 Theoretical formulas and simulations

3.1 η/η′
→γl+l−

Electromagnetic Dalitz decays of η/η′ → γl+l− (l±

stands for µ± or e±) play an important role in revealing
the structure of hadrons and the interaction mechanism
between photons and hadrons. This is the so-called sin-
gle off-shell decay in which the l+l− pair originates from
the off-shell photon (γ∗). The four-momenta for the pro-

cess η/η′→γ(k)γ∗(p)→γ(k)l+(p1)l
−(p2) are defined as

P =k+p=k+p1+p2. The square of the amplitude can be
written as [22]

|A(P→l+l−γ)|2

=e2|MP (p2,k2=0)|2 (m2
P−p2)2

2p2
(2−β2

p sin2θp),
(1)

where p=p1+p2, βp=

√

1−4m2
l±

p2
and θp is the helicity an-

gle. MP (p2,k2=0) is the form factor, which is described
as

MP (p2,k2=0)=MP×V MD(p2), (2)

where
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(3)
where α=1/137, fπ =92.4 MeV, f0 =1.04fπ, f8 =1.3fπ

and θmix=−20◦ [23]. The η/η′→γl+l− form factor mea-
surements support the theoretical prediction from the
VMD model that the dominant contribution is from the
ρ [10, 24]. The VMD form factor for η→γl+l− in the
generator is written as

V MD(s)=1−c3+c3

1

1− s

m2
ρ

−i
Γ (s)

mρ

, (4)

where s is defined as s=p2=(p1+p2)
2. Γ (s) is the width

of the vector meson [25]
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), (5)

and the Θ function is

Θ(s−4m2
π
)=

{

1, if s>4m2
π
;

0, if s<4m2
π
,

(6)

For η′→γl+l−, the phase space allows production of ρ
and ω. Even although the contribution from ω is small,
it cannot be directly ignored, since its interference with
ρ may lead to a sizable contribution. By combining with
ρ and ω, the VMD form factor for η′ → γl+l− can be
described by

V MD(s)=
wρ·BWρ+wω·BWω

(wρ+wω)
, (7)

where BWρ(BWω) represents a simple Breit-Wigner
function for ρ(ω).

In the generator, the parameters in the above for-
mula are set to be mρ =775.49 MeV, mπ =139.57 MeV,
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and Γρ =149.1 MeV [1]. The weight factors wρ and wω

are subjected to wρ :wω =3:1 [26]. The different vector
meson dominance models can be switched by inserting
different values of c3 [27, 28].

By implementing the above amplitudes in the BESIII
simulation package, the η/η′ → γl+l− events are gener-
ated. The mass spectra of the leptonic pairs (the solid
histograms) at the truth level are shown in Fig. 1, where
the VMD form factor used for generating η → γl+l−

events is that for the case of the hidden gauge (c3 =1).
For a comparison, we also generate the events with
V MD(s)=1, as indicated by the hatched histograms in
Fig. 1. The discrepancies between the events generated
with and without VDM form factors are quite obvious,
in particular for η/η′ → γµ+µ−, which also shows that
reliable dynamic generators are very important for the
study of η/η′ physics.
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Fig. 1. (color online) The invariant mass distributions obtained from simulations of the DIY generators: (a) M(e+e−)
from η→γe+e−; (b.1) and (b.2) M(e+e−) from η′→γe+e−; (c) M(µ+µ−) from η→γµ+µ−; (d) M(µ+µ−) from
η′→γµ+µ−. The solid histograms are from simulations with the VMD form factors described in the text, and the
shaded histograms are from simulations with V MD(s)=1.

3.2 η/η′
→γπ+π−

The decay η/η′→γπ+π− receives a contribution from
the box anomaly [22]. For the η→γ(k)π+(p1)π

−(p2) de-
cay, the unpolarized squared decay amplitude is [22]

2
∑

pol=1

|A(η→γπ+π−)|2(s,θp)=
λ(m2

η
,s,0)sβ2

p sin2θp

16m6
η

·(|MG|2+|EG|2),
(8)

where s=p2 =(p1+p2)
2, βp =

√

1−4m2
π±

p2
, and θp is the

polar angle of pπ± in the pπ+ pπ− rest frame with respect
to the direction of the flight of the pπ+ pπ− in the rest
frame of the pseudoscalar meson. The electric form fac-
tor EG is used to describe the CP violation in the decay,
which is set to be zero in this paper. The Källén function

is
λ(x,y,z)=x2+y2+z2−2xy−2yz−2xz, (9)

where it is λ(m2
η
,s,0)= (m2

η
−s)2 in our DIY generator.

The magnetic form factor is MG(s)=m3
η
Mη(s), when

Mη(s)=Mη×V MD(s), (10)

with
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e

8π2f 3
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, (11)

and

V MD(s)=1−3

2
c3+

3

2
c3

m2
ρ

m2
ρ−s−imρΓ (s)

, (12)

where Γ (s) is the same as in Eq. (5).
At first, the decay η′ → γπ+π− was believed to

be dominated by η′ → γρ with the subsequent decay
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ρ → π+π−. In this case, the squared amplitude of
η′ →γπ+π− would be similar to Eq. (8). However, the
ρ mass extracted from the dipion mass spectrum by dif-
ferent experiments is about 20 MeV/c2 larger than that
from e+e− annihilation [29]. This effect is accounted for
by the higher term of the Wess-Zumino-Witten (WZW)
ChPT Lagrangian describing the non-resonant part of
the coupling [30]. A simple Breit-Wigner function for ρ
in the form factor in Eq. (12) is not enough to describe
the data. The ρ−ω interference and the box anomaly
should be taken into account for η′→γπ+π−. Deduced
from the ones used in Ref. [31], the decay rate [9] can be
expressed by

dΓ

dm
∝k3

γ
q3

π
(m)|BWGS

ρ (1+δ
m2

m2
ρ

BWω)+β|2, (13)

where m2 =(pπ++pπ−)2, and pπ+ and pπ− are the four-
momenta in the laboratory frame. kγ is the photon en-
ergy and qπ(m) is the momentum of the pion in the
π+π− rest frame. The parameter δ is a complex num-
ber, for which |δ|= 5.59×10−4 represents the contribu-
tion from the ω resonance and the complex phase of δ
(argδ = −3.78 rad) represents the interference between
the ω and the ρ(770) resonance [9]. mρ is the mass of
the ρ(770) resonance. β = −19.33 is the box anomaly
constant ratio, which represents the non-resonant con-
tribution [9]. BWω represents a simple Breit-Wigner
function for ω. BWGS

ρ is the Breit-Wigner distribution
in the GS parametrization [32],

BWGS
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The function h(m2) is defined as
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where qπ(m2) =

√

m2/4−m2
π

is the momentum of the
pion in the π+π− rest frame with mπ =139.57 MeV [1],

qπ(m2
ρ) =

√

m2
ρ/4−m2

π
is the momentum of the pion

in the π+π− rest frame with m = mρ, and Γρ(m) =

Γρ

(

qπ(m2)

qπ(m2
ρ)

)3
(mρ

m

)

.

At the truth level, Figs. 2(a) and (b) show the π+π−

mass spectra for η→ γπ+π− and η′ → γπ+π−, respec-
tively. At the detector level, the generator for η →
γπ+π− has been validated in the BESIII measurement of
η′→4π [12] by providing a good description of the back-
ground events from η′→π+π−η(η→γπ+π−). The gener-
ator for η′→γπ+π− has also been used in the determina-
tion of the detection efficiency of J/ψ→γη′(η′→γπ+π−)
at the BESIII experiment. It was found that the π+π−

mass spectrum from the MC simulation is consistent with
that of data. More model-independent approaches can
be found in Refs. [33, 34].

3.3 η′
→ωe+e−

It is interesting to study the decay η′ → V e+e− (V
represents a vector meson), which is related to the two-
body radiative decay into a vector meson and an off-shell
photon. The e+e− invariant mass distribution will pro-
vide us useful information on the internal structure of
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Fig. 2. (color online) The π+π− invariant mass distributions for (a) η→γπ+π− and (b) η′→γπ+π− at the truth level.
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the η′ meson and the momentum dependence of the
transition form factor. In 2013, BESIII reported the
measurement of η′ → π+π−e+e− [9], which is found
to be dominated by η′ → ρe+e−, and the results are
in agreement with the theoretical predictions [35, 36].
More recently, the branching fraction B(η′→ωe+e−)=
[1.97±0.34±0.17]×10−4 was reported for the first time
via J/ψ radiative decays [13], and is also consistent with
the theoretical predictions [35, 37].

Within the framework of effective meson theory [35],
the square of the amplitude of η′→ωe+e− can be written
as

|A(P→V e+e−)|2

=2παΓP→γV

32πm3
P

(m2
P−m2

V )3
|V MD(p2)|2

· (m
2
P−p2−m2

V )2−4m2
V p2

p2
(2−β2

p sin2θp)

=
26π2m3

P αΓP→γV

(m2
P−m2

V )3
|V MD(p2)|2 (m2

P−p2−m2
V )2−4m2

V p2

p2

·(2−β2
p sin2θp),

(19)
where p2=(pl++pl−)2, pl± is the four-momentum of the
dilepton; ΓP→γV is the decay width of η′→γω; mP and
mV are the mass of the pseudoscalar and vector meson

respectively in the process P→γV ; βp=

√

1−4m2
l±

p2
; and

θp is the polar angle of pl± in the pl+ pl− rest frame with
respect to the direction of flight of the pl+ pl− in the
pseudoscalar rest frame. The vector meson dominance
form factor can be written as

V MD(p2)=
wω·BWω+wφ·BWφ

(wω+wφ)
, (20)

where mω(mφ) and Γω(Γφ) are the mass and width, re-
spectively, of ω(φ) in the PDG [1]. BWρ(BWω) rep-
resents a simple Breit-Wigner function for ρ(ω). The
weight factors wω and wφ are subjected to wω :wφ =1:
4 [38].
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Fig. 3. (color online) The mass spectrum of e+e−

obtained from the MC simulation for the decay
η′→ωe+e−.

Figure 3 shows the e+e− invariant mass distribution
at the truth level. In the observation of η′→e+e−ω [13],
the MC events generated with this generator provided a
good description of the data.

3.4 η→π
+

π
−

π
0,η/η

′
→π

0
π

0
π

0

The decays η/η′ → 3π violate G parity and are in-
duced dominantly by the strong interaction via the u−d
quark mass difference. It offers an ideal laboratory for
testing ChPT and provides validation of models for the
π-π final-state interaction [39]. BESIII has measured the
branching fractions of η/η′ → 3π for both charged and
neutral channels [40], and a Dalitz plot analysis is also
reported [11]. The internal dynamics of charged decay
channel (η→π+π−π0) can be described by two indepen-
dent Dalitz plot variables [41]

X=

√
3

Q
(Tπ+−Tπ−),

Y =
3Tπ0

Q
−1,

(21)

where Tπ denotes the kinetic energy of a given pion in
the η rest frame, Q=mη−mπ+−mπ−−mπ0 is the kinetic
energy in the reaction, and mη/π are the nominal masses
from the PDG [1]. The decay amplitude of η→π+π−π0

can be parameterized as

|A(X,Y )|2

=N(1+aY +bY 2+cX+dX2+eXY +fY 3+gX2Y...),
(22)

where N is a normalization factor and the coefficients
a,b,c,... are called Dalitz parameters, when a non-zero
value for c or e may imply the violation of charge conju-
gation.

Since no evidence of the charge-conjugation violation
is seen in the previous measurement, we did not take this
effect into account in the generator. The parameters for
η→ π+π−π0 taken from the BESIII measurement [11]
are:

a=−1.128,

b=0.153,

d=0.085,

f =0.173.

(23)

For convenience, we also provide an option by includ-
ing the item X2Y in the generator, and the parameters
are from the KLOE-2 measurement [42]:

a=−1.095,

b=0.145,

d=0.081,

f =0.141,

g=−0.044.

(24)
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Fig. 4. (color online) The distributions of the Dalitz variables (a) X and (b) Y from η→π+π−π0. (c) and (d) are
the distributions of Z from η→π0π0π0 and η′→π0π0π0, respectively.

For η/η′ → π0π0π0, the density distribution of the
Dalitz plot has threefold symmetry, due to the three
identical particles in the final states. Hence, the den-
sity distribution can be parameterized using the polar
variable [43],

Z=X2+Y 2=
2

3

3
∑

i=1

(

3Ti

Q
−1

)2

, (25)

and the parametrization of the decay amplitude is given
by [44]

|A(Z)|2=N(1+2αZ+2βZ3/2sin(3φ)...), (26)

where Ti denotes the kinetic energies of each π0 in the
η/η′ rest frame, Q=mη/η′−3mπ0 , φ=arctan(Y/X), and
N is the normalized factor. α and β are the Dalitz plot
parameters. A nonzero α indicates final-state interac-
tions. β has not been measured yet, so it is set to zero
in the generator, while the value of α is taken from the
BESIII measurement [11],

α=

{

−0.055, for η→π0π0π0;

−0.640, for η′→π0π0π0.
(27)

At the truth level, the distributions of the Dalitz plot
variables from the MC simulation are shown in Fig. 4.

3.5 η′
→ηππ

The matrix elements of η′ → ηππ have been mea-
sured by many experiments [45]. The Dalitz plot for the
charged channel η′ → ηπ+π− can be described by two

variables,

X=

√
3

Q
(Tπ+−Tπ−),

Y =
mη+2mπ

mπ

Tη

Q
−1.

(28)

For the neutral channel η′→ηπ0π0, due to the symmetry
of the two π0, the variable X is replaced by

X=

√
3

Q
|Tπ0

1
−Tπ0

2
|, (29)

where Tπ and Tη are the kinetic energies of the mesons
in the η′ rest frame and Q=mη′−mη−2mπ is the kinetic
energy in the decay, with mη/π the nominal masses in
the PDG [1].

For the general representation, the squared amplitude
is parameterized as

|M(X,Y )|2=N(1+aY +bY 2+cX+dX2+...), (30)

where N is a normalization factor, and a, b, c and d are
real parameters. A non-zero c parameter indicates vio-
lation of C parity for η′→ηπ+π− and violation of Bose
symmetry for η′→ηπ0π0.

An alternative parameterization is the so-called “lin-
ear representation”, which is written as follows:

|M(X,Y )|2=N(|1+αY |2+cX+dX2+...), (31)

where the complex parameter α can be compared with
the general parameterization with a = 2Re(α) and b =
Re2(α)+Im2(α). The real component of the complex
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constant α is a linear function of the kinematic energy of
the η. The two parameterizations are equivalent in the
case of b>a2/4.

In the case of the general representation, the param-
eters in the generator for η′→ηπ+π− are taken from the
BESIII measurement [45], which are:

a=−0.047, b=−0.069,

c=0.019, d=−0.073. (32)

These values are also used in the simulation for the neu-
tral channel η′→ηπ0π0.

With the above generator, the distributions from the
MC simulation at the truth level are shown in Fig. 5. The
shapes of the Y variables in Fig. 5(b) and Fig. 5(d) are
similar as a result of isospin symmetry. There is a devia-
tion between Fig. 5(a) and (c) due to different kinematics
for X (no dynamics in the matrix elements). The physical
cusp effect was not taken into account in the generator
because no evidence has been observed yet [46].

3.6 η′
→π+π−π+π−/π+π0π−π0

In ChPT, η′ → 4π is believed to be governed by
the WZW term via chiral anomalies. Recently BESIII
reported the first observation of η′ → π+π−π+π− and
η′ → π+π−π0π0 decays coming from J/ψ→ γη′ [12].
The measured branching fractions, B(η′→π+π−π+π−)=
[8.53±0.69±0.64]×10−5 and B(η′→π+π−π0π0)=[1.82±
0.35±0.18]×10−4, are consistent with the theoretical pre-
dictions based on a combination of ChPT and the VMD

model [47].
By following the notations in Ref. [47], the four-

momenta are defined as

η′→π+(p1)π
−(p2)π

+(p3)π
−(p4),

η′→π+(p1)π
0(p2)π

−(p3)π
0(p4).

(33)

The amplitudes can be described in terms of the invari-
ant variables sij = (pi+pj)

2,i,j = 1,...,4, which are sub-
jected to the constraint (in the isospin limit of equal pion
masses)

s12+s13+s14+s23+s24+s34=m2
η′+8m2

π
. (34)

The η−η′ mixing is described as

|η〉=cosθmix|η8〉−sinθmix|η0〉,
|η′〉=sinθmix|η8〉+cosθmix|η0〉.

(35)

The mixing angle is θmix=−20◦ [23].
The decay amplitudes are then given by

AV (η8→π+π−π+π−)=
1√
2
AV (η0→π+π−π+π−)

=−AV (η8→π+π0π−π0)=− 1√
2
AV (η0→π+π0π−π0)

=
Ncεµναβ

16
√

3π2f 5
π

pµ

1pν
2p

α
3 pβ

4

{[

m2
ρ

Dρ(s12)
+

m2
ρ

Dρ(s34)
− m2

ρ

Dρ(s14)

−
m2

ρ

Dρ(s23)

]

(c1−c2−c3)+2c3

[

m4
ρ

Dρ(s12)Dρ(s34)

− m4
ρ

Dρ(s14)Dρ(s23)

]}

, (36)
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Fig. 5. The distributions of the Dalitz plot variables (a) X and (b) Y from the MC simulation of η′→ηπ+π− events,
and (c) X and (d) Y from the MC simulation of η′→ηπ0π0 events.
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where fπ=92.4 MeV is the pion decay constant [23], and
Nc=3 is the number of colors.

Dρ(s)=m2
ρ−s−imρΓ (s) (37)

is the inverse ρ propagator. Γ (s) is the same as in
Eq. (5). The coupling constants are assigned to be
c3=c1−c2=1.

The mass spectra of ππ at the truth level are shown in
Fig. 6 and Fig. 7. For the generator of η′→π+π−π+π−,
it has been shown in Ref. [12] that the simulated π+π−

invariant mass distribution is more consistent with data
than that from the uniform phase space events. For the
generator of η′→π+π−π0π0, it has not been validated in
Ref. [12] due to the limited statistics of the data.
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Fig. 6. The invariant mass spectrum of π+π− from
η′→π+π−π+π−(4 entries per event).
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Fig. 7. The invariant mass distributions of (a) M(π+π−), (b) M(π−π0), (c) M(π+π−) and (d) M(π0π0) from the
simulated η′→π+π−π0π0 events, where there are 2 entries per event in (a) and (b).

4 Summary

Based on the amplitudes of η/η′ decays calculated by
ChPT and the VMD model, we have developed a series of
event generators for η/η′ decays, including η/η′→γl+l−,
η/η′→γπ+π−, η′→ωe+e−, η→π+π−π0, η/η′→π0π0π0,
η′→ηππ and η′→π+π−π+π−/π+π−π0π0. Most of them
have been validated in the study of η/η′ decays at BE-
SIII and the parameters tuned accordingly to provide a
good description of data. Indeed, these event generators
play an important role in the observations of new decay
modes of the η′ meson [12, 13] reported by the BESIII
Collaboration.

At present, the world’s largest sample of J/ψ events,

1.31× 109 events collected with the BESIII detector,
provides a unique opportunity to investigate η/η′ de-
cay dynamics. Besides the achievements obtained from
the J/ψ radiative or hadronic decays into η/η′ [9–14],
many analyses on η/η′ physics are in progress, which
offer an opportunity to further evaluate the usability of
these generators by examining whether they can provide
a good description of data. In addition to the BESIII
experiment, these event generators could also be a useful
tool to investigate η/η′ decays in other experiments, e.g.,
GlueX, CLAS12, and KLOE-2.

Nian Qin thanks Dr. Xiao-Lin Kang, Dr. Xin-Ying

Song, Dr. Li-Qing Qin and Ms. Hui-Juan Li for their
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