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Three-dimensional numerical investigations of the

laser-beam interactions in an undulator *
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Abstract: Laser-beam interaction in an undulator is commonly suggested in the development of free elec-

tron laser (FEL) schemes. In this paper, a three-dimensional algorithm is developed to assist in laser-beam

interaction simulation in an undulator, which is built on the basis of the fundamentals of electrodynamics, i.e.

the electron’s behavior is determined by the magnetic field and the laser electric field in the time domain. On

the basis of the algorithm, the detuning effect in a laser heater, the carrier envelope phase effect of a few-cycle

laser in attosecond X-ray FEL schemes and output wavelength tuning in a high gain harmonic generation FEL

are numerically discussed.
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1 Introduction

In recent years, people have become increasingly

interested in the development of a high-gain short-

wavelength free electron laser (FEL), which is a pow-

erful light source capable of providing coherent radia-

tion pulses in the spectral range from infrared to hard

X-ray. Self-amplified spontaneous emission (SASE)

FEL [1–3] and various seeded FELs [4–7] are two lead-

ing candidates currently pursued in the design of 4th

generation light sources. SASE begins from the initial

shot noise of the electron beam and results in a radia-

tion with excellent spatial coherence, but rather poor

temporal coherence. In contrast, seeded FEL allows

us to produce radiation pulses with both spatial and

temporal coherence.

In general, a seeded FEL consists of 3 components.

At first, the electron beam’s energy is modulated by

a seed laser in a modulator undulator. Next, the en-

ergy modulation is converted into a spatial one when

the electron beam passes through a dispersive chicane

and thus abundant harmonics bunching is produced

in the electron beam’s density distribution. Finally,

when the spatially modulated electron beam enters a

radiator undulator, which is designed to resonate to

one of the harmonics of the seed laser, rapid coherent

emission at this resonant harmonic is produced and

amplified exponentially until saturation. As demon-

strated in recent papers [8–10], several improvements

to seeded FELs have been carried out by using the

double-modulator structure and even two seed lasers.

Simultaneously, the suppression of the electron

beam’s microbunching instability [11–13] by using a

laser-induced energy spread in an undulator has been

experimentally demonstrated in a linac-coherent light

source (LCLS) [14], which is the first hard X-ray FEL

in the world. Moreover, interaction between the elec-

tron beam and the high intensity few-cycle laser in

an undulator or a short wiggler is widely proposed in

novel FEL schemes for femtosecond and attosecond

pulse generation [15–20]. Obviously, more and more

laser-beam interactions in undulators are being in-

troduced into FELs to obtain various types of energy

modulations.

Laser-beam interaction was conventionally stud-

ied in the FEL community using the undulator-

period-averaged FEL equations [21–25], which was

first shown by Kroll, Morton and Rosenbluth. How-
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ever, FEL equations can not appropriately describe

cases involving ultra-short pulse (i.e. broad band-

width) seed lasers and off-resonant seed lasers. In

this paper, a three-dimensional algorithm is devel-

oped for characterizing the laser-beam interaction in

an undulator, which is built on the fundamental ba-

sis of electrodynamics, i.e. the electron’s behavior is

determined by the magnetic field and the laser elec-

tric field in time domain. With the help of the al-

gorithm, several issues of great interest, such as the

detuning effect in a laser-heater, the carrier envelope

phase effect of a few-cycle laser in ultra-short X-ray

FEL schemes and the output wavelength tuning in

a high gain harmonic generation (HGHG) FEL, are

numerically investigated.

2 Beam dynamics

Suppose a planar undulator with a sinusoidal

magnetic field in the y direction and a period length

λu in the z direction. Then consider a relativistic

electron beam with an average energy of γ0mc2 and

a coherent laser with wavelength λs entering the pla-

nar undulator together: one may observe the elec-

tron’s transverse wiggling motion and the longitudi-

nal “figure-eight” oscillation. Such a trajectory gives

rise to energy exchange between the electron beam

and the laser electric field. We denote the wave num-

bers of the seed laser and the undulator magnets by

ks = 2πλs and ku = 2π/λu, respectively. Then, the

magnetic field distribution of the planar undulator

can be written as

By = B0 sinkuz, (1)

where B0 is the undulator peak magnetic field. The

electric field of a seed laser with Gaussian distribution

and a rms size of σx, σy and σz can be represented

as
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where z0 is the initial relative position of the laser

from the electron beam and ϕ0 is the carrier envelope

phase of the laser. The diffraction effects of the laser

field can be approximated by
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where σxw and σyw denote the laser size at the longi-

tudinal waist position zw. Then the electron beam’s

motion satisfies the law of electrodynamics,

γm
dv

dt
= eE−ev×B. (4)

In the presence of the transverse wiggling motion of

the electron beam and the transverse field of the seed

laser, an energy exchange between the electrons and

the electromagnetic field is expected as

mc2 dγ

dt
= eEx

dx

dt
. (5)

On the basis of Eqs. (1)–(5), a three-dimensional

(3D), time-dependant code is built to numerically

study the laser-beam interaction in an undulator.

The initial electron beam distribution is loaded from

GENESIS [23] to remove the effect of finite electron

numbers and the integral step of each undulator pe-

riod is set as 100 for an accurate solution. To check

the validity of the algorithm, in the case of an in-

finitely long seed laser and an infinitely long elec-

tron beam, several comparative studies have been car-

ried out by using steady-state mode of GENESIS and

good agreement has been observed.

3 Detuning effect of a laser-heater

The bright electron beam required for a hard X-

ray FEL suffers from microbunching instability in the

magnetic bunch compressors, which may increase the

slice energy spread beyond the FEL tolerance. Thus,

a laser-heater [11–13] has been suggested to increase

the slice energy spread of the electron beam by an

order of magnitude to provide strong Landau damp-

ing against the microbunching instability without de-

grading the FEL performance. Such a system has

been designed and demonstrated in LCLS [14] and

is now incorporated in almost all short-wavelength

FEL projects.

The LCLS laser-heater system modulates the en-

ergy of a 135 MeV electron bunch with a 758 nm

IR laser in a short undulator, enclosed within a four-

dipole chicane. The LCLS laser-heater undulator gap

can be controlled remotely to change the undula-

tor magnetic field and hence the resonant condition.

Theoretically, the detuning effect of the laser-beam

interaction in a laser-heater undulator is given by

∆E(λr)

∆E(λs)
=

sin

[

πN
λr−λs

λs

]

πN
λr−λs

λs

. (6)

To understand the lasing effect when the undula-

tor is out of resonance, we simulate the laser-beam

interactions by scanning the undulator filed strength
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from 0.18 to 0.68 T (i.e. the undulator resonant wave-

length from 0.6 to 3.6 times of 758 nm IR laser). Vari-

ation in the electron beam laser-induced slice energy

spread is illustrated in Fig. 1.

Fig. 1. Laser-induced rms slice energy spread

vs. laser-heater undulator resonant wave-

length obtained in simulation. The peak power

of the IR laser is about 100 MW.

According to Fig. 1, the LCLS laser-heater

presents a FWHM resonance width of 81 nm around

758 nm, the central wavelength of the IR laser, which

is consistent with the result obtained from Eq. (6).

A similar curve has been demonstrated in the LCLS

laser-heater experiment[14] and the seeded FEL ex-

periment at the Shanghai deep ultraviolet FEL [26].

Moreover, due to the relatively high coupling of the

odd harmonic radiation and the electron beam in a

planar undulator, when the laser-heater undulator is

set to be resonant at 2274 nm, i.e. the 758 nm IR

laser is the 3rd harmonic of the laser-heater undula-

tor; effective energy modulation is also obtained.

Fig. 2. The relative bandwidth of a laser-heater

vs. laser-heater undulator period number N ,

the line is from the inverse scaling law and the

squares are from simulation.

Low-gain FEL theory predicts an inverse scal-

ing law of the bandwidth with the undulator peri-

ods number. Based on the LCLS laser-heater param-

eters, we also obtain the dependence of the relative

resonance bandwidth on the undulator period num-

ber using the proposed 3D code, as shown in Fig. 2,

which agrees well with the prediction by the low-gain

theory.

4 Carrier envelope phase effects of

few-cycle laser in ultra-short FEL

pulse scheme

To generate attosecond pulses from an intense

seed laser via an FEL mechanism, the electron beam

density has to be modulated on an attosecond scale.

The coherence of the density modulation, known as

harmonic bunching, is crucial to the properties (co-

herence, power, pulse duration. etc.) of the gen-

erated attosecond pulses. Therefore, increasing ef-

fective electron beam density modulation is of great

interest to the FEL community [8, 9]. Recently, a

novel FEL scheme with remarkably high harmonic

bunching, called echo-enabled harmonic generation

(EEHG) [10, 27], was proposed, based on which, a

series of proposals [28–30] are suggested for the gen-

eration of coherent attosecond X-ray pulses. In these

ultra-short FEL pulse schemes, various high-intensity,

few-cycle lasers are introduced to generate a large en-

ergy chirp in the electron beam phase space. How-

ever, the CEP effects of the few-cycle laser were not

taken into account in the existing reports.

Here, we discuss the effects of the few-cycle seed

pulse carrier-envelope phase (CEP) on output FEL

performance. We take the EEHG-assisted attosecond

X-ray pulse scheme as an example, and consider an

800 nm seed laser with an FWHM pulse duration of

2 fs, and assume that the beam parameters and the

undulator are similar to those in Refs. [28, 30]. In

reality, the electric field is nonperiodic in the 2 fs

laser pulse and, as shown in Fig. 3, the density mod-

ulation on an attosecond scale is highly relevant to

the CEP of the 2 fs seed laser pulse. It is found

that since the optimized output wavelength is deter-

mined by the energy chirp induced by the 2 fs laser

[30], CEP shift will inevitably be accompanied by an

offset of the output FEL wavelength. However, the

Fourier transform of the longitudinal beam distribu-

tions in Fig. 3 indicates that within the CEP shifts of

0.5π, the FEL wavelength offset is almost neglectable

compared with the intrinsic bandwidth of the output

attosecond pulse.

Figure 3 also shows that the arrival time of the

attosecond FEL pulse with respect to the few-cycle

seed pulse is inversely proportional to the CEP shifts

of the few-cycle laser, which was demonstrated in a
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Fig. 3. Different longitudinal electron beam

distribution before entering the radiator with

respect to the different carrier envelope phase

of 2 fs IR laser. Gray: ϕ0=0.25π, White:

ϕ0=0.5π, Black: ϕ0=0.75π.

further study, as illustrated in Fig. 4. Thus, in a

pump-probe experiment, accurate time interval con-

trol can be realized by changing the CEP of the

800 nm few-cycle pulse. To our knowledge, the min-

imum CEP jitter under phase stabilization technol-

ogy is the 5◦ [31] level, which corresponds to 37 at-

tosecond resolution. Therefore, by locking shot-by-

shot CEP [31], the time interval between the infrared

pump pulse and the soft X-ray attosecond probe pulse

can be stably controlled and shifted with a precision

of about tens of attoseconds. Recently, various single-

shot CEP measurement techniques without CEP sta-

bilization were experimentally demonstrated [32, 33],

in which, a precision as high as π/300 can be guar-

anteed at an optimum measurement point. With the

online CEP measurement using such technology, an

accurate time interval with 4.4 attosecond resolution

can be obtained between the 800 nm few-cycle seed

laser and the generated ultra-short X-ray pulse, even

without the above-mentioned CEP stabilization.

Fig. 4. The relative arrival time of the attosec-

ond X-ray pulse vs. the CEP of the 2 fs,

800 nm laser.

5 Wavelength tuning of HGHG

Output wavelength tuning is one of the most

important features for FEL design. In a FEL start-

ing from shot noise, output wavelength tuning can

be easily realized by adjusting the FEL resonant con-

dition. However, in a seeded FEL scheme, e.g. an

HGHG, the seed laser usually has picosecond order

pulse length and a narrow bandwidth comparable

to the FEL pierce parameters [21]. Thus, the out-

put wavelength of HGHG is absolutely determined

by the seed laser. As is generally understood, alter-

ing the output wavelength of HGHG is a time- and

effort-consuming procedure. Therefore, output wave-

length tuning of HGHG is of great interest, and an

HGHG FEL with tunable wavelength based on an ac-

celerator technique has been demonstrated [34]. Re-

cently, an HGHG FEL seeded by a few-cycle laser has

been suggested for obtaining a tunable output wave-

length [35–38]. In previous reports, the interaction

between the electron beam and the few-cycle laser

was investigated by the undulator-period-averaged

equations [21–25] in time domain or one-dimensional

multi-frequencies equations [36, 37] in spectral do-

main. In this section, using the proposed 3D algo-

rithm in time domain, the beam dynamics in the

modulator of an HGHG FEL is investigated.

Fig. 5. The output bunching factor under dif-

ferent pulse durations of the 795 nm seed laser.

We set a group of parameters close to the 4th

harmonic HGHG at NSLS SDL [39]. The seed laser

is a Ti: sapphire laser with a central wavelength

of 795 nm, which is synchronized with the electron

beam. Three cases with rms seed laser durations of

50, 10 and 5 fs are studied, respectively. According to

the simulation, the detuning effects of the bunching

factor around the 4th harmonic are shown in Fig. 5.

It is clear to see that some output wavelength tun-

ing ability is recovered by using a short seed pulse.

Furthermore, the simulated dependence of the out-

put bunching tunability on the seed pulse duration is

shown in Fig. 6. The tuning range is almost inversely

proportional to the rms seed pulse duration, which is
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Fig. 6. The output bunching tunability around

the 4th harmonic of seed laser .vs. the rms

pulse duration of the 795 nm seed laser. The

line is from theoretical estimate in Refs. [36,

37] and the squares are from the 3D simulation

in time domain.

reasonably consistent with the theoretical estimates

in Refs. [36, 37] and the 2% fluctuation of the output

spectrum in the 4th harmonic HGHG experiment at

NSLS SDL [39, 40].

6 Conclusions

In this paper, we report a three-dimensional, time-

domain algorithm for beam dynamics, including the

magnetic field of an undulator and the electric field of

a coherent laser. Using the algorithm, we numerically

discuss the detuning effect in a laser-heater undula-

tor, the carrier-envelope phase effect of a few-cycle

laser in ultra-short FEL pulses scheme and output

wavelength tuning in an HGHG FEL. The simu-

lated results are very consistent with theories and

early works. It is worth stressing that the laser-beam

interaction model in an undulator can be easily ex-

tended to an arbitrary magnetic field, such as dipole

and quadrupole. It is helpful for some FEL frontier

investigations, such as laser-induced energy modula-

tion in a dipole field and its potential applications in

FEL [41].

The authors would like to thank T. Zhang, C.

Feng, J. H .Chen, D. G. Li and B. Liu for helpful

discussions.
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