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Abstract: The static and energy-dependent nucleus–nucleus potentials are simultaneously used along with the

Wong formula for exploration of fusion dynamics of 16
8O+112,116,120

50 Sn reactions. The role of internal structure

degrees of freedom of colliding pairs, such as inelastic surface vibrations, are examined within the context of coupled

channel calculations performed using the code CCFULL. Theoretical calculations based on the static Woods–Saxon

potential along with the one-dimensional Wong formula fail to address the fusion data of 16
8O+112,116,120

50 Sn reactions.

Such discrepancies can be removed if one uses couplings to internal structure degrees of freedom of colliding nuclei.

However, the energy-dependent Woods–Saxon potential model (EDWSP model) accurately describes the sub-barrier

fusion enhancement of 16
8O+112,116,120

50 Sn reactions. Therefore, in sub-barrier fusion dynamics, energy dependence

in the nucleus–nucleus potential governs barrier modification effects in a closely similar way to that of the coupled

channel approach.
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1 Introduction

The understanding of the rich interplay of nuclear
structure and nuclear interactions in the dynamics of fu-
sion reactions has been a subject of theoretical and ex-
perimental interest in the past few decades. Heavy ion
fusion cross-sections in the close vicinity of the Coulomb
barrier are strongly influenced by the coupling of rela-
tive motion with the nuclear structure degrees of free-
dom such as inelastic surface excitations of the projec-
tile (target) or permanent deformations of the projectile
(target) and/or nucleon (multi-nucleon) transfer chan-
nels. These couplings produce substantially large fu-
sion enhancement at sub-barrier energies and the mea-
sured fusion cross-section data are found to be larger by
several orders of magnitude than the predictions of the
one-dimensional barrier penetration model [1–4]. The
inelastic surface excitations of colliding nuclei, static de-
formations and the nucleon transfer degrees are found
to be the dominating mode of couplings which can be
partially or fully manifested for sub-barrier fusion en-
hancement. The effect of coupling between the elastic
channel and intrinsic degrees of freedom is to replace the

single Coulomb barrier with a barrier distribution and
thus results in an anomalously large sub-barrier fusion
enhancement. The static and dynamical physical effects
that arise due to permanent shape deformation and in-
elastic surface excitations are adequately addressed by
the various theoretical models [1–7]. However, the sit-
uation is quite different in neutron-rich nuclei, wherein
due to the larger number of neutrons and larger nuclear
size, the magnitude of fusion cross-section is quite large
compared to that of stable isotopes. It is very difficult to
establish the precise effects of nucleon transfer channels
on fusion dynamics because such processes occur at much
larger inter-nucleon separation and involve a complex re-
arrangement of nucleons between fusing nuclei [8–15].

Theoretically, in reaction dynamics, the impact of
various static and dynamical physical effects is imparted
through the nucleus–nucleus potential. The accurate pic-
ture of this potential, which plays a central role in the nu-
clear reaction dynamics, greatly simplifies the problem of
basic understanding of nuclear interaction between colli-
sion partners. The sum of repulsive Coulomb interaction
and short ranged attractive nuclear interaction forms
a fusion barrier which must be overcome for the fusion
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process to occur [16, 17]. The success of any theoret-
ical formulation is very sensitive to the choice of the
optimum form of nucleus–nucleus potential. In real-
istic calculations such as coupled channel calculations,
the nuclear potential not only affects the width of the
fusion barrier but also regulates the nuclear coupling
strengths. Therefore, the choice of nuclear potential di-
rectly or indirectly influences the theoretical results of
fusion excitation function and related phenomenon. Be-
cause of the existence of large ambiguities in the op-
timum choice of nucleus–nucleus potential, various as-
pects of sub-barrier fusion dynamics are still unexplored.
To explain the different nuclear interactions, large num-
bers of parameterizations of nuclear potential are avail-
able in the literature, and are regularly used in connec-
tion with nuclear reaction studies [18–24]. Generally,
the static Woods–Saxon potential, which is controlled by
three parameters—depth, range and diffuseness—is used
to describe the dynamics of the fusion process. The dif-
fuseness parameter of this potential is related to the slope
of the nuclear potential in the tail region of the Coulomb
barrier and hence affects the barrier width as well as
channel coupling strengths. In the literature, there is
a large amount of experimental evidence wherein signifi-
cantly larger values of the diffuseness parameter, ranging
from a=0.75 fm to a=1.5 fm, are used for a complete
description of the sub-barrier fusion data. Surprisingly,
such values are much larger than the value (a=0.65 fm)
deduced from the systematics of elastic scattering data
[25–29]. Furthermore, at deep sub-barrier energies, the
slope of the fusion excitation function falls more steeply
than predicted by the nuclear potential, with a diffuse-
ness of a=0.65 fm. This steep fall of fusion cross-section
data can only be addressed if one uses abnormally large
diffuseness ranging from a=0.75 fm to a=1.5 fm. These
observations seem to be a general trend of fusion dy-
namics in medium mass heavy ion systems [7]. This
diffuseness anomaly, which might be an artifact of dif-
ferent kinds of static and dynamical physical effects, re-
flects the systematic failure of the static Woods–Saxon
potential in simultaneous exploration of the elastic scat-
tering and the fusion data [1–7, 25–29]. To understand
the cause of the diffuseness anomaly and the puzzling
behavior of sub-barrier fusion dynamics, our previous
work has undertaken several attempts to study the fusion
process within the framework of the energy-dependent
Woods–Saxon potential model (EDWSP model) [30–41].
In heavy ion reactions, the closely similar physical ef-
fects that arise due to the internal structure of collid-
ing pairs can be induced by incorporating the energy-
dependence in the real part of the nucleus–nucleus poten-
tial so that it becomes more attractive at sub-barrier en-
ergies. This energy-dependent nucleus–nucleus potential

will effectively decrease the interaction barrier between
fusing nuclei (see Fig. 2) and hence predicts a substan-
tially larger sub-barrier fusion cross-section in compar-
ison to the energy-independent one-dimensional barrier
penetration model [30–41].

Generally, the order of sub-barrier fusion enhance-
ment increases with increase of neutron richness because
of the possibility of neutron (multi-neutron) transfer
channels. However, in the fusion of 16

8O+112,116,120
50Sn

systems, besides the large N/Z ratio, neither of the
projectile-target combinations facilitates the neutron
transfer channel with positive ground state Q-values [42–
44]. Although all the Sn-isotopes are similar in nuclear
shell structure, strong isotopic fusion enhancement is
expected for the neutron-rich target isotope (116,120

50Sn).
However, the fusion dynamics of 16

8O+112,116,120
50Sn sys-

tems have a dominance of multi-phonon vibrational
states and hence show weak rather than strong tar-
get isotopic dependence of sub-barrier fusion enhance-
ment. Theoretical calculations are performed using the
energy-independent Woods–Saxon potential as well as
the energy-dependent Woods–Saxon potential model in
conjunction with the one-dimensional Wong formula [45].
The role of inelastic surface vibrational states of target
isotopes are included within the context of coupled chan-
nel calculations performed using the code CCFULL [46].
Furthermore, the failure of the static Woods–Saxon po-
tential along with the Wong formula to explain the fu-
sion of 16

8O+112,116,120
50Sn systems reflects its limitations

for exploration of sub-barrier fusion data. However, the
EDWSP model adequately describes the fusion enhance-
ment of these systems, with the energy dependence in
the Woods–Saxon potential introducing barrier modi-
fication effects (barrier position, barrier height, barrier
curvature) in a somewhat similar way to that of coupled
channel formulation and hence simulating various chan-
nel coupling effects that arise due to the internal struc-
ture degrees of colliding nuclei. A brief description of the
method of calculation is given in Section 2. The results
are discussed in detail in Section 3 while the conclusions
drawn are discussed in Section 4.

2 Theoretical formalism

2.1 One-dimensional Wong formula

The partial wave fusion cross-section is given as

σF=
π

k2

∞
∑

`=0

(2`+1)T F
` , (1)

Hill and Wheeler proposed an expression for tunneling
probability (T F

` ) which is based upon the parabolic ap-
proximation, wherein the effective interaction between

114102-2



Chinese Physics C Vol. 39, No. 11 (2015) 114102

the collision partners has been replaced by an inverted
parabola [1–7, 30–41, 47].

THW
` =

1

1+exp

[

2π

~ω`

(V`−E)

] . (2)

Using Wong’s approximations in the above expression
and assuming that an infinite number of partial waves
contribute to the fusion process, one can obtain the fol-
lowing final expression for the Wong formula for evalu-
ating the fusion excitation function [1–7, 30–41, 45].

σF=
~ωR2

B

2E
ln

[

1+exp

(

2π

~ω
(E−VB)

)]

. (3)

2.2 Energy-dependent Woods–Saxon Potential
model (EDWSP model)

The nucleus–nucleus potential, which defines the fun-
damental characteristic of heavy ion fusion reactions, is
one of the most important inputs for theoretical models.
In the present study, both the static Woods–Saxon po-
tential and the energy-dependent Woods–Saxon poten-
tial in conjunction with the one-dimensional Wong for-
mula are used for theoretical calculations [30–41]. In ad-
dition, the static Woods–Saxon potential has been used
in the coupled channel calculations. The form of the
static Woods–Saxon potential is defined as

VN(r)=
−V0

[

1+exp

(

r−R0

a

)] , (4)

with, R0 =r0(A
1

3

P +A
1

3

T ). The quantity ‘V0’ is depth and
‘a’ is the diffuseness parameter of the nuclear potential.
In the EDWSP model, the depth of the real part of the

Woods–Saxon potential is defined as [30–41].

V0 =
[

A
2

3

P+A
2

3

T−(AP+AT)
2

3

]

×



2.38+6.8(1+IP+IT)
A

1

3

PA
1

3

T
(

A
1

3

P+A
1

3

T

)



 MeV, (5)

where IP =

(

NP−ZP

AP

)

and IT =

(

NT−ZT

AT

)

are the

isospin asymmetry of collision partners. This param-
eterization of depth has been obtained by reproducing
the fusion excitation function data of a large number of
heavy ion fusion reactions ranging from ZPZT = 84 to
ZPZT = 1640 [30–41]. In fusion dynamics, the various
kinds of static and dynamical physical effects such as
variations of N/Z ratio, variations of surface energy and
surface diffuseness of colliding pairs, variations of nucleon
densities in the neck region and dissipation of kinetic en-
ergy of relative motion to internal structure degrees of
freedom of fusing nuclei occur in the surface region of the
nuclear potential or in the tail region of the Coulomb bar-
rier. In addition, if a common projectile is bombarded
on a series of target isotopes or vice versa, the isotopic
effects are directly evident and must be included in the
calculations. All these physical effects induce a mod-
ification in the parameters of the static Woods–Saxon
potential and hence bring the requirement of a larger dif-
fuseness parameter ranging from a=0.75 fm to a=1.5 fm
to account for sub-barrier fusion data [1–7, 25–29]. In
this regard, the energy-dependent Woods–Saxon poten-
tial was proposed in our previous work [30–41], as it takes
care of various kinds of static and dynamical physical
effects via its diffuseness parameter, which is taken as
energy-dependent and hence defined as

a(E)=0.85


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







fm. (6)

It is worth noting here that the value of the diffuse-
ness parameter strongly depends upon the nature of the
interacting nuclei and the bombarding energy of the col-
liding nuclei. The range parameter r0 is treated as a free
parameter in order to vary the diffuseness parameter.
In the present work, it can easily be noticed that the
theoretical calculations based upon the static Woods–
Saxon potential must incorporate the couplings to inter-
nal nuclear structure degrees of freedom, such as inelastic
surface excitations of colliding pairs, rotational states of

deformed nuclei and multi-nucleon transfer channels or
other static and dynamical effects to reproduce the sub-
barrier fusion data. However, the energy dependence in
the nucleus–nucleus potential governs similar kinds of
channel coupling effects that arise due to the coupling
of relative motion of reactants to internal structure de-
grees of freedom, and thus reasonably accounts for the
sub-barrier fusion excitation function data. The under-
lying reason for equivalency of these two different phys-
ical mechanisms (EDWSP model and coupled channel
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approach) is that both produce similar kinds of barrier
modification effects (barrier height, barrier position, bar-
rier curvature) in the heavy ion fusion reactions.

2.3 Coupled channel model

This section briefly reviews the details of the coupled
channel approach which is used to analyze the fusion dy-
namics of various heavy ion fusion reactions. Theoreti-
cally, the standard way to address the impact of internal
structure degrees of freedom of fusing nuclei is to solve
the coupled channel equations. In coupled channel cal-
culations, it is very difficult to entertain the effects of all
intrinsic channels simultaneously but one can reasonably
include the relevant channels [30–41, 46, 48–52]. There-
fore, the set of coupled channel equations can be written
as

[

−~
2

2µ

d2

dr2
+
J (J+1)~2

2µr2
+VN(r)+

ZPZTe
2

r
+εn−Ecm

]

×ψn(r)+
∑

m

Vnm(r)ψm(r)=0, (7)

where, ~r is the radial coordinate representing the rela-
tive motion between fusing nuclei; µ is the reduced mass
of the colliding system; Ecm and εn represents the bom-
barding energy in the centre-of-mass frame and the exci-
tation energy of the nth channel respectively; and Vnm are
the matrix elements of the coupling Hamiltonian, which
in the collective model consists of Coulomb and nuclear
components. The coupled channel calculations are done
by using the code CCFULL [46] wherein the coupled
channel equations are solved numerically by adopting
two basic approximations. The first approximation is
the no-Coriolis or rotating frame approximation which
has been used to reduce the number of coupled channel
equations [30–41, 46, 48–52]. If there is no transfer of
angular momentum from the relative motion of colliding
nuclei to their intrinsic motion, the total orbital angular
momentum quantum number L can be replaced by the
total angular momentum quantum number J and hence
leads to a great reduction in the number of coupled chan-
nel equations. The second approximation is ingoing wave
boundary conditions (IWBC), which is highly applicable
to heavy ion reactions. According to IWBC, there are
only incoming waves at r= rmin, which is taken as the
minimum position of the Coulomb pocket inside the bar-
rier, and there are only outgoing waves at infinity for all
channels except the entrance channel (n = 0). By en-
tertaining the effects of all relevant internal degrees of
freedom, the fusion cross-section becomes

σF(E)=
∑

J

σJ (E)=
π

k2
0

∑

J

(2J+1)PJ(E), (8)

where PJ(E) is the total transmission coefficient corre-
sponding to the angular momentum J .

3 Results and discussion

The values of the deformation parameters and their
corresponding excitation energies for low lying 2+ and
3− vibrational states of all these nuclei are listed in Ta-
ble 1. The barrier height, barrier position and barrier
curvature of the fusing nuclei used in the EDWSP model
calculations are listed in Table 2. The values of range,
depth and diffuseness of EDWSP model for various com-
binations of projectile and target are listed in Table 3.

Table 1. The deformation parameter (βλ) and the
energy (Eλ) of the quadrupole and octupole vi-
brational states of fusing nuclei.

nucleus β2 E2/MeV β3 E3/MeV reference

16
8O 0.362 6.917 0.370 6.129 [42]

112
50Sn 0.158 1.256 0.185 2.354 [42]

116
50Sn 0.143 1.293 0.213 2.266 [42]

120
50Sn 0.137 1.170 0.176 2.400 [42]

Table 2. The values of VB0, RB and ~ω used in the
EDWSP model calculations for various heavy ion
fusion reactions.

system VB0/MeV RB/fm ~ω/MeV reference
16
8O+112

50Sn 51.35 10.27 3.81 [42]
16
8O+116

50Sn 50.94 10.36 3.78 [42]
16
8O+120

50Sn 50.41 10.73 4.37 [44]

Table 3. Range, depth and diffuseness of Woods–
Saxon potential used in the EDWSP model cal-
culations for various heavy ion fusion reactions
[30–41].

system r0/fm V0/MeV
apresent

energy range

/

(

fm

MeV

)

16
8O+112

50Sn 1.122 62.11
0.96 to 0.85

40 to 65

16
8O+116

50Sn 1.125 64.14
0.96 to 0.85

40 to 65

16
8O+120

50Sn 1.128 66.07
0.96 to 0.85

40 to 65

In the fusion dynamics of 16
8O+112,116,120

50Sn systems,
the couplings to two phonon inelastic surface excitations
of target isotopes are sufficient to account for the sub-
barrier fusion enhancement over the prediction of one
dimensional barrier penetration model. The projectile
is a doubly magic nucleus and its low lying surface vi-
brational states like 2+ and 3− vibrational states lie at
high excitation energies and hence do not play any role
in the fusion mechanism of 16

8O+112,116,120
50Sn systems. In

addition, the common projectile contributes equally to
three reactions, so the distinguishing features of energy
dependence of low energy fusion data can be attributed
to the slightly different collective properties of the target
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Fig. 1. (color online) The fusion excitation functions of 16
8O+112,116,120

50 Sn systems obtained using the static Woods–
Saxon potential model and the energy-dependent Woods–Saxon potential model (EDWSP model) [30–41]. The
results are compared with available experimental data (Symbols) taken from Refs. [42–44].

nuclei. The details of coupled channel calculations
will be discussed in Fig. 3. The fusion dynamics
of 16

8O+ 112,116,120
50Sn systems are analyzed using the

static Woods–Saxon potential and the energy-dependent
Woods–Saxon potential model (EDWSP model) in con-
junction with the one-dimensional Wong formula. In the
fusion of 16

8O+112,116,120
50Sn systems, the theoretical cal-

culations based on the static Woods–Saxon potential
are significantly smaller than the results of experimen-
tal data. This indicates that the static Woods–Saxon
potential is not suitable to describe sub-barrier fusion
dynamics. However, when the scenarios of fusion dy-
namics of these fusing systems are considered within the
context of the EDWSP model, it adequately explains the
sub-barrier fusion excitation function data, as is evident
from Fig. 1.

In the EDWSP model, the energy-dependent diffuse-
ness parameter produces barrier modification effects and
hence leads to a distribution of barrier of varying height,
as shown in Fig. 2. Some of the barriers have heights
lower than that of the Coulomb barrier, which leads to
a transfer of incoming flux from elastic channel to fu-
sion channel. This ultimately predicts larger sub-barrier
fusion excitation functions over the expectation of the
energy-independent one-dimensional Wong formula. It
is very interesting to note that the variation of diffuse-
ness parameter is effectively equivalent to an increase of
capture radii of colliding nuclei, which in turn suggests
that the fusion process starts at much larger inter-nuclear

separation between the collision partners [31]. In the ED-
WSP model calculations, a=0.96 fm is the largest diffuse-
ness that produces the lowest fusion barrier which can be
ascribed to the larger fusion enhancement at sub-barrier
energies. For instance, in the fusion of the 16

8O+120
50Sn sys-

tem, the lowest fusion barrier produced at the largest dif-
fuseness parameter (a=0.96 fm) is 48.24 MeV, as shown
in Fig. 2(b). This fusion barrier is much smaller than
that of the Coulomb barrier (50.41 MeV) which is ob-
tained using the static Woods–Saxon potential, and be-
cause of the lower fusion barrier, enhancement of fusion
excitation function at below-barrier energies is directly
evident. The difference between the lowest fusion bar-
rier produced in the EDWSP model calculations and the
Coulomb barrier is 2.17 MeV. As the bombarding en-
ergy increases, the value of the diffuseness parameter de-
creases from a=0.96 fm to a=0.85 fm, resulting in an
increase of the height of the corresponding fusion barrier
from 48.24 MeV to 49.69 MeV. In above-barrier energy
regions, where the fusion cross-section is almost indepen-
dent of different channel coupling effects (internal struc-
ture of colliding nuclei), the diffuseness parameter gets
saturated to its minimum value (a=0.85 fm). At this
diffuseness, the corresponding fusion barrier is highest
(49.69 MeV), as evident from Fig. 2. This fusion barrier
is still smaller than that of the Coulomb barrier. Simi-
lar results are found for 16

8O+112,116
50Sn systems. In the

coupled channel calculations of 16
8O+112,116,120

50Sn systems,
which will be discussed in Fig. 3, the inclusions of rea-
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Fig. 2. (color online) The fusion barrier (FB) for 16
8O+120

50Sn system obtained using the EDWSP model [30–41].
Similar results are found in the fusion of 16

8O+112,116
50Sn systems.

sonably inelastic surface excitations of target isotopes re-
produce the sub-barrier fusion mechanism, which clearly
indicates that channel coupling effects lead to the re-
duction of the Coulomb barrier and thus are responsible
for the maximum flux lost from elastic channel to fusion
channel. It is worth noting here that as the diffuseness of
the static Woods–Saxon potential increases, the poten-
tial pocket becomes shallower and at significantly larger
diffuseness parameter (a>1.0 fm depending on the na-
ture of the colliding system), the potential pocket almost
disappears and hence limits the occurrence of the fusion
process. However, in the EDWSP model, although the
potential becomes shallower with increase of diffuseness,
a well-defined potential pocket still exists even at large
values of diffuseness parameter (a=0.96 fm), as shown
in Fig. 2(a). The realistic coupled channel calculations
(CCFULL calculations) make use of ingoing wave bound-
ary conditions which are very sensitive to the existence
of the potential pocket and require a deeper potential
for addressing heavy ion fusion reactions. On the other
hand, in the EDWSP model calculations, due to the en-
ergy dependence of diffuseness, various kinds of static
and dynamical physical effects are included and the ex-
istence of the potential pocket is regulated even at large
diffuseness, and hence similar barrier modification ef-
fects are introduced as reflected from the coupled channel
analysis.

In the fusion of 16
8O+112,116

50Sn systems, no-coupling
calculations wherein both collision partners are taken as
inert are significantly smaller than the experimental fu-
sion data. The projectile has low lying surface vibra-
tional states, but due to high excitation energies the
fusion dynamics of these systems remain almost insen-
sitive to the inclusion of vibrational state of the pro-

jectile. Therefore, in the present analysis, the vibra-
tional states of projectiles are not included in the cou-
pled channel calculations, while the inelastic surface ex-
citation of target nuclei are taken into account. The
inclusion of one-phonon 2+ vibrational state alone or
3− vibrational states in target alone enhances the sub-
barrier fusion cross-section over the no-coupling calcu-
lations but is unable to account the experimental data.
The coupling to one-phonon 2+ and 3− vibrational states
in the target, along with their mutual coupling, produces
the larger fusion cross-section at below-barrier energies,
but besides this the theoretical results fail to bring ob-
served fusion enhancement. This suggests that higher
multi-phonon vibrational states of target nuclei must
be incorporated for complete description of experimen-
tal fusion data. The additions of two-phonon 2+ and
3− vibrational states in the target along with their mu-
tual coupling reasonably accounts for the sub-barrier fu-
sion enhancement, as shown in Fig. 3. The inclusion
of mutual coupling vibrational states such as 2+, 3−,
(2+)2, (3−)2 and (2+

⊗3−)vibrational states further im-
proves the theoretical results. The further additions of
higher order vibrational states, like three-phonon and
four-phonon states, do not bring any additional enhance-
ment at below-barrier energies and hence couplings to up
to two-phonon vibrational states of target nuclei in the
fusion of 16

8O+112,116
50Sn systems adequately address the

fusion enhancement at sub-barrier energies.
In the fusion of 16

8O+120
50Sn system, the same coupling

scheme as for 16
8O+112,116

50Sn reactions reasonably repro-
duces the energy dependence of fusion cross-section data
where the couplings to inelastic surface vibrational states
such as one-phonon, and two-phonon vibrational states
enhances the magnitude of fusion cross-section data over
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Fig. 3. (color online) The fusion excitation functions of 16
8O+112,116,120

50Sn systems obtained using the EDWSP model
[30–41] and the coupled channel code CCFULL [46]. The results are compared with available experimental data
(Symbols) taken from Ref. [42–44].

the no-coupling calculations. The inclusions of one
phonon 2+ and 3−vibrational states along with their mu-
tual coupling in the target is unable to reproduce the
sub-barrier fusion data, while the double phonon vibra-
tional states along with their mutual coupling like 2+, 3−,
(2+)2, (3−)2 and (2+

⊗3−) vibrational states accurately
address the sub-barrier fusion data. The sub-barrier fu-
sion dynamics is almost insensitive to further addition
of more intrinsic excitations of the target nucleus. The
fusion enhancement of the 16

8O+120
50Sn system is found to

be larger than that of 16
8O+112,116

50Sn systems. This ad-
ditional fusion enhancement at sub-barrier energies can
be understood in terms of strong collective properties
of the 120

50Sn nucleus. As far as the nuclear structure of
Sn-isotopes is concerned, all the Sn-isotopes are similar
in nature but due to large neutron richness, strong iso-
topic dependence of fusion enhancement is expected for
16
8O+116,120

50Sn systems. The deformation parameter and
their corresponding excitation energies are similar but
the larger sub-barrier fusion enhancement of 16

8O+120
50Sn

system with respect to 16
8O+112,116

50Sn systems can be un-
derstood in terms of low excitation energy of quadrupole
vibrations of 120

50Sn-nucleus in comparison with 112,116
50Sn

nuclei (see Table 1). Therefore, the sub-barrier fusion en-
hancement of these systems in comparison to the predi-
cations of the one-dimensional barrier penetration model
can only be correlated with dominance of inelastic sur-
face excitations of target isotopes.

The fusion cross-section data of 16
8O+112,116,120

50Sn show
weak isotopic dependence because of unavailability of the
neutron transfer channel with positive ground state Q-

values. Besides the increase of N/Z ratio of target iso-
topes with increase of isotopic mass, neither of the fus-
ing systems offers a nucleon transfer channel with posi-
tive ground state Q-value. For instance, the N/Z ratio
of the Sn target nuclei are 1.24, 1.32 and 1.4 for 112

50Sn,
116
50Sn and 120

50Sn respectively. In addition, the entrance
channel mass asymmetry effects of 16

8O+112,116,120
50Sn sys-

tems also increase with neutron richness. The size of the
neck formed between the colliding nuclei leading to the
formation of the same compound nucleus strongly de-
pends on the entrance channel mass asymmetry effect.
In Ref. [53], the authors clearly showed that the fu-
sion inhibition factor decreases with increase of entrance
channel mass asymmetry, and larger entrance channel
mass asymmetry favors the fusion process. As discussed
in Refs. [12, 31], the fusion of the 46

22Ti+64
28Ni system

and 50
22Ti+60

28Ni system leads to the formation of the same
compound nucleus 110

50Sn and the larger sub-barrier fu-
sion enhancement of the 46

22Ti+64
28Ni system in compari-

son to the 50
22Ti+60

28Ni system can be correlated with the
larger entrance channel mass asymmetry of the former
fusing system. Therefore, the magnitude of sub-barrier
fusion enhancement should increase with the increase of
entrance channel mass asymmetry (η). For instance, the

16
8O+112

50Sn system has η=

∣

∣

∣

∣

AP−AT

AP+AT

∣

∣

∣

∣

=0.750, the 16
8O+116

50Sn

system has η=

∣

∣

∣

∣

AP−AT

AP+AT

∣

∣

∣

∣

=0.757 and the 16
8O+120

50Sn sys-

tem has η =

∣

∣

∣

∣

AP−AT

AP+AT

∣

∣

∣

∣

= 0.764. It is expected that a

larger mass-asymmetric fusing system produces a larger
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sub-barrier fusion enhancement with respect to a less
mass-asymmetric fusing system. Therefore, the larger
fusion excitation function of the 16

8O+120
50Sn system in

comparison to the 16
8O+112,116

50Sn systems can also be cor-
related to the larger entrance channel mass asymmetry
effects and the larger N/Z ratio of the target isotope, as
depicted in Fig. 4.

Fig. 4. (color online) The comparison of fusion ex-
citation functions of 16

8 O+ 112,116,120
50 Sn systems

obtained using the static Woods–Saxon potential
model and the energy-dependent Woods–Saxon
potential model (EDWSP model) in conjunction
with the one-dimensional Wong formula. The re-
sults are compared with available experimental
data (symbols) taken from Ref. [42–44].

In coupled channel calculations, a larger value of dif-
fuseness parameter a ≈ 0.83 fm is required to repro-
duce the sub-barrier fusion enhancement. In a simi-
lar fashion, in EDWSP model calculations, significantly
larger values of the diffuseness parameter ranging from
a=0.85 fm to a=0.96 fm are needed for a complete de-
scription of the sub-barrier fusion data. This clearly in-
dicates that the energy-dependence in the Woods–Saxon
potential mirrors similar features of heavy ion fusion re-
actions as extracted from the static Woods–Saxon poten-
tial with large diffuseness parameter. Ghodsi et al. [54]
have shown that the M3Y+repulsion and static Woods–
Saxon potential with large diffuseness parameter accu-
rately reproduce the sub-barrier fusion dynamics and
hence the effects of M3Y+repulsion potential can be
accurately reproduced by a static Woods–Saxon poten-
tial with abnormally large diffuseness parameter ranging

from a=0.75 fm to a=1.5 fm. The similarity between
the M3Y+repulsion potential and static Woods–Saxon
potential with large diffuseness parameter are also re-
flected in the work of Esbensen et al. [55–58] and Ste-
fanini et al. [59, 60]. In the eigen-channel approximation,
the effect of coupling between relative motion of collid-
ing nuclei and internal structure degrees of freedom is
to replace the Coulomb barrier into a spectrum of bar-
riers. The probability of penetration through barriers
whose heights are lower than that of the fusion barrier is
quite large. This spectrum of barriers is the fingerprint
of fusion enhancement at below-barrier energies. In a
similar way, the EDWSP model produces a distribution
of barriers of varying heights (see Fig. 2) and hence rea-
sonably addresses the fusion enhancement at sub-barrier
energies.

4 Conclusions

The static Woods–Saxon potential and the energy-
dependent Woods–Saxon potential are simultaneously
used along with the one-dimensional Wong formula for
addressing the fusion dynamics of 16

8O+112,116,120
50Sn sys-

tems. The role of multi-phonon vibrational states is
found to have a significant contribution in the enhance-
ment of the sub-barrier fusion cross-section with re-
spect to the expectation of the one-dimensional barrier
penetration model. Although Sn-isotopes have a simi-
lar structure of low-lying surface vibrational states, the
larger sub-barrier fusion enhancement of the 16

8O+120
50Sn

system in comparison to the 16
8O+112,116

50Sn systems is
a consequence of the strong collective nature of heavier
target nuclei. The theoretical calculations based on the
static Woods–Saxon potential within the context of the
one-dimensional Wong formula systematically fail to re-
produce the fusion dynamics of these systems. On the
other hand, the energy-dependent Woods–Saxon poten-
tial model (EDWSP model) in conjunction with the one-
dimensional Wong formula adequately addresses the sub-
barrier fusion enhancement of 16

8O+112,116,120
50Sn systems.

In EDWSP model calculations, larger values of diffuse-
ness parameter ranging from a=0.85 fm to a=0.96 fm are
required to account for the fusion data. This unambigu-
ously indicates that the energy-dependent Woods–Saxon
potential is effectively equivalent to that of the static
Woods–Saxon potential with abnormally large diffuse-
ness.
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