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Abstract: Pulsar-like compact stars usually have strong magnetic fields, with strengths from ∼ 108 to ∼ 1012 G

on the surface. How such strong magnetic fields can be generated and maintained is still an unsolved problem,

which is, in principle, related to the interior structure of compact stars, i.e., the equation of state of cold matter at

supra-nuclear density. In this paper we are trying to solve the problem in the regime of solid quark-cluster stars.

Inside quark-cluster stars, the extremely low ratio of number density of electrons to that of baryons ne/nb and the

screening effect from quark-clusters could reduce the long-range Coulomb interaction between electrons to short-range

interaction. In this case, Stoner’s model could apply, and we find that the condition for ferromagnetism is consistent

with that for the validity of Stoner’s model. Under the screened Coulomb repulsion, the electrons inside the stars

could be spontaneously magnetized and become ferromagnetic, and hence would contribute non-zero net magnetic

momentum to the whole star. We conclude that, for most cases in solid quark-cluster stars, the amount of net

magnetic momentum, which is proportional to the amount of unbalanced spins ξ = (n+ −n−)/ne and depends on

the number density of electrons ne = n+ +n−, could be significant with non-zero ξ. The net magnetic moments of

electron system in solid quark-cluster stars could be large enough to induce the observed magnetic fields for pulsars

with B ∼ 1011 to ∼ 1013 G.
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1 Introduction

The states of matter of pulsar-like compact stars is a
long-standing problem, although the discovery of pulsars
dates back to nearly half a century ago. Some efforts
have been made to understand the nature of pulsars,
among which the model of quark-cluster stars has been
proposed. With a stiff equation of state, the model of
quark-cluster stars suggests the existence of high mass
(> 2M�) pulsars [1, 2], to be favored by the discoveries
of massive pulsars [3, 4]. For traditional models of neu-
tron stars, however, there are two challenges faced: the
so called “hyperon puzzle” and quark deconfinement [5].
It is worth mentioning that no such kind of embarrass-
ment exists in this quark-cluster star model since quark-
clusters would be hadron-like. Composed of clustered
quarks and solidified at low enough temperatures, solid
quark-cluster stars could have stiff equation of states nat-
urally, and consequently they could have high masses,

as was also demonstrated in the corresponding-state ap-
proach to the equation of state [6]. Besides different
manifestations [7], in addition, the glitch phenomenon,
including both negligible and significant energy releases

during glitches, could also be well understood in the solid

quark-cluster star model [8]. In spite of those successes,

what about the strong magnetic field in the solid quark-
cluster star model?

In fact, the origin of strong magnetic fields of pulsar-
like compact stars is also a long-standing problem. In the

framework of neutron star models, the simplest and most

popular hypothesis is that the conservation of magnetic

flux resulting from the freezing of magnetic field to the
star’s surface magnifies the strength of the magnetic field

by some orders of magnitude. However, the fossil fields

could not be adequate because only a very small fraction

of the progenitors have magnetic fields high enough to

produce significant fossil fields for pulsars, and the con-

servation of magnetic flux seems to be contrary to the
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high rotation rates of pulsars [9]. The large scale mag-
netic fields generated by dynamo processes are associ-

ated with convection, but the required equipartition field
strength is much larger than what a progenitor star can
offer [9]. Moreover, the inherited magnetic fields are also
dissipative. The time scale of Ohmic diffuse of mag-
netic field for a typical pulsar could be estimated as [10]
τohmic ∼ 2× 1011 yr. Although the above time-scale is
large, the Ohmic decay of magnetic fields could lead
to detectable effects. However, no convincing observa-
tional evidence for decay of magnetic fields has been
found.

In the solid quark-cluster star model, the origin of
large scale magnetic fields should be very different from
that of a fluid neutron star. The melting temperature
of a solid quark-cluster star could be as high as 10 MeV
(approximated by the potential depth between quark-
clusters [2]), which is much higher than that of neutron
stars. In the core of the progenitor star, dynamo pro-
cesses could play an important role, but after solidifica-
tion the convection would stop and the produced mag-
netic fields could be weak. For a rigid body, the dissi-
pation of macroscopic magnetic fields should also be a
problem. On the other hand, if the magnetic field is in-
trinsically originated via spontaneous symmetry break-
ing, then there would be no dissipation process. The
magnetic moment of electrons is much larger than that of
quark-clusters, so electrons could significantly contribute
magnetic moment to the whole star. If we take the intrin-
sic magnetic moment of electrons as the possible element
giving rise to macroscopic magnetism, then it seems to be
similar to the case of ferromagnetism of normal matter
in the terrestrial environment.

The ferromagnetism of normal matter has been stud-
ied extensively in condensed matter physics. The ori-
gin of ferromagnetism is the correlation between elec-
trons under the Coulomb interaction. For quark-cluster
stars, the situation is in fact simpler because electrons
are not confined to “nuclei” (i.e. the quark-clusters in
lattices), and all of the electrons are itinerant. The fer-
romagnetism of electron gas has been studied [11], and
it was found that in the high density limit the kinetic
energy dominates and the ground state is unpolarized.
This text-book presentation of high density behavior of
an electron gas could be quite different from the case we
focus on.

In solid quark-cluster stars, the screening effect com-
ing from the positively charged and polarized quark-
clusters could be significant, due to the low ratio of num-
ber densities of electrons to that of baryons Ye = ne/nb,
see Section 3.2. This leads to the validity of Stoner’s
model [12], which fails to quantitatively reproduce the
experimental observations for normal solid state systems
(a full review of Stoner’s model and related progress

both in theory and experiments can be found in Ref.
[13] and references therein). For the sake of simplic-
ity, we are assuming a δ− interaction in Eq.(6) to
simulate the screening effect of huge polarized quark-
clusters.

A quark-cluster star could serve as an ideal system
where the itinerant ferromagnetism might occur under
Stoner’s theory. Stoner’s model considers screened short-
range Coulomb interactions, where the physical picture
of ferromagnetism in repulsive Fermi gases can be un-
derstood as the result of the competition between the re-
pulsive interaction and the Pauli exclusion principle. For
a perfect electron gas, electrons tend to have balanced
spins to save kinetic energy. However, taking into ac-
count the interaction between electrons, they tend to
have unbalanced spins to save interaction energy. It
should be noticed that the spin-alignment of electrons
under Coulomb repulsion is a result which can be found
in textbooks. For example, Ref. [14] (chapter 11.7) gives
a physical picture of this mechanism for spontaneous
magnetization. Coulomb repulsion makes a pair of elec-
trons favor an antisymmetric spatial wave function to
lower the interaction energy. Because the wave function
of a pair of electrons is ψ(1,2) = ψspin(1,2)ψspace(1,2),
an antisymmetric spatial wave function requires a sym-
metric spin wave function, which means that they form
a spin-triplet state. In this paper, we demonstrate this
mechanism quantitatively in the physical conditions of
pulsar-like compact stars, and find that under certain
conditions, the interaction energy becomes significant
and the ground state of electrons becomes polarized. Al-
though the amount of unbalanced spins is small com-
pared to the total spins, the net magnetic moment of
the electron system could be high enough to induce the
magnetic fields of typical pulsars.

Certainly the state of compact stars is much differ-
ent from normal matter, although we have not enough
knowledge about the former. In solid quark-cluster stars,
the quarks are localized in clusters by the strong inter-
action, so they would not make contribution to the total
magnetic moment although they are fermions. Although
both the origin of magnetic fields of compact stars and
the nature of compact stars are uncertain to us, we pro-
pose here a possible way to solve the former, and hope it
could give us some hints about the latter. If the electrons
in a solid quark-cluster star could spontaneously magne-
tize and give rise to enough strong magnetic fields, then
we could give some constraints on Ye, which could reflect
some properties of strong interactions.

We defining the amount of unbalanced spins

ξ=
n+−n−

n+ +n−

=
n+−n−

ne

, (1)
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where n+ and n− denote the number density of spin-up
and spin-down electrons, respectively 1). We find that,
in solid quark-cluster stars, the value of ξ could be non-
zero (although are some tiny values), which means that
the star has non-zero net macroscopic magnetic moment.
In some cases, the corresponding magnetic moment per
unit mass µ0 could be higher than 10−4 Gauss · cm3·g−1,
which is large enough to induce the observed magnetic
fields of pulsars with B ∼ 1011 − 1013 Gauss. It should
be clarified that, in this paper we will not explain the
origin of the super strong magnetic fields of the so called
“magnetars”, whose dipole magnetic fields are though to
be larger than 1014 Gauss. It is worth noting that, in
the framework of the quark-cluster star model, the grav-
itational and elastic energies could be large enough to
account for the observed energy released [1, 8, 15], so
the super strong magnetic fields are (e.g., in the popular
magnetar model) unnecessary.

In fact, in condensed matter physics, a full and com-
plete description of ferromagnetism of electron systems
is still very complex and has not reached a satisfactory
stage. A microscopic calculation from first principles is
certainly very difficult and is not the focus of this paper,
but the leading order approximation in our simple model
shows that the magnetism of solid quark-cluster matter
could be possible.

This paper is arranged as follows. In Section 2 we
will show the basic properties of quark-clusters and elec-
trons in solid quark-cluster stars. Based on the solid
quark-cluster star model, in Section 3 we will demon-
strate the spontaneous magnetization of electrons in solid
quark-cluster stars, using a toy model and then a more
quantitative model, and show that the induced magnetic
fields could be significant. Discussions and conclusions
are made in Section 4.

2 Quark-clusters and electrons in solid

quark-cluster stars

The average baryon number density nb of a pulsar-
like compact star is about 3n0, where n0 is the baryon
number density of saturate nuclear matter. We have
proposed that pulsar-like compact stars could be quark-
cluster stars [1, 2], because the strongly interacting
quarks could be grouped into quark-clusters [7, 16]. At
low enough temperatures, quark-clusters could crystal-
lize into a solid state, just like the phase transition of
normal matter from liquid to solid states. The number
of quarks in each quark-cluster, Nq, is seen as a free pa-
rameter which is related to the interaction details. Based
on symmetry considerations, the most possible value of
Nq could be 18, which means that quark-clusters are sin-

glets of spins, flavors and colors. Certainly the choice of
Nq could have many possibilities, e. g. the H-cluster
stars, composed of H-dibaryons (an H-dibaryon is the
bound state of two Λ-particles), was proposed as a kind
of quark-cluster stars. [17], in which case Nq = 6. The
constraints of Nq by the maximum mass of pulsars have
also been studied [18], and we find that the 2M� pulsar
PSR 1614-2230 [3] infers Nq 6 103.

A quark star could be considered as a gigantic nu-
cleus, with electrons inside, but changing from two-flavor
(u, d) to three-flavor (u, d and s) symmetries [16]. The
H-cluster star model was proposed based on three-flavor
symmetries [17]. If the star is composed of equal numbers
of u, d and s quarks, no electrons will exist. In this case,
the three-flavor symmetry may result in a ground state of
matter, as the Bodmor-Witten conjecture states [19, 20].
The mass difference between u, d and s quarks would
break the symmetry, but on the other hand, the interac-
tion between quarks would lower the effect of mass dif-
ference and try to restore the symmetry. The amount of
symmetry breaking could be estimated based on pertur-
bative calculations [21], which found the ratio of number
densities of electrons to that of baryons ne/nb =Ye might
be smaller than 10−4. Although it is difficult for us to
calculate how strong the interaction between quarks is,
the non-perturbative nature and the energy scale of the
system make it reasonable to assume that the degree of
the light flavor symmetry breaking is small. In the fol-
lowing calculations, we assume Ye ranges from 10−6 to
10−4. Because of the small Ye, most quark-clusters are
electric neutral, but the quarks inside them have electric
charge.

Let us then show why the electrons in quark-cluster
stars are completely itinerant. The wave number of elec-
trons with number density ne at the Fermi surface is

kF = (3π
2ne)

1

3 '
10 MeV

~c
·

(

Ye

10−5

) 1

3

(

nb

3n0

) 1

3

, (2)

so the electrons are relativistic, with Fermi energy of
about 10 MeV. The Coulomb attraction by quark-
clusters on electrons is

Ec =α ·n
1

3
e ' 10−2 MeV ·

(

Ye

10−5

) 1

3

(

nb

3n0

) 1

3

, (3)

(α = 1/137 is the fine structure constant) which means
the Coulomb attraction cannot bind electrons because
the kinetic energy is much larger than the binding en-
ergy, and all the the electrons are itinerant. This is quite
different from the electrons in normal solid matter.

In summary, the differences from the electrons in
solid quark-cluster stars and normal solid matter are at

1) Here spin-“up” and spin-“down” have only relative meanings. We define the electrons with spin-“up” as those whose intrinsic
magnetic moments have the same direction as the external magnetic fields.
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least the following two aspects: (1) the electrons are rel-
ativistic in solid quark-cluster stars and non-relativistic
in normal solid matter; and (2) in solid quark-cluster
stars all of the electrons are moving around almost freely
rather than being bound by the lattices.

3 Spontaneous magnetization of elec-

trons

In solid quark-cluster stars, electrons repulse each
other because of the Coulomb interaction. Electrons
tend to have balanced spins to save kinetic energy, which
is the case for ideal (non-interacting) Fermi gas; and on
the other hand, they also tend to have unbalanced spins
to save interaction energy, if the Coulomb interaction is
taken into account. Therefore, there is a competition
in a strongly degenerate electron gas, and in this paper
we are focusing on this issue. If ξ 6= 0, then there is a
net macroscopic magnetic moment. The star could be
composed of many magnetic domains, which have net
macroscopic magnetic moments due to the unbalanced
spins. Applying an external magnetic field (e.g. a fossil
field), the directions of the magnetic domains will tend to
align, and the maximum magnetic field will be achieved
when all of the magnetic domains align perfectly.

In the following, we will first show a toy model which
qualitatively gives the amount of unbalanced spins which
could induce the magnetic fields of pulsars, and then we
will show a more quantitative way to demonstrate this.

3.1 A toy model

A pulsar with a dipole magnetic field B∼ 1012 Gauss
and radius R∼ 10 km has the magnetic dipole moment
∼ 5× 1029 Gauss · cm3. If the baryon density nb = 3n0

and the ratio of number densities of electrons to that
of baryons Ye = 10−5, the total number of electrons is
about 1052. We then try to estimate if the the unbal-
anced spins of electrons could account for such magnetic
moment. Because electrons with unbalanced spins will
save interaction energy, the electrons on the Fermi sur-
face, within the momentum depth of Ec/c, will tend to
have the same spin. From Eqs.(2) and (3), the total
number of such electrons is

4πp2
FEc/c

4πp3
F/3

∼ 1049, (4)

which is just the number of unbalanced electrons, and
we can see that the amount of unbalanced spins ξ ∼

1049/1052 ∼ 10−3. The star will have a maximum mag-
netic dipole moment µd if all of the magnetic moments
of 1049 electrons align perfectly

µd '
4π

3
µeneξR

3 ∼ 2×1029 Gauss ·cm3, (5)

where µe = 9×10−21 Gauss · cm3 is the Bohr magneton
of electrons. As a highly degenerate system, when the
Coulomb interaction is taken into account, the number
of electrons with the same spin only constitutes a tiny
fraction of the whole number of electrons, and the quali-
tative estimation convinces us that it could be enough to
account for the origin of strong magnetic fields of pulsars.

3.2 Spin-alignment of electrons

Coulomb repulsion is responsible for the spontaneous
magnetization of elections, as indicated above. Now we
will demonstrate this in a more quantitative way. In
fact, it is generally believed in condensed matter physics
that, a dilute Fermi gas with repulsive interactions can
undergo a ferromagnetic phase transition to a state with
unbalanced spins, which will happen when the number
density of electrons reaches a critical value. To show
this, one could then treat the Coulomb interaction be-
tween two electrons to be simplified as [14]

vij =Cδ(~ri− ~rj), (6)

where C is related to the scattering length a and the
mass of electrons m via [22]

C =
4πa

m
. (7)

Although the above relation between C and a comes
from low energy scattering of electrons, we assume that
it could be extrapolated to the high energy case.

It should be noted that the condition for simpli-
fying the Coulomb interaction to a Delta function is
that kF · a � 1, where kF is the wave number of par-
ticles at the Fermi surface, whereas in condensed mat-
ter physics, where the electrons are treated as degen-
erate non-relativistic fermions, the condition for ferro-
magnetism is kF ·a>π/2 [14]. That is to say, the model
constructed based on Eq.(6) can only serve as an instruc-
tive way to show how the repulsion between fermions
enhances the spin alignment.

However, for the electrons in a solid quark-cluster
star, the condition kF · a � 1 would be satisfied. The
long-range Coulomb interaction would change to short-
range, due to screening effect in polarized quark-cluster
matter. Quark-clusters could be polarized in the pres-
ence of electrons, with polarization much larger than
that of vacuum. The distance between two neighbor-
ing quark-cluster d∼ 2 fm (nb/3n0)

−1/3(Nq/18)1/3, and
this could be comparable with the size of each quark-
cluster lq. The individual quark inside each quark-cluster
has electric charge, so the electromagnetic interaction be-
tween quarks that belong respectively to two neighboring
quark-clusters could change the distribution of quarks in-
side both clusters. Once an electron near a quark-cluster
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changes the distribution of quarks inside it, the arrange-
ment of electric charge inside the quark-cluster would
spread out by a small but significant amount because
d ∼ lq, although the strength of the electromagnetic in-
teraction is weaker than that of the strong interaction
by 2 orders of magnitude. This would lead to polariz-
ability ε which is much larger than the polarizability of
vacuum ε0. That means, to get significant Coulomb in-
teraction, an electron should be very close to another
electron, with distances much smaller than the average
distance ∼ n−1/3

e . Unfortunately it is now difficult to
calculate qualitatively the polarizability of quark-cluster
matter, but we can make the approximation that the
values of scattering length of electrons a = η · d where
1 6 η6 10, then

kF ·a' 0.4
( η

10

)

(

Ye

10−5

)1/3(
Nq

18

)1/3

. (8)

We will see below that, for parameter space which gives
large enough magnetic momentum, the condition making
the Stoner model valid, kF ·a� 1, will be satisfied.

The corresponding interaction energy for an electron
system composed of N electrons is

Eint =

(

φ,
∑

i<j

vijφ

)

=
4πa

m

N+N−

V
, (9)

where φ is the wave function of the electron system, N+

and N− are the total number of spin-up and spin-down
electrons respectively, N = N+ +N−, and V is the vol-
ume of the system. The total energy density of relativis-
tic electrons, taking into account the kinetic energy and
interaction energy, is then

ε=
3

8
(3π

2)
1

3n
4

3
e

[

(1+ξ)
4

3 +(1−ξ)
4

3

]

+
πa

m
n2

e(1−ξ
2). (10)

The condition for ferromagnetism is that a value of ξ in
the range (0,1] minimizes ε. Inserting the definition of
Nq and Ye, and assuming that a' d, this condition can
be written as

Nq ·Y
2
e >

m3

24π ·nb

= 4.8×10−10

(

nb

3n0

)−1

, (11)

which means that larger Nq or larger Ye would favor
ferromagnetism. With non-zero ξ that minimizes the
energy density in Eq.(10), the electron system will have
non-zero macroscopic magnetic moment under an exter-
nal field.

To derive the total magnetic moment of the electron
system, we can define the magnetic moment per unit
mass µ̃0, so the total magnetic moment µ of a star with
mass M is µ= µ̃0M , or

µ=3×1029 Gauss ·cm3 ·g−1

×

(

µ̃0

10−4Gauss ·cm3 ·g−1

)(

M

1.5 M�

)

. (12)

Then we define the magnetic moment per unit mass µ0,
when all the magnetic moments of electrons point in
the same direction, so µ0 is proportional to ξ that mini-
mizes the energy density ε in Eq.(10). Like normal ferro-
magnetic material, the ferromagnetic quark-cluster stars
should be composed of magnetic domains. The direc-
tions of the domains would not be completely the same
as each other, so the real magnetic moment per unit mass
of a star µ̃0 would be smaller than µ0. The relation be-
tween µ̃0 and µ0 depends on many uncertain factors such
as the configurations of magnetic fields and the shapes
of domains, so it is difficult for us to derive an accurate
expression. Here we assume that under an external field,
the degree of alignment is sufficient, and µ̃0 ∼ 0.01−0.1µ0.
So if µ0 > 10−3 ∼ 10−2 Gauss · cm3·g−1, then µ̃0 > 10−4

Gauss·cm3·g−1, corresponding to B> 1012 Gauss.
Figure 1 shows the relation between µ0 and Ye, in

two cases, η= 1 (thick blue lines) and η= 10 (thin black
lines), and we assume a homogeneous star with num-
ber density nb = 3n0. Solid, dashed and dash-dotted
lines correspond to Nq =6, 18, 100 respectively. From
this figure we can see that, if Ye > 10−7, the correspond-
ing µ could be large enough to account for the magnetic
moments of pulsars. For example, Ye ' 10−6 can give
a satisfying value of magnetic moment of a pulsar with
magnetic field B = 1012 Gauss and radius R= 10 km, if
η' 10 and µ̃0 ∼ 0.01µ0, as shown in Eq.(12). In the case
η= 1, if Ye< 2×10−6, spontaneous magnetization is un-
likely to happen, consistent with condition (11). More-
over, in this figure we can see that, for parameter space

Fig. 1. (color online) The relation between µ0

(magnetic moment per unit mass) and Ye (ratio
of number densities of electrons to that of baryons
ne/nb), in two cases, η = 1 (thick blue lines) and
η = 10 (thin black lines), where η denotes the
strength of polarization, defined as the ratio of
electron scattering length a and the distance be-
tween two nearby quark-clusters d. Solid, dashed
and dash-dotted lines correspond to Nq =6, 18,
100 respectively. If µ0 > 10−3

∼ 10−2 Gauss ·

cm3
·g−1, then µ̃0 > 10−4 Gauss · cm3

·g−1, corre-
sponding to B > 1012 Gauss.
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which gives large enough magnetic momentum, the con-
dition making the Stoner model valid, kF ·a� 1 will be
satisfied, as shown in Eq(8). The quick drops of curves
in the bottom-left result from the fact that, given a value
of Nq, both ξ that minimizes energy density (10) and the
number density of electrons ne decrease with Ye.

A star should have different densities from center to
surface. Higher baryon densities means weaker interac-
tion and consequently larger Ye, so from this figure and
the relation (11) we can see that, at higher baryon densi-
ties the condition for spontaneous magnetization would
be less strict. Because the range of nb in pulsars is from
about 2n0 to 10n0, spontaneous magnetization could oc-
cur in almost all of the regions in the star, leading to
a sufficiently large macroscopic magnetic moment. We
can see that, in the model of spontaneous magnetization
of electrons we show in this paper, there is large enough
parameter-space for Ye which can lead to magnetic fields
with strength B∼ 1011 Gauss to ∼ 1013 Gauss.

4 Discussions and conclusions

In this paper we demonstrate that the strong mag-
netic fields of pulsars could originate from the spon-
taneous magnetization of electrons in the solid quark-
cluster star model. Due to the relatively low densities of
electrons compared with that of quark-clusters, and po-
larization of quark-cluster matter in compact stars, the
screening effect between electrons could be significant,
that is to say, the scattering length of electrons could
be much smaller than the average distance between elec-
trons. Under such a situation, the Coulomb interaction
between electrons could be simplified as a δ function in
Eq.(6), and subsequently we can apply Stoner’s model
to demonstrate ferromagnetism. The competition be-
tween Coulomb repulsion and the Pauli exclusion prin-
ciple could make the electron-system with unbalanced
spins more stable than that with balanced spins.

The amount of unbalanced spins ξ depends on Ye.
Larger Ye results in larger ξ and consequently induces
larger magnetic moment per unit mass µ̃0. Note that
µ̃0<µ0, where µ0 is the value of µ̃0 when all of the mag-
netic domains point in the same direction. If Ye > 10−7,
the corresponding µ could be large enough to account for
the magnetic moments of pulsars with B> 1012 Gauss. If
Ye< 10−7, spontaneous magnetization is unlikely to hap-
pen. Therefore we show that the spontaneous magneti-
zation of electrons could account for the origin of strong
magnetic fields of pulsars. If the strengths of magnetic
fields of compact stars are generally in the rangeB' 1012

Gauss, we can infer that the allowed values of Ye are in
the range from ∼ 10−7 to ∼ 10−5. This could hint quan-
titatively at the symmetry breaking of three light flavors
in strange quark-cluster matter.

From the model discussed in this paper, we could also
infer that the strength of magnetic fields of pulsars with
the same mass and radius should be the same, because of
the same total magnetic momentum. As we have shown
above, if the value of Ye is in the range from ∼ 10−7 to
10−5, then the strength of magnetic field would be in the
range from ∼ 1011 to 1013 Gauss. However, the magnetic
fields of some pulsars, especially the millisecond pulsars,
are as low as ∼ 108 Gauss. So how to explain such weak
magnetic fields? Almost all of the discovered millisec-
ond pulsars are in binaries, and one possible mechanism
for reducing the strength of dipole fields is related to
the accretion process [23]. The accreted material could
squeeze some of the surface material towards the equator
and eventually bury the magnetic fields at the equator.
The strength of dipole magnetic fields could be decreased
rapidly and would reach a minimum value ∼ 108 Gauss.

Other kinds of pulsar-like compact stars include

AXPs (anomalous X-ray pulsars) and SGRs (soft
gamma-ray repeaters). One proposal to solve the energy

budget is that they are highly-magnetized pulsars, i.e.
the so-called magnetars, with strength of magnetic fields

> 1014 Gauss. However, a rigid quark-cluster star can

also provide free energies high enough for bursts and
even giant flares, in terms of gravitational and elastic

energies [1, 15], and the super strong magnetic fields are
thus unnecessary. The “low” dipole field (6 7.5× 1012

Gauss) of SGR 0418+5729 [24] has challenged the mag-
netar model, and more challenge to the magnetar model
can be found in Ref. [25] and references therein. There-
fore, in this paper we assume that all of the pulsar-like
compact stars (at lease at the moment of solidification)

have magnetic fields with strength B6 1013 Gauss.

In the model of quark-cluster stars, the values of Nq

and Ye depend on the properties of the strong interac-

tion at low energy scales. In our previous work, we con-
strained Nq by the maximum mass of pulsars, and in this

paper we give constraints on Ye based on the proposal

that the strong magnetic fields of pulsars originate from
the spontaneous magnetization of electrons. Smaller Ye

implies stronger interaction between quarks, since if the
interaction is strong, the effect of mass difference be-
tween u, d and s would become less significant and make
the number of s quarks larger. So this picture could
tell us that, although the interaction between quarks is
strong enough to group quarks into clusters, it may not
be strong enough to make Ye smaller than about 10−7

in order to produce enough strong magnetic fields for
pulsars.

Besides magnetic properties, electrons are also im-
portant for the radiation properties of pulsars. In quark
star models, the stars may be enveloped in thin electron
layers which uniformly surround the entire star. The hy-
drocyclotron oscillation of electron layers could explain
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the observed absorption features of some pulsars [26].
Some properties of strange matter should be modified

by strong magnetic fields. In our previous papers about
quark-cluster stars, however, we neglected the impact of
magnetic fields on the equation of state, and took the
whole star as non-magnetic. The reason is that, com-
paring the orders of magnitude, we can see that the en-
ergy density of magnetic fields B2/8π ∼ 1023erg/cm3 ·

(B/1012 Gauss)2 is much smaller than the energy density
of rest mass of strange matter ∼ 1035erg/cm3 · (nb/3n0).
The global features of a strange star, such as mass and ra-
dius, would consequently not change significantly if mag-
netization is included. In this paper, for the same reason,
we still do not discuss the impacts of magnetic fields on
the state of strange matter. The effects of strong mag-
netic fields on properties of strange matter, such as the
bulk energy density and transport properties, are inter-
esting topics, and deserve detailed studies. Although we
consider this out of the scope of this paper, we will study

this more in the future.
It should also be noted that the properties of rel-

ativistic electrons are in fact not very certain to us.
Limited by the model used in normal solid matter con-
taining non-relativistic electrons, we lack knowledge
about relativistic effects on electrons moving in solid
quark-cluster stars, including the scattering length and
the influences of lattices on electrons. From this point of
view, the model we present in this paper for a relativistic
electron-system is to some extent an approximation to
the electrons in quark-cluster stars. The spin-unbalance
of electrons could give rise to the strong magnetic fields
of pulsars, but a detailed model to demonstrate this
based on more reliable ground remains to be constructed.

The authors would like to thank the group members in

XJU and XAO for useful discussions, and thank Profs.

Wei Guo, Guangshan Tian and Lan Yin in PKU for

helpful comments.

References

1 X. Y. Lai and R. X. Xu, Astropart. Phys., 31: 128 (2009)
2 X. Y. Lai and R. X. Xu, Mon. Not. Roy. Astron. Soc., 398:

L31 (2009)
3 P. Demorest, T. Pennucci, S. Ransom, M. Roberts, and J. Hes-

sels, Nature 467, 1081 (2010)
4 J. Antoniadis, P. C. Freire, N. Wex et al, Science, 340: 6131

(2013)
5 M. Buballa, V. Dexheimer, A. Drago et al, Journal of Physics

G, 41: 123001 (arXiv: 1402.6911)
6 Y. J. Guo, X. Y. Lai, and R. X. Xu, Chin. Phys. C, 38: 055101

(2014)
7 R. Xu, Int. Jour. Mod. Phys. D, 19: 1437 (2010)
8 E. P. Zhou, J. G. Lu, H. Tong, and R. X. Xu, Mon. Not. Roy.

Astron. Soc., 443: 2705 (2014)
9 H. C. Spruit, AIP Conf. Proc., 983: 391 (2008) (arXiv:

0711.3650)
10 P. Goldreich and A. Persenegger, Astrophys. J., 395: 250

(1992)
11 A. L. Fetter and J. D. Walecka, Quantum Many-Particle Sys-

tems (McGraw-Hill Book Comany, 1971), p. 21
12 E. C. Stoner, Proc. Roy. Soc. A, 154: 656 (1936)

13 P. Massignan, M. Zaccanti, and G. M. Bruun, Rep. Prog. Phys.,
77: 034401 (2014)

14 K. Huang, Statistical Mechanics (John Wiley & Sons, Inc.,
1987), p. 272

15 R. X. Xu, D. J. Tao, and Y. Yang, Mon. Not. Roy. Astron.
Soc., 373: 85 (2006)

16 R. X. Xu, Astrophys. J., 596: L59 (2003)
17 X. Y. Lai, C. Y. Gao, and R. X. Xu, Mon. Not. Roy. Astron.

Soc., 431: 3282 (2013)
18 X. Y. Lai and R. X. Xu, Res. Astron. Astrophys., 11: 687

(2011)
19 A. R. Bodmer, Phys. Rev. D, 4: 1601 (1971)
20 E. Witten, Phys. Rev. D, 30: 272 (1984)
21 E. Farhi and R. L. Jaffe, Phys. Rev. D, 30: 2379 (1984)
22 D. B. Kaplan, M. J. Savage, and M. B. Wise, Nucl. Phys. B,

534: 329 (1998)
23 K. S. Cheng and C. M. Zhang, Astron. Astrophys., 337:

441(1998)
24 N. Rea, P. Esposito, R. Turolla et al, Science, 330: 944 (2010)
25 H. Tong and R. X. Xu, Int. Jour. Mod. Phys. E, 20: 15 (2011)
26 R. X. Xu, S. I. Bastrukov, F. Weber et al, Phys. Rev. D, 85:

023008 (2012)

095102-7


