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Abstract: Elastic proton scattering from Be, C, and O isotopes has been investigated in the relativistic impulse

approximation (RIA). In the calculations, the nucleon-nucleus optical potentials are obtained using ground state

nuclear matter densities, which are computed using the relativistic mean field model with the FSU parameter set.

The scattering observables, including differential cross section, analyzing power, and spin-rotation function, are

analyzed. It is found that the scattering observables for O isotopic chains display a clear mass dependence, for

instance, the minimum analyzing power shifts to a low scattering angle with increasing mass number. While for the

Be isotopic chain, the emergence of a neutron halo in 14Be breaks this trend, i.e., the minimum analyzing powers for
12Be and 14Be are almost the same as each other.

Key words: relativistic impulse approximation, elastic proton-nucleus scattering, neutron halo

PACS: 21.10.Gv, 25.40.Cm, 27.20.+n DOI: 10.1088/1674-1137/37/3/034103

1 Introduction

Elastic proton scattering has, until now, been a good
method to investigate the nuclear structure of exotic nu-
clei. For example, the matter densities of He and Li
isotopes have been measured by Egelhof et al. [1], and
the halo structures of 11Li and 6,8He demonstrate them-
selves. The present paper is interested in how the exis-
tence of halo structure in a target nucleus will influence
elastic proton-nucleus scattering. As is well known, rel-
ativistic impulse approximation (RIA) can describe the
nucleon-nucleus (NA) scattering observables well at lab-
oratory kinetic energies of 200 MeV and above [2, 3].
Therefore, we used the RIA model to study proton scat-
tering. During calculations, the nucleon-nucleon (NN)
amplitudes and medium modifications from Pauli block-
ing are treated by the relativistic Love-Franey (RLF)
method, as in Refs. [4, 5]. In the RIA calculations, the
ground-state matter density of the target nucleus is nec-
essary as input, so a reliable model is needed to produce
the nuclear matter density. In this paper, the Dirac-
Hartree approximation with the FSU parameter set is
used [6]. The introduction of ω-ρ coupling in the model
will influence the neutron densities of nuclei with large

isospin asymmetry. Since the purpose of this paper is to
study the observable effects of the neutron halo in elastic
proton scattering, we will choose this parameter set to
produce proton and neutron densities. We will choose
Be, C, and O isotopes as the research objects.

This paper is outlined as follows. The RMF model
with the FSU parameter set and the relativistic impulse
approximation with the RLF model are described briefly
in Section 2. The numerical results for p-nucleus scat-
tering from Be, O, and C isotopes are given in Section 3,
and a summary is provided in Section 4.

2 Theory

2.1 The FSU parameter set used in relativistic

Hartree calculations

In the RIA model, the field felt by the projectile is
described by the optical potential where the proton and
neutron densities are used. In this paper, these densi-
ties will be produced by the relativistic Hartree calcu-
lations [7] with the FSU parameter set. The interacting
Lagrangian density for this model is shown as follows [6]:

Lint = ψ̄

[

gSφ−

(

gVVµ+
gρ

2
τ ·bµ+

e(1+τ3)

2
Aµ

)

γµ

]

ψ
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Here φ, Vµ, bµ and Aµ represent the scalar σ meson,
vector ω meson, isovector ρ meson, and photon, respec-
tively.

Table 1. The FSU parameter set mentioned above.
The κ parameter and the meson masses (mS,V,ρ)
are given in MeV, and the nucleon mass is fixed
at M=936 MeV.

mS mV mρ g2
S g2

V

491.500 782.500 763.000 112.1996 204.5469

g2
ρ

κ λ ζ ΛV

138.4701 1.4203 0.023762 0.06 0.030

In relativistic mean field theory, the Dirac equation
describing the nucleon in the nucleus is deduced from the
Euler-Lagrangian equation and takes the following form
under mean field approximation:

[

iγµ∂µ
−gVγ

0V0(r)−
gρτ3
2
γ0ρ0(r)−

(1+τ3)e

2
γ0A0(r)

−M+gSφ0(r)

]

ψi(x
µ)=0. (2)

Here V0, ρ0, and A0 are the time-like components of the
fields of the ω meson, ρ meson, and photon, respectively,
whose field equations can be deduced in the same way.
Numerical calculations provide the ground state proper-
ties of the nucleus, such as the nuclear matter density
distributions used in the later calculations:

ρS=

A
∑

i=1

ψ̄iψi,

ρV=

A
∑

i=1

ψ̄iγ
0ψi.

(3)

2.2 RIA calculations with the RLF model

The impulse approximation is named from the as-
sumption, that is one can neglect the binding forces
between nucleons in the target nucleus when a colli-
sion caused by an incident particle occurs. Considering
some other assumptions, it will be reasonable to decom-
pose the nucleon-nucleus scattering into a composition of
nucleon-nucleon collisions, and avoid a many-body prob-
lem [8]. An optical potential, which is determined by
the free NN amplitudes and target nuclear densities, is
defined in RIA to describe the potential felt by the pro-
jectile during scattering. Scattering observables are then
computed by solving the Dirac equation of the projec-
tile with the optical potential introduced into it. Mc-

Neil [2] and Clark [3] et al. found good agreement be-
tween the experimental data and the results of medium
energy elastic proton scattering from the RIA calcula-
tions. Considering the modifications from Pauli blocking
and exchange corrections, Horowitz [4] provided an RLF
model, which can deal with proton elastic scattering at
a projectile energy near or above 200 MeV.

The original RIA presents the optical potential as a
function of the momentum transfer q and center-of-mass
energy Ec for a projectile and a target nucleon:

Uopt(q,Ec)=−
4πip

M
〈ψ|

A
∑

n=1

eiq·r(n)F̂ (q,Ec;n)|ψ〉. (4)

Here p is the momentum of the projectile in the nucleon-
nucleus cm frame, and ψ is the ground state wave func-
tion of the target nucleus. At lower energies, the scatter-
ing operator F̂ is taken as a sum of five Lorentz invariants
F i (i=S, V, PV, T, A), given by

F̂ = F S+FVγµ
0 γ1µ+FPV 6qγ5

0

2M

6qγ5
1

2M
+FTσµν

0 σ1µν

+FAγ5
0γ

µ
0 γ

5
1γ1µ, (5)

where 0 and 1 stand for the incident and struck nucleons.
In the RLF model, these five invariants are written as

F i(q,Ec) = i
M 2

2Eckc

[F i
D(q)+F i

X(Q)], (6)

F i
D(q) =

∑

j

δi,j(τ0·τ1)
Ijf j(q), (7)

F i
X(q) = (−1)T

∑

j

cj,i(τ 0·τ 1)
Ijf j(Q), (8)

with

f i(q) = f i
R(q)−if i

I (q), (9)

f i
R(q) =

g2
i

q2+m2
i

(

1+
q2

Λ2
i

)

−2

, (10)

f i
I (q) =

ḡ2
i

q2+m̄2
i

(

1+
q2

Λ̄2
i

)

−2

, (11)

where cj,i is the element of the Fierz matrix (seen in
Ref. [4] or [5]) and T is the isospin of the two-nucleon
state. For the pp and pn scattering, these invariants can
be, respectively, taken as

F i(pp)=F i(T=1), (12a)

F i(pn)=
1

2
[F i(T=1)+F i(T=0)]. (12b)

For a spin-saturated nucleus, considering parity, the
optical potential in Eq. (4) takes the form of Eq. (14),
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and is separated into direct and exchange contributions:

Uopt(q) = −
4πip

M
[F S(q)ρS(q)+γ

0FV(q)ρV(q)] (13)

= US+γ0UV, (14)

where

U i=U i
D+U i

X, i=S,V. (15)

After taking Fourier transforms, the direct and exchange
terms of Uopt(r,E) are shown as:

U i
D(r,E) = −

4πip

M

∫
d3x′ρi(x′)tiD(|x′−x|;E), (16)

U i
X(r,E) = −

4πip

M

∫
d3x′ρi(x′, x)tiX(|x′−x|;E) (17)

j0(p|x
′−x|), (18)

where

ti(|x|,E) =

∫
d3q

(2π)3
ti(q,E)e−iq·x, (19)

with ti(q,E) = (iM 2/2Ek)F i(q). The nuclear densities
are defined as:

ρi(x′,x)=

A
∑

n=1

ψ̄n(x′)λiψn(x), (20a)

ρi(x)=ρi(x, x). (20b)

We found that the free NN scattering amplitudes and
the nuclear matter density distributions of the target nu-
cleus are the essential ingredients used to generate the
optical potential. The experimental data on proton elas-
tic scattering can also prompt a phenomenological op-
tical potential, which can be taken as a reference. The
original RIA approximates the scattering between the
projectile and target nucleon as free NN scattering.
While this approximation is valid at high energies, it
is necessary to correct the optical potential for medium
modifications from Pauli blocking as follows:

U i(r,E)→

[

1−a(E)

(

ρB(r)

ρ0

)2/3
]

U i(r,E), (21)

with ρ0 = 0.1934 fm−3. Then the optical potential is
applied into the Dirac equation for the projectile, as
shown in Eq. (22):

−iα·∇+UV(r,E)+β[M+US(r,E)]U(r,E)

= EU(r,E). (22)

After some algebra, the Dirac equation becomes

(−∇2+Vcent+Vsoσ·L+VDarwin)u(x)

= (E2−M 2)u(x). (23)

Here the optical potential is transformed into sets of

Vcent = 2MUS+2EUV+(US)2−(UV)2, (24)

Vso = −
1

r

A′

A
, (25)

VDarwin =
3

4

(

A′

A

)2

−
1

r

A′

A
−

1

2

A′′

A
, (26)

with A = E+M+US−UV. The scattering amplitudes
f(θ) can be given by resolving Eq. (23):

f(θ)=g(θ)+h(θ)σ·n̂, (27)

and then scattering observables, including the differential
cross section (dσ/dΩ), the analyzing power (Ay), and the
spin-rotation function (Q), are easily determined as:

dσ

dΩ
= |g|2+|h|2, (28a)

Ay=2 Re(g∗h)/(|g|2+|h|2), (28b)

Q=2 Im(gh∗)/(|g|2+|h|2). (28c)

Further details about the RIA calculations and RLF
model can be found in Refs. [4, 5, 9], and the references
cited therein.

3 Results

3.1 The properties of the nucleus

The results from the calculations and some available
experimental data are presented in Table 2. We found
that, except for the binding energy per nucleon of 12C,
all the binding energies are in the range of permitted er-
rors, which suggests that the FSU parameter set is still
credible for the computation of nuclei in the light nuclear
area, especially for neutron-rich nuclei. Compared with
the homogeneous tiny variation in the neutron skin of the
O isotopes, 14Be and 16C have noticeable differences be-
tween the proton and neutron rms radii, especially 14Be.

The neutron density distributions (ρV) for the O and
Be isotopic chains are provided in Figs. 1 and 2, respec-
tively. The neutron ρV of the O isotopes display good
mass dependence when r>2 fm. As for the central part
(r<1 fm), if we leave 14O (which is a little bothersome)
aside temporarily, O isotopes can be divided into two
groups: the one including nuclei from 16O to 22O, and
the other from 24O to 28O. Each nucleus in the first
group shows a central depression of neutron ρV, while
for each nucleus in the other group, the depression dis-
appears. Things are quite different for the Be isotopic
chain. There is no obvious mass dependence, which is
shown in Fig. 1. The central neutron density decreases
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from 10Be to 12Be, then increases from 12Be to 14Be. For
14Be, a long neutron tail appears, which indicates the
emergence of a halo structure, as shown in Table 2.

Table 2. The rms proton radii, neutron skin,
charge radii (all in fm), and binding energy per
nucleon (MeV) from the relativistic Hartree cal-
culations for the Be, C, and O isotopes. Some
available experimental data [10–12] are also given.

nuclei Rp Rn−Rp Rc B
10Be Theo. 2.2432 0.2367 2.3854 6.2567

Expt. — — — 6.4976
12Be Theo. 2.2918 0.4682 2.4311 5.8368

Expt. — — — 5.7208
14Be Theo. 2.3027 2.1141 2.4414 4.9770

Expt. — — — 4.994
12C Theo. 2.3651 −0.0261 2.5004 7.1328

Expt. — — 2.4703 7.6801
14C Theo. 2.3935 0.1603 2.5273 7.4323

Expt. — — 2.5037 7.5203
16C Theo. 2.4206 0.6486 2.5529 6.8740

Expt. — — — 6.9221
14O Theo. 2.6054 −0.2259 2.7287 6.9395

Expt. — — — 7.0523
16O Theo. 2.5646 −0.0287 2.6899 7.9652

Expt. — — 2.7013 7.9292
18O Theo. 2.5694 0.2312 2.6944 7.8210

Expt. — — 2.7745 7.7670
20O Theo. 2.5777 0.3819 2.7023 7.5459

Expt. — — — 7.5686
22O Theo. 2.5975 0.5403 2.7213 7.2741

Expt. — — — 7.3648
24O Theo. 2.6265 0.6687 2.7490 6.9444

Expt. — — — 7.016
26O Theo. 2.6733 0.7631 2.7936 6.5261

Expt. — — — 6.457
28O Theo. 2.7212 0.8038 2.8396 6.0813

Expt. — — — 5.925

Fig. 1. Neutron density distributions (ρV) for O iso-

topes from 14O to 28O. The inset shows the exponen-

tial neutron densities.

Fig. 2. The same as Fig. 1, but for Be isotopes from
10Be to 14Be.

Fig. 3. The vector density distribution ρV of the 2s1/2 neutron state of 14Be, the ρV of 2s1/2, 1d5/2, and the 1d3/2

states of 24O. The scalar densities ρS not shown here are very similar to ρV.
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Interpretations can be found from Fig. 3. The cal-
culation for 24O shows that the 1d5/2 and 1d3/2 neutron
states have sharp peaks near r = 3 fm and contribute
little to the central neutron density ρV, while the 2s1/2

state has a sharp central peak. For the O isotopic chain,
these three neutron states are empty at A=16, then they
are occupied by neutrons with increasing mass number.
Since the energy of the 1d5/2 state is the lowest and that
of 1d3/2 is the highest among the three states, neutrons
will be filled first in the 1d5/2 state, while the 2s1/2 state
is occupied simultaneously but slowly, until the 1d5/2

state is almost fully occupied at A=20. Then the 2s1/2

state has the priority to be occupied, which causes the
rise of the central neutron density from 20O to 24O.

As for the Be isotopes, newly added neutrons are
filled in a different order because of the energy level in-
version between the 1d5/2 and 2s1/2 states. The energy
of the 2s1/2 state becomes much lower than that of the
1d5/2 state, while the energies of the two 1d states are
almost the same. So the newly added neutrons will be
filled first in the 2s1/2 rather than 1d5/2 state, causing
the increase in central neutron density. Another differ-
ence is that the 2s1/2 state of 14Be is depressed and has a
large spatial extension, which results in the emergence of
a neutron halo structure in 14Be. This is also due to the
energy level inversion between the two states. A similar
inversion happens in the C isotopic chain, while the two
1d states have obvious energy difference.

3.2 Microscopic and phenomenological optical

potential

Figure 4 shows our relativistic microscopic optical

Fig. 4. Relativistic optical potentials for 16O at
200 MeV. The wide and narrow solid curves are
the microscopic calculations with PS and PV cou-
pling, respectively. (The imaginary parts of the
two microscopic potentials are the same.) The
dashed, dotted, and dash-dotted curves are the
three phenomenological fits of Kobos et al. [13].

potentials for p+16O elastic scattering at 200 MeV, and
the phenomenological ones fit to the scattering data
with the parameters given by Kobos et al. [13]. Here
the microscopic optical potential using an initial pseu-
doscalar (PS) coupling for the “pion” piece of the scatter-
ing operator F̂ , which is replaced by pseudovector (PV)
coupling at a lower energy in the RLF model, is also
given as a reference by a wide curve, while the PV one
is given by a narrow curve. We find good agreement
between the PV potential and the phenomenological po-
tentials 1 and 2, especially the real parts, while the PS
potential does not agree well with the phenomenological
potentials. This confirms that the RIA calculations with
the RLF model are reliable in the light nuclear area.

3.3 Spin-orbit potential

Figure 5 presents the volume integral per nucleon of
the real part of Vso at a 200 MeV p-nucleus scattering
energy. An obvious mass dependence is shown in this
figure, which can be taken as another verification of the
credibility of the relativistic Hartree calculations. Figs. 6
and 7 present the real Vso at 200 MeV for the Be, C, and
O isotopic and isotonic chains, respectively, and a clear
mass dependence can also be found in Fig. 7 and the O
isotopic chain in Fig. 6, except for the central part of Vso.
Considering the spin-rotation potential of the O isotopic
chain, the O isotopes can also be divided into two groups.
Let us look at Eqs. (14) and (25) to give an explanation.
The spin-rotation potential is a function of scalar den-
sity ρS and vector density ρV, and their first derivatives,
which are the main factors influencing Vso because of the
large magnitude of (E+M) appearing in the denominator
of Eq. (25). It can be found in Fig. 3 that, for the 1d5/2

and 2s1/2 states of 24O, the first derivatives of ρV (and
ρS, which are not shown in this paper for simplicity)

Fig. 5. The volume integral per nucleon of the real
spin-orbit potentials Vso for the Be, C, and O iso-
topic chains, respectively, at a 200 MeV p-nucleus
scattering energy.
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Fig. 6. The real part of the spin-orbit potentials
Vso for the Be, C, and O isotopic chains at
200 MeV.

Fig. 7. The real Vso for the Be, C, and O isotonic
chains at 200 MeV.

have the opposite sign at the central part. So, the spin-
orbit potential shows a drop at 24O, when the 2s1/2 state
becomes preferentially occupied, which also appears at
14Be and 16C. We can find good agreement between the
spin-orbit potentials and the former discussions.

3.4 Scattering observables

Figures 8 and 9 present the scattering observables
from the RIA calculations for 16O and 12C, while the
experimental data and phenomenological calculation re-
sults are given as references. We find good agreement
between the better PV calculations and the experimen-
tal data in small angular regions when θ<30◦. A small
difference occurs in the spin-rotation function Q, where
the PS coupling calculations rather than the PV ones
give better results for both 16O and 12C.

Fig. 8. The differential cross-section (dσ/dΩ), an-
alyzing power (Ay), and spin-rotation function
(Q) of 200 MeV proton-nucleus scattering from
16O. The experimental data are taken from
Ref. [5]. The curves are labeled as in Fig. 4.
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The proton-nucleus scattering observables for the
Be, C, and O isotopes at 200 MeV are presented in
Figs. 10, 11, 12, and 13. A clear mass dependence can
be found in Figs. 10 and 11, as expected by analyses of

the neutron density distributions and spin-orbit poten-
tials. Similar pictures also appear for theN=6,8 isotonic
chains. For the Be and C isotopic chains, as shown in
Figs. 12 and 13, the mass dependence disappears because

Fig. 9. The scattering observables for 12C at 200 MeV. The experimental data are from Ref. [5].

Fig. 10. The scattering observables for the N=10 isotonic chain at 200 MeV.

Fig. 11. The scattering observables for O isotopes at 200 MeV.

Fig. 12. The scattering observables for Be isotopes at 200 MeV.
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Fig. 13. The scattering observables for C isotopes at 200 MeV.

the uniform variation of ground-state properties, which
is shown in the O isotopic chain, is broken in the Be and
C chains by the emergence of halo structures or long neu-
tron tails. In other words, the mass dependence shown in
the O isotopic chain disappears in the Be and C chains
due to the energy level inverse of the 1d5/2 and 2s1/2

states.

4 Conclusion

The ground-state properties of Be, C, and O iso-
topes were calculated in relativistic Hartree approxima-
tion with the FSU parameter set. For the usual isotopic
chains such as O, the ground-state property changes

gradually, leading to a gradual variation in the spin-orbit
potential. So the scattering observables for O isotopes
present a clear mass dependence. In the Be isotopic
chain, it is shown that the neutron density of the 2s1/2

state of 14Be is greatly depressed, which results in a long
neutron tail and a neutron halo. This is due to the en-
ergy level inversion of the 1d5/2 and 2s1/2 states. So in
the Be isotopic chain, the uniform variation in ground-
state properties and the above-mentioned mass depen-
dence shown in the O isotopic chain are broken by the
emergence of a neutron halo. In the final analysis, this
can be attributed to the energy level inversion of the
1d5/2 and 2s1/2 neutron states of 14Be. A similar situa-
tion occurs in the C isotopic chain.
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