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One-loop QCD contribution to the

potential of QQ̄*
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Abstract: Without the non-relativistic approximation in one-loop function, the dominating one-loop con-

tribution to the quark-antiquark potential is studied numerically in terms of perturbative Quantum Chromo

Dynamics (QCD). For Coulomb-like potential, the ratio of the one-loop correction to the tree diagram con-

tribution is presented, whose absolute value is about 20%. Our result is consistent with the analysis that the

one-loop contribution should be suppressed by a factor
αs

π

to the leading order contribution. This work can

deepen the comprehension of αs in Cornel potential.
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1 Introduction

The strong interactions of quarks and gluons mak-

ing up hadrons are governed by quantum chromody-

namics (QCD) ultimately. In terms of QCD, it is sat-

isfactory to study hadron physics at the quark-gluon

level. However, obtaining the analytic interquark po-

tential from QCD is very difficult, because QCD is a

non-Abelian theory.

The quark-antiquark potential is composed of two

parts. One part is the Coulomb-like potential, which

belongs to short-distance effects. The other part is

the linear confinement term produced from large-

distance behavior of QCD. It is important to compute

the perturbative QCD potential as exactly as possi-

ble. The authors [1, 2] present the Coulomb term

from one-gluon-exchange diagram, together with the

relevant linear confinement term. The one-loop cor-

rection including the spin-dependent term to the

heavy quark-antiquark potential is obtained analyt-

ically with the non-relativistic approximation in the

center-of-mass system [3]. Considering the relativistic

correction to the effective potential of the QQ̄ system,

the authors [4] study the heavy quark mesons. Re-

cently, the quark-antiquark system has been studied

in the potential model including a linear potential,

a relativistic kinetic term and one-loop QCD correc-

tion, and they get satisfactory results [5]. About ten

years ago, based on the quasipotential approach, D.

Ebert and R. N. Faustov [6] developed the relativistic

quark model. Taking account of the relativistic and

retardation effects and the one-loop radiative correc-

tion, they calculated the charmonium and bottomo-

nium mass spectra, and their results for the fine split-

tings of quarkonium are better.

Using lattice QCD, the authors [7–9] analyse

the Coulomb plus linear-quark confinement poten-

tial for two quarks and three quarks particularly.

The formula of quark-antiquark potential though

sum of the Coulomb term by perturbative one-gluon-

exchange process and the linear confinement term in

Refs. [7, 10–12] reads as,

VQQ̄(r) =−
AQQ̄

r
+σQQ̄r+CQQ̄. (1)

Considering the quark confinement as the result of

strong interaction between the quarks in hadron, the

correction of the potential from the one-loop diagram

in the quark-antiquark system is very important.

We don’t use the non-relativistic approximation

in the one-loop function, and obtain the correction to

the Coulomb-like potential numerically, because the
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result is too difficult to be transformed. For the three

heavy flavor quarks (c, b and t), we give out the nu-

merical one-loop correction to the tree diagram con-

tribution with LoopTools [13, 14]. From this work we

can understand αs in Cornel potential deeper.

The paper is organized as follows. After this in-

troduction, in Section 2, we give the tree diagram and

the corresponding amplitude in purterbative QCD. In

Section 3, a detailed analysis of the one-loop diagram

is presented. The numerical result along with all the

input parameters are shown in Section 4. The last

section is devoted to simple discussion and conclu-

sion.

2 The contribution of the tree dia-

gram to the potential

In order to get the general QCD contribution for

the QQ̄ system potential, we compute the tree dia-

gram analytically and those one-loop diagrams nu-

merically. The tree diagram is presented in Fig. 1.

Fig. 1. The tree diagram for the QQ̄ system.

The amplitude of Fig. 1 can be written as:

ūβ(p
′

1)(−igsγ
µT a

βα)uα(p1)
−i

q2
v̄θ(p2)(−igsγµT

a
θρ)

×vα(p
′

2), (2)

where p1,p2, q
′

1 and q
′

2 stand for the four-momentum

of the initial states and the final particles respectively.

Here, q is the gluon four-momentum q = p
′

1 − p1 =

p2−p
′

2. After simplification, Eq. (2) reads:

(ig2
sT

a
βαT

a
θρ)ūβ(p

′

1)γ
µuα(p1)

1

q2
v̄θ(p2)γµvα(p

′

2)

→ (ig2
sT

a
βαT

a
θρ)ūβ(p

′

1)γ
µuα(p1)v̄θ(p2)γµvα(p

′

2)
1

r
, (3)

with the Fourier transform for the gluon propagator,∫
eiq·r 4π

q2

d3q

(2π)3
=

1

r
. (4)

Here, the Coulomb-like potential is our investigative

object.

After simple deduction, the Coulomb-like poten-

tial for the QQ̄ system is gotten analytically, with

which we study the Schrödinger equation for the QQ̄

system:

Ĥψ =

[

i

2m
(p̂2

1 + p̂
2
1)+ Û(r)

]

ψ=Enψ, (5)

Û(r) = −
Aα2

s (MQ)

r
, (6)

where A=
4

3
, and αs(MQ) is the effective quark-gluon

strong coupling constant. Dealing with a H atom in

the same way, the energy level formula of the QQ̄

system is obtained:

Eqn =−
A2µqα

2
s

2n2
, n= 1,2,3 . . . , (7)

where µq =
mq

2
is the reduced mass. It is well known

that the energy level of a H atom is,

Een =−
µeα

2
e

2n2
, (8)

where µe is the mass of electron and αe is the fine

structure constant

(

1

137

)

. For three heavy flavor

quarks, we obtain the ratio of ground-state energy

of the QQ̄ system to that of a H atom from Eqs. (7),

(8). Thus the ground energy of QQ̄ is about 0.1 GeV,

which is deep.

3 One-loop diagrams of quark anti-

quark interactions in QCD

In this section, on the general principle of per-

turbative QCD, we study the dominant one-loop dia-

grams with two or more gluons exchange. These one-

loop diagrams contributing to the potential are shown

in Fig. 2.

For the convenience of readers, we carry out the

calculation of diagram (a) in Fig. 2 with the software

LoopTools. The amplitude can be written as:

Ma = ūβ(p
′

1)(−igsγ
µT a

βα)uα(p1)
−i

q2

∫
d4k

(2π)4

[

v̄θ(p2)(−igsγ
νT b

θω)
i

/k−/p2−m
(−igsγµT

a
ωη)

i

/k−/p
′

2−m

×(−igsγνT
b
ηρ)vα(p

′

2)
−i

k2

]

= (g4
sT

a
βαT

b
θωT

a
ωηT

b
ηρ)ūβ(p

′

1)γ
µuα(p1)

1

q2

∫
d4k

(2π)4

×

[

v̄θ(p2)γ
ν(/k−/p2 +m)γµ(/k−/p

′

2 +m)γνvα(p
′

2)×
1

[(k−p2)2−m2][(k−P
′

2)2−m2]k2

]

. (9)
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Fig. 2. The one-loop diagrams for the QQ̄ system.

Considering the Fourier transform for the gluon prop-

agator, we calculate the one-loop integrals and apply

the Dirac equation for the outside Fermions to sim-

plify the analytic results. Then, the amplitude reads:

Ma = iπ2(g4
sT

a
βαT

b
θωT

a
ωηT

b
ηρ)

1

q2

{

ūβ(p
′

1)γ
µuα(p1)

×v̄θ(p2)γµvα(p
′

2)
[

2B0 +4C0p2.p
′

2 +2m2C0

−2C0p
′2
2 +2p2

2C1 +4p2.p
′

2C2 +2p
′2
2 C2−4C00

+2m2C1 +2m2C2

]

+4mūβ(p
′

1)γµuα(p1)

×v̄θ(p2)vα(p
′

2)
[

p
′µ
2 C1 +pµ

2C2 +pµ
2C12

+p
′µ
2 C22 +pµ

2C11 +p
′µ
2 C12

]}

, (10)

where [15]

TN
µ1...µp

(p1, . . . ,pN−1,m0, . . . ,mN−1)

=
(2πµ)4−D

iπ2

∫
dDq

qµ1
. . . qµ1

D0D1 . . .DN−1

; (11)

with the denominator factor

D0 = q2−m2 +iε,

Di = (q+pi)
2−m2 +iε, i= 1, . . . , N−1, (12)

originating from the propagators in the Feynman di-

agram. Furthermore, we introduce

pi0 = pi, pij = pi−pj , (13)

C0 = C0

[

p2
2,p

′2
2 ,p

2
2−2p2.p

′

2 +p
′2
2 ,m

2
1,0,m

2
2

]

,

C1 = C
[

1,{p2
2,p

′2
2 ,p

2
2−2p2.p

′

2 +p
′2
2 },{m

2
1,0,m

2
2}

]

,

C11 = C
[

1,1,{p2
2,p

′2
2 ,6p

2
2−2p2.p

′

2 +p
′2
2 },{m

2
1,0,m

2
2}

]

.

The three-point one-loop functions C2, C12 and C22

are similar to C1 and C11 respectively. Those one-

loop functions can be calculated numerically by Loop-

Tools. Then, the next-to-leading order contribution is

obtained.

4 Numerical results

In Fig. 2 all one-loop diagrams for three heavy fla-

vor quarks (QQ̄), Q = c, b, t are taken into account.

In order to get the last results, we have to calculate

the one-loop functions numerically. Using the weak-

binding approximation [16], i.e. pq = pq̄,p
2
q =m2

q and

the relation q= p
′

1−p1 = p2−p
′

2, we get

p1.p
′

1=
p2

1 +p
′2
1 −q2

2
, p2.p

′

2=
p2

2 +p
′2
2 −q2

2
,

p1.p
′

2=
p2

1−p1.p
′

1

2
, p

′

1.p
′

2=
p1.p

′

1−p
′2
1

2
. (14)

The input parameters are taken as follows [16–

18]: αs(mc) = 0.26, αs(mb) = 0.17, αs(mt) = 0.09,

mc = 1.25 GeV, mb = 4.70 GeV, mt = 174.20 GeV.

Without non-relativistic approximation, q2 in the

one-loop function is very difficult to Fourier trans-

form. Fortunately, it is a tiny parameter, which makes

a very small difference to the one-loop functions.

Therefore, it is reasonable to treat q2 as a tiny value in

the one-loop integral. For convenience, q2 varies from

10−10 GeV2 to 0.1 GeV2. After tedious calculation,

we obtain the one-loop correction for the Coulomb-

like term, and get the last numerical result in the end.

For Coulomb-like potential, the ratio of the one-loop

diagram correction to that of the tree diagram is pre-

sented in Table 1.

From Table 1, it is easy to see that the one-loop

diagram contribution to the Coulomb-like potential
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Table 1. The ratio of one-loop diagram correc-

tion to that from tree diagram varying with

q
2 for heavy quark.

Vone-loop

(

1

r

)

/Vtree

(

1

r

)

q2/GeV2

cc̄ bb̄ tt̄

10−11
−0.2904 −0.2525 −0.1568

10−10
−0.2758 −0.2378 −0.1131

10−9
−0.2612 −0.2232 −0.1074

10−8
−0.2467 −0.2086 −0.0942

10−7
−0.2321 −0.1940 −0.0795

10−6
−0.2172 −0.1795 −0.0649

10−5
−0.2029 −0.1649 −0.0510

10−4
−0.1883 −0.1503 −0.0360

10−3
−0.1638 −0.1351 −0.0170

10−2
−0.0706 −0.1211 0.0324

0.1 0.0296 0.0066 0.0697

is about −0.2 times that from the tree diagram. Gen-

erally speaking, the rate is stable for the varying q2.

When q2 is not smaller than 0.01 GeV2, the one-loop

contribution can be positive. Otherwise, the next-

to-leading order correction weakens the Coulomb-

like term. For the cc̄ and bb̄ systems the ratios are

around −0.2, for a tt̄ system the ratio is probably

−0.1. Comparing the results for three heavy flavor

quarks, it implies when quark mass becomes heav-

ier, the absolute value of one-loop correction turns

smaller. From the analysis, the numerical result with

q2 varying from (10−10 GeV2 to 10−4 GeV2) is more

reasonable.

5 Discussion and conclusion

About thirty years ago, people studied the quark-

antiquark potential at next-to-leading order with

non-relativistic approximation, and they obtained an-

alytic results. In this work, we study the one-loop

QCD contribution to the QQ̄ system with two or more

gluons exchange with the help of the software Loop-

Tools. Non-relativistic approximation is not used in

the one-loop integrals which are computed numeri-

cally because of complexity.

The obtained ratio of the one-loop correction to

the tree contribution for Coulomb-like term is at the

order of −20%. For the charm quark, with the vary-

ing q2 the ratio can reach −0.28. For bottom quark

and top quark the ratios achieve −0.24 and −0.11 re-

spectively. From Table 1, we can see the absolute val-

ues of the ratios become large with the quark masses

turning small for the same q2, which is consistent with

HQET.

Because the quarks are very heavy, q2 varying

from 10−10 GeV2 to 10−4 GeV2 is more reason-

able and can be treated as a tiny value in the one-

loop functions, which makes the corresponding results

quite believable. In the view of analysis from pertur-

bative QCD, the one-loop contribution is suppressed

by a factor
αs

π

compared with that of tree diagram. It

is contented that our numerical result does not break

the rule. Our numerical result is also consistent with

the previous analytic result [4]. Though αs can not

be obtained from field theory essentially, this work

for the one-loop correction to the contribution of the

tree diagram is in favor of the study of αs in Cornel

potential.
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