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Potential reduction interior point algorithm unfolding of neutron

energy spectrum measured by recoil proton method *
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Abstract: A reconstruction algorithm for unfolding neutron energy spectra has been developed, based for the first

time on the potential reduction interior point algorithm. This algorithm can be easily applied to neutron energy

spectrum reconstruction in the recoil proton method. We transform the neutron energy spectrum unfolding problem

into a typical nonnegative linear complementarity problem. The recoil proton energy spectrum and response matrix

at angles of 0◦ and 30◦ are generated by the Geant4 simulation toolkit. Several different neutron energy test spectra

are also employed. It is found that this unfolding algorithm is stable and provides efficient, accurate results.
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1 Introduction

The neutron energy spectrum is of great significance
in both experimental research and theoretical analysis.
It carries a large amount of information about the char-
acteristics of the nuclear reaction system [1]. Recoil pro-
ton detectors (e.g. those based on liquid scintillators
and Si(Au) surface barrier detectors) are often used to
measure the neutron energy spectrum [2–4]. The recoil
proton method is a common method for measuring the
neutron energy spectrum. It is widely used for high reso-
lution measurement in cases with low intensity and wide
pulse width radiation field, where other methods have
difficulty [5].

For neutrons incident on a polyethylene target after
collimation, elastic scattering occurs between the hydro-
gen nuclei in the polyethylene film and the neutrons [6].
Some of the recoil protons enter into a detector which
is set at a certain angle. The detector directly records
the recoil proton energy spectrum. The process of un-
folding is to obtain the real neutron energy spectrum
through the recoil proton energy spectrum and the re-
sponse function.

To unfold the neutron energy spectrum, several
mathematical methods and computing codes have been
developed, such as maximum entropy deconvolution [7],

genetic algorithms [8], GRAVEL code [9], and populated
artificial neural networks (ANNs) [10, 11]. GRAVEL is
developed by the PTB Laboratory. It is widely used in
the field of energy spectrum unfolding. Maximum en-
tropy deconvolution, genetic algorithms and ANNs have
been developed and applied to unfolding the neutron en-
ergy spectrum in recent years. In summary, these meth-
ods are all able to unfold neutron energy spectra. How-
ever, the accuracy and efficiency of these methods is not
as good as expected. Therefore, finding a stable method
to unfold the neutron energy spectrum is urgently re-
quired.

The purpose of this paper is to present a method to
unfold the neutron energy spectrum based on the poten-
tial reduction interior point algorithm. In addition, other
types of neutron energy test spectra are also employed.
The resulting solutions show the good behavior of this
algorithm. It is sufficiently fast, accurate, and robust for
measurement of the neutron energy spectrum.

2 Principle of neutron energy spectrum

unfolding

The recoil proton response P (E ′) of a detector to a
neutron energy spectrum N(E) can be written as a first
kind Fredholm integral function:
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P (E′) =

∫ Emax

Emin

R (E,E′)N (E)dE, (1)

where P (E′) denotes the recoil proton energy spec-
trum, N(E) denotes the neutron energy spectrum, and
R(E,E′) is the detector response. The basic task of neu-
tron energy spectrum unfolding is to determine N(E)
from the measured recoil proton energy spectrum P (E ′)
according to the detector response R(E,E ′). This is a
typical inverse problem which R(E,E ′) and P (E′) are
known and N(E) is unknown.

If we break E and E ′ into discrete intervals, then
the integral Eq. (1) is rewritten as a discrete matrix as
follows:

Pi =
∑

RijNj , (2)

where Nj represents the neutron energy spectrum in dis-
crete form, and j is the energy group number. Pj is
similar. It represents the recoil proton energy spectrum
in discrete form, where i is the energy group number.
When the energy group number i, j is large enough, Eq.
(2) can replace Eq. (1).

In general, unfolding the neutron energy spectrum is
very difficult. The response of the detector Ri,j is usu-
ally ill conditioned, so minute perturbations can cause
large fluctuations in the solution result. In addition, the
first kind Fredholm integral function is a typical ill-posed
problem – a solution may not exist, or exists but is not
unique or depends on the initial conditions. Therefore,
how to accurately solve the ill conditioned Eq. (2) is the
key problem in the study of neutron energy spectrum
unfolding.

3 Potential reduction interior point al-

gorithm

The interior point algorithm was first proposed to
solve linear programming problems by Karmarkar in
1984 [12]. Up to the present day, it has been a very
active direction in the field of linear programming. The
potential reduction interior point algorithm is developed
from the interior point algorithm. In this paper, we for
the first time apply this algorithm to unfold the neutron
energy spectrum.

This algorithm is derived from Ref. [13]. Firstly, we
transform the inverse problem in Eq. (2) into a least
squares problem. Consider a typical least squares equa-
tion:

min
x∈R

f(x) = ‖Ax−b‖2
, (3)

where A∈Rm×n (m > n) , b∈Rm,x∈Rn.
The necessary and sufficient conditions to achieve the

optimal solution can be summarized as follows:











xT (ATAx−ATb)= 0

ATAx−ATb > 0

x > 0.

(4)

Assume that M = ATA,q = −ATb, where M is a posi-
tive semidefinite matrix. Then the above conditions can
be transformed into a monotonic linear complementarity
problem (LCP (M,q)):











xTy = 0

y = Mx+q

x > 0, y > 0.

(5)

Then, the potential function is constructed:

Φ(x,y) = (n+ρ) log
(

xTy
)

−
n

∑

i=1

log(xiyi)−nlog(n) , (6)

where ρ is an iterative parameter and n is the matrix
order.

Note that S++ = {(x,y) : y = Mx+q,x > 0,y > 0} is
the strictly feasible interior point for LCP (M,q).

The basic concept of the potential reduction interior
point algorithm is to adjust the iteration step that satis-
fies the solution of the linear complementarity problem,
while at the same time, the potential function value is
decreased.

{

(x+θ∆x,y+θ∆y)∈S++

Φ(x+θ∆x,y+θ∆y)−Φ(x,y) 6−δ,
(7)

where δ is a parameter.
The iteration direction (∆x,∆y) depends on the so-

lution of the Newton direction and central path direction
simultaneous equation group:

{

y∆x+x∆y = h

−M∆x+∆y = 0,
(8)

where h = −
[

xy−β
xTy

n
e

]

, and β =
n

n+ρ
. The new

iteration direction can reach a satisfactory solution with
high convergence speed. The termination condition is
(xk)

T
y 6 ε. Finally, the optimal solution is xk.

According to theoretical derivation, when the pa-
rameter of the potential function ρ = O(

√
n), the

solution of (xk,yk) can be obtained after at most
O

(√
n log

(

ε−12Φ(x0,y0)/ρ
))

iterations.

4 Simulation and testing

In the response matrix, each row corresponds to a
given neutron energy and each column corresponds to
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a given pulse height. To unfold the measured neutron
energy spectrum, it is required to precisely know the re-
sponse function R(E,E ′) of the detector for each parti-
cle energy E. The response matrix can be obtained by
Monte Carlo simulation.

Geant4 is a package developed by CERN to simu-
late the performance of detectors in nuclear and high en-
ergy physics [14]. The response matrix R(E,E ′) of the
mono-energetic neutrons in the polyethylene film should
be confirmed according to the above iteration algorithm.

To test and verify this algorithm, the detection sys-
tem geometry and its physical process are constructed
in the Geant4 toolkit. The polyethylene target radius is
5 mm, its thickness is 18.4 mg/cm2, the neutron source
distance is 15 mm, and the energy from 1 MeV to 16
MeV in intervals of 0.1 MeV. On the other side of the
polyethylene target, recoil protons are detected at an-
gles of 0◦ and 30◦. The geometry of the whole detection
system is shown in Fig. 1. The recoil proton energy spec-
trum is then measured in discrete steps from 0.1 MeV to
16 MeV at intervals of 0.1 MeV. Thus, the recoil pro-
ton energy spectrum response matrices at 0◦ and 30◦ are
obtained. We study the unfolding in different directions
for two reasons. Firstly, the results can verify each other.
Secondly, there will be different measurement directions
in practice.

The potential reduction interior point algorithm was
coded in MATLAB. The response matrix and recoil pro-
ton energy spectrum are brought into the program, and
then we get the resulting solutions. Several neutron en-
ergy spectra with mono-energetic, multi-peak, Gaussian
and double Gaussian distributions were used as output
data to test the unfolding capability.

Fig. 1. (color online) Geometry of the whole de-
tection system. The recoil proton detectors are
placed at 0◦ and 30◦.

5 Results and discussion

Figures 2–5 show the results of the unfolded energy
spectrum. Figure 2 shows the results for a Gaussian neu-
tron energy spectrum with σ=0.2 MeV, µ=11.0 MeV.
Figure 3 shows the results of a neutron energy spectrum
with 4 peaks at 5, 7, 9 and 11 MeV, of which the in-
tensity ratio is 1:2:3:4. Figure 4 shows the results of a
double Gaussian neutron energy spectrum with σ1=0.15
MeV, µ1=9.0 MeV, σ2=0.15 MeV, µ2=13.0 MeV. Figure
5 shows the results of a neutron energy spectrum with 1
peak at 9.81 MeV.

We define Q to evaluate the unfolded solution re-
sults [7]:

Q =













n
∑

i=1

(Ni,Solution−Ni,True)
2

n
∑

i=1

(Ni,True)
2













1

2

. (9)

Obviously, a perfect unfolded result would match the
true spectrum exactly and give Q = 0. The Q values are
listed in Table 1.

As can be seen from Figs. 2–5 and Table 1, whatever
type of energy spectrum, the approximate results can be
obtained in each direction, and the results at 0◦ are more
accurate. The Q values in that direction are smaller than
the 30◦ results. The results at 30◦ show about 10% fluc-
tuation compared with the true. The results in the low
energy region are slightly inaccurate. The recoil proton
energy spectra at 0◦ and 30◦ are received by the detec-
tor at the same time. However, as shown in Fig. 6, the
outgoing direction of the recoil protons is concentrated
in the forward direction. This will cause the recoil pro-
ton count in the direction of 30◦ to be less than 0◦. In
practice, if the intensity of the neutron source is low,
we recommend that the detector be set close to 0◦, so
that it can receive more recoil protons. If the intensity
of the neutron source is high, the detector should be set
in other directions to avoid direct neutron irradiation.
Overall, the results of 0◦ and 30◦ are reliable, and this
algorithm can be applied to the neutron energy spectrum
unfolding, but the results at 30◦ are not as accurate as
at 0◦.

Table 1. Evaluation of unfolded results for spectra
in Figs. 2–5. Q is defined in Eq. (9).

figure 2 figure 3 figure 4 figure 5

Gaussian multi-peak double Gaussian mono-energetic

Q(0◦) 0.2304 0.0562 0.1041 0.0235

Q(30◦) 0.3253 0.3090 0.3475 0.3097
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Fig. 2. Gaussian neutron energy spectrum with
σ=0.2 MeV, µ=11.0 MeV. The solid points repre-
sent the 0◦ results, the open circles represent the
30◦ results, and the solid line is the true neutron
energy spectrum.

Fig. 3. Neutron energy spectrum with 4 peaks at
5, 7, 9 and 11 MeV, of which intensity ratio is
1:2:3:4. The solid points represent the 0◦ results,
the open circles represent the 30◦ results, and the
solid line is the true neutron energy spectrum.

The significant advantage of this algorithm is its
speed of convergence to the optimal solution. It has
a relatively high efficiency, compared with the general
algorithms such as GRAVEL. Take the results of the
Gaussian neutron energy spectrum in Fig. 2 as an ex-
ample. To achieve the same accuracy with all other con-
ditions identical, the GRAVEL algorithm takes 26794
steps while the potential reduction interior point algo-
rithm takes only 13238 steps. The unfolding efficiency is
increased by a factor of about 2.

As shown in Fig. 4 and Fig. 5, in the results at
30◦, some outliers from the true solution are observed at
low energy range (from 2 to 4 MeV). This is not obvi-
ous in the results at 0◦, which show only tiny oscillations

near the true energy spectrum range. There are two er-
ror sources. One is inaccurate results in the unfolding
process caused by the algorithm, and is inevitable. The
other is caused by the response matrix, and is mainly
statistical error. The error in the 0◦ results is mainly
the former and the error in the 30◦ results is mainly the
latter.

Fig. 4. Double Gaussian neutron energy spectrum
with σ1=0.15 MeV, µ1=9.0 MeV, σ2=0.15 MeV,
µ2=13.0 MeV. The solid points represent the 0◦

results, the open circles represent the 30◦ results,
and the solid line is the true neutron energy spec-
trum.

Fig. 5. Neutron energy spectrum with 1 peak at
9.81 MeV. The solid points represent the 0◦ re-
sults, the open circles represent the 30◦ results,
and the solid line is the true neutron energy spec-
trum.

As an application example, Fig. 7 shows the D-T
fusion neutron energy spectrum. This work can provide
support for fusion neutron energy spectrum diagnosis.
The data are from Ref. [15]. The full width at half max-
imum (FWHM) of the result and that of the true D-T fu-
sion neutron energy spectrum is 1.1225 MeV and 1.1957
MeV respectively.
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Fig. 6. Angular distribution of recoil proton at the
moment when it is just generated, for different
incident neutron energies.

In sum, the potential reduction interior point algo-
rithm is stable and can obtain accurate solutions with
fast convergence speed. The main purpose of this re-
search is to confirm the ability of the unfolding algo-
rithm, and the energy resolution of the detector is not
considered.

6 Conclusion

In this paper, an algorithm based on the potential
reduction interior point has been developed and applied
to neutron spectrum unfolding for the first time. This
algorithm selects the appropriate step length in each it-
eration process so that the value of the potential function
decreases, and the iteration direction is the simultaneous

solution of the central path direction and the Newton
direction. It can be concluded that this algorithm is suf-
ficiently fast and the solution results match the expected
results. Additionally, results for a detector set at 0◦ are
better than for a detector set at 30◦. This indicates that
the algorithm is sensitive to the response matrix. An
application example for D-T fusion neutron energy spec-
trum unfolding was also shown.

Further work will focus on how to get more accu-
rate results by using multiple direction data, and a new
method called the multi-directional detection scheme will
be discussed.

Fig. 7. D-T fusion neutron energy spectrum corre-
sponding to the detector at 0◦. The true data are
taken from Ref. [15]. The solid points represent
the 0◦ results, and the solid line is the true D-T
fusion neutron energy spectrum.
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