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Abstract:

Using the phenomenological relativistic harmonic model (RHM) for quarks, we have obtained

the masses of S wave charmonium and bottomonium states. The full Hamiltonian used in the investigation

has Lorentz scalar plus vector confinement potential, along with the confined one gluon exchange potential

(COGEP). A good agreement with the experimental masses for the ground and the radially excited states is

obtained both for the triplet and singlet S wave mesons. The decay properties of the ground state charmonium

and bottomonium are investigated.
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1 Introduction

Heavy quark spectroscopy has undergone a great
resurgence in recent years. This is mostly due to
experiments at CLEO, DELPHI, BELLE, BABAR,
etc., which have been continuously providing more
accurate and new information about hadrons from
light to heavy quark flavor sectors [1, 2].

Since the exact form of confinement from QCD
is not known, one has to go for phenomenological
models. The phenemenological models are either non-
relativistic quark models (NRQM) [3-7] or the rela-
tivistic quark models [8]. The Hamiltonian of these
quark models usually contains three main ingredients:
the kinetic energy, the confinement potential and a
hyperfine interaction term. Using the quark model
the hadron spectra have been predicted successfully.
The prediction of mass spectrum in accordance with
experimental results doesn’t guarantee the validity of
a model for describing hadronic interactions. This
is because different potentials have been proposed
which reproduce the same spectra.
ing the model, one must be able to calculate other
observables like radiative decay widths, leptonic de-
cay widths, two-photon decay widths, etc. Leptonic
decay widths are a test of the compactness of the

Therefore us-
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quarkonium system and provide important informa-
tion complementary to level spacings [9]. The decay
of a heavy quark-antiquark pair into final states in-
volving leptons, photons and light quarks can provide
useful information on the strong coupling constant
(o) [10-12]. Heavy quarkonium decays also provide
a deeper insight into the exact nature of interquark
forces and decay mechanisms.

Since relativistic corrections are of importance
[13-16], in this work, we have used the relativistic
harmonic model (RHM) [17] along with the confined
one gluon exchange potential (COGEP) [18] to in-
vestigate the S wave charmonium and bottomonium
spectrum. The essential new ingredient in our in-
vestigation of the mesonic states is to take into ac-
count the confinement of gluons in addition to the
confinement of quarks.
finement of quarks we are making use of the RHM
which has been successful in explaining the proper-
ties of light hadrons [8]. For the confinement of gluons

In this work, for the con-

we have made use of the current confinement model
(CCM) which was developed in the spirit of the RHM
[19, 20]. The confined gluon propagators (CGP) are
derived in CCM. Using CGP the COGEP was ob-
tained [18]. The Hamiltonian used in the investiga-
tion has a Lorentz scalar plus a vector harmonic
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oscillator potential, in additon to the COGEP. In our
earlier work, it was shown that the terms in the CO-
GEP arising out of the confinement of gluons give the
required intermediate range attraction in the nucleon-
nucleon interaction and also give a good account of
n-p and p-p differential cross sections [20, 21]. In
this work, the total mass of the meson is obtained
by calculating the energy eigenvalues of the Hamil-
tonian in the harmonic oscillator basis spanned over
a space extending up to the radial quantum number
Nmax = D. The parameters and the radial wave func-
tion employed for the prediction of the spectra are
being used for the prediction of the decay properties
of the ground state mesons.

In Sec. 2, we review the RHM and CCM mod-
els and give a brief description of the COGEP. The
COGERP is obtained using CGP. Also the parameters
used in our model are dicussed. In Sec. 3 a brief
description of the various decay properties of mesons
is given. The results and discussions of the calcula-
tions are presented in Sec. 4. Conclusions are given
in Sec. 5.

2 Relativistic harmonic model and
COGEP

In RHM [8, 17], quarks in a hadron are confined
through the action of a Lorentz scalar plus a vector
harmonic oscillator potential,

1
(

‘/CZE 1+’Yo)A2T2+M7 (1)

where vy, is the Dirac matrix:

10
Yo—(o _1>7 (2)

M is the quark mass and A? the confinement
strength. They have a different value for each quark
flavor. In the case of pure vector potential one would
have the problem of the Klein paradox. The impor-
tant feature of the scalar+vector potential is that it
provides a consistent picture for both mesons and
baryons [18]. On the other hand, the pure vector po-
tential would produce only quark-antiquark bound
states, whereas the scalar potential provides an at-
tractive force for both the quark-antiquark and the
quark-quark states. Thus, for the confinement of
quarks, a scalar+vector potential is the more ap-
propriate choice. The RHM with scalar and vector
combination as given in Eq. (1) has been immensely
successful in the prediction of hadronic properties
like the light meson spectrum, prediction of N-N

scattering phase shifts and differential cross sections
[8, 20, 21]. Additionally, the Lorentz scalar+vector
potential does not have the problem of the Klein para-
dox [22].

In the RHM, the confined single quark wavefunc-
tion ¥ is given by:

¢
o.P : 3)
E+M ¢

The normalization constant is given by

_ [2(E+M)
N=\=Err (4)

Here F is the eigenvalue of the single particle Dirac
equation with the interaction potential given by (1).
We perform a similarity transformation to eliminate
the lower component of ¥ such that

Uv=N

Uw =g, ()
where U is given by
o.P
1
1 E+M (6)
w1 P2 _oP '
TE M| \ BN

Here U is the momentum and state (E) dependent

transformation operator. With this transformation,
the upper component ¢ satisfies the equation,

P2

[E—i—M

which is like the three-dimensional harmonic oscil-

+A2r2] p=(FE—M)g, (7)

lator equation with an energy-dependent parameter
22
Q2= A(E,+M)2. (8)

The eigenvalue of (7) is given by,
EX=M*+(2n+1)022. (9)

The total energy due to confinement is obtained
by adding the individual contributions of the quarks.
The spurious centre of mass (CM) is corrected [23] by
using intrinsic operators for the ¥;7? and X, V? terms
appearing in the Hamiltonian. This amounts to just
subtracting the CM motion zero point contribution
from the E? expression.

The quark-antiquark interaction potential is given
by the COGEP. The COGEP is obtained from the
scattering amplitude [20],

2 a b
M.,:&ﬁ.yuﬁwpab (q)i-v”ﬁw (10)
%] 47_[ 7 2 g% J 2 VR

where ¥ = ¥y, ¥, ,; are the wave functions of the
quarks in the RHM, DZ‘; = 0., D, are the CCM
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gluon propagators [19, 24] in the momentum repre-
sentation, ¢g2/4m(= «,) is the quark-gluon coupling
constant and A; is the color SU(3). generator of the
b quark.
In CCM [19, 24
the equation of motion of a gluon are simulated by
a self-induced color current j, = 6% A,(= m?A,) or

], the coupled non-linear terms in

equivalently an effective mass term for all the gluons
with m? = ¢*r? —2¢%0,. The equations of motion
0A, +m?A, = 0 are easily solved using harmonic
oscillator modes in the gauge 9" A, = 0. The consis-
tency of 9" A, =0 and 9" j, =0"(m?*A,) =0 imposes
a secondary gauge condition: V-A+c?r-A=a-A
termed “oscillator gauge”, where a is the usual har-
monic oscillator annihilation operator. The propaga-
tors are then obtained very simply using the proper-
ties of harmonic oscillator wave functions as follows:

Di(r,r',E=0) = <r r’>

- ZwN2N+3 Y

{N}

c
2a-at+3

Transferring the source point r to the origin we obtain
(r—r"—r)

Dy(r,0,E=0) = D, = Zw 2N+3

v}
(47(13;{’;2/02 Wo.—aya(cr®). - (12)
Silmilarly,
Dy(r,0,E=0) = DO_C{ZN;%W
:%Wl/ml/dcz?ﬂ), (13)

where the W’s are Whittaker functions (~ exp[—(rc)?/
2]/r). The complete propagators are given by

Do (1)

where Dy (r) is given by Eq.(13). The D, (r) is given
by

=4mDy (), (14)

alay,
_ a’. aT) D, (r), (15)

2). Tt should be noted that
these propagators are similar to those given by Feyn-

where D, is given by Eq. (1

man et al. [25] apart from the time coordinate which
is suppressed here. The closed analytical expressions
for Do(r) and D,(r) were obtained in a translation-
ally invariant ansatz [19].

We perform a similarity transformation on v and
! and express 1 and ' in terms of ¢ and ¢'. The

details can be found in Refs. [18-20]. For example,
Yl = YIUNUN) U U,
= ol(U") U o.. (16)
Similarly,
1/’204#/% = @(UT)
where U is given by Eq. (6) and

O g;
Q; = )

where o;’s are the usual Pauli matrices. With this
transformation the two components of i are elim-
inated without any approximation. The scattering

71041-U71(bi, (17)

amplitude is now expressed in terms of the two-
component spinor ¢ and the momentum dependent
operator U. After substituting ¢ and U in the ex-
pression for the scattering amplitude (Eq. (10)), it
essentially corresponds to the Born amplitude in the
momentum representation:

M;; ——a NI, N A (18)

By taking the Fourier transform of each term in the
Born amplitude, we obtain the COGEP. The central
part of the COGEP is [18]:

cen Qs 1
Vedter = NN, lD“T”m[‘”‘sgm

—c'r? Dy (r)] [1— ;Ui'f’a”v (19)

where the first term is the residual Coulomb energy
and the second and the third terms are the chromo-
magnetic interaction leading to the hyperfine split-
tings.

The qq wave function for each meson state is ex-
pressed in terms of the oscillator wave functions cor-
responding to the center of mass (CM) and relative
coordinates. The harmonic oscillator wavefunction is,

wnlm (T7 93 ¢)

N et (12 r?
= N(g) Ln 2 <b2>exp|: 2b2 Yzm(97¢)a (20)
where N is the normalization constant given by,
| |2 2 n! 2(2(n+l)+1)

T p3mr (2n+2041)!

(n+1)!, (21)

1
and L' 2 (x) are the associated Laguerre polynomials.
The oscillator quantum number for the CM wavefunc-
tions is restricted to Noy = 0. The Hilbert space of
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relative wavefunctions is truncated at radial quan-
tum number n =5. The Hamiltonian matrix is con-
structed in the basis states of |[Ney = 0, Loy = 0;
n?**t1L;) and diagonalized.
give the masses of the ground and radially excited
states.

The parameters of the RHM are the masses of

The diagonal values

the heavy quarks (m. and m,,) and the oscillator size
parameter b, (=1/£2,). The mass of charm and bot-
tom quarks are fixed to reproduce the J/{ and YT (15)
masses. The a; is fixed from J/{ —1. splitting. The
parameters of the COGEP are the same as those used
n [26]. The parameter b is fixed so as to reproduce
the ground state masses. The parameters used in our
calculations are listed in Table 1.

Table 1. Parameters used in our model.
Me 1.48 GeV
mp 4.62 GeV
Qs 0.2

3 Decay properties of the ground
state quarkonium

The leptonic decay constants are a simple probe
of the short distance structure of hadrons and hence
a useful observable for testing quark dynamics [27].
The decay constants of the pseudoscalar and vector
mesons are given by the Van Royen and Weisskopf
formula [27, 28]:

2
2y = 12100000 (22)

mp /v

where ¥p,v(0) is the wave function of the pseu-
doscalar /vector meson calculated at the origin and
mp,v is the mass of the pseudoscalar/vector meson.

Leptonic decay widths are a test of the compact-
ness of the quarkonium system, and provide impor-
tant information complementary to level spacings.
The leptonic decay widths of the heavy quarkonia are
proportional to the squares of the wave functions at
the origin. The partial width for a n®S; state to de-
cay to a lepton pair including the first order QCD
radiative corrections is given by [9, 27, 28]:

D = 16ma? ZWLW <1—160‘S), (23)

2
v 37

where a(= 1/137) is the electromagnetic fine struc-
ture constant, e, is the quark charge, my is the mass
of the vector meson and (0) is the wavefunction of
the meson calculated at the origin.

The 'S,, 3P, and 2P, levels of charmonium and
upsilon systems can decay into two photons. The

same states can also decay into two gluons, which
accounts for a substantial portion of the hadronic de-
cays for states below the cc or the bb threshold [29].
The width for two-photon decay is [30]:

wor (1-222). ey

s

127‘[eéa2

YY mg
where e, is the quark charge (e, = 2/3 for c and —1/3
for b). The term in parentheses is the first order QCD
correction factor. The two-gluon decay width is given
by [30]:

I, 87ta

(0)]*xCF, (25)

where C'F is the first order QCD correction factor. It
is given by: (1+4.8a,/m) for n. and (1+4.4a,/m) for
b [30].

The partial decay rate of quarkonia to hadrons
through three-gluon and two-gluon final states pro-
vides information on the strong coupling constant
as. The decay widths for J/{ — ggeg, J/Wb — ygg,
T —ggg and T —ygg are given by [30]:

(i) = 22 = 1>a§|w<o>|2 (1_ 3.;%), -
[ (I = 32(n — )96;:26 2w <1_6.:tas>7
(27)

I(x) = 9w OF (1_4.2[%), .
[yes(T) = 32(m2 — );jze alv(0) (1_7.?5)7
(20)

where in the above equations the terms in parenthe-
ses are the first order QCD correction factor. The
three photon decay width for 3S; — yyy is given by
[30]:

16(7t2 — 9)a3
LYy = 3m?2

eq|$(0)/* (

4 Results and discussions

The masses of the singlet and the triplet S wave
mesons after diagonalization in harmonic oscillator
basis with n,,.. =5 are listed in Table 2 in comparison
with experiment [1]. The J/1{ was the first charmo-
nium state discovered [31, 32]. It is the lowest S, cC
state that can couple directly to the virtual photons
produced in e~e" collisions [9]. The {(2S) resonance
was discovered at SLAC in e~e™ collisions [33]. The
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most precise measurement of P(15) and 1 (2S5) mass
to date comes from the KEDR collaboration, with
m(J/P) =3096.917+0.010£0.007 MeV with a rela-
tive uncertainity 4x107% and m((2S5)) = 3686.093+
0.034 MeV with a relative uncertainity of 7 x 106
[34]. The PDG [1] values are m(J/1p) = 3097 MeV
and m(P(25)) = 3686 MeV. In this work, we obtain
m(J/P) =3097 MeV and m(P(25)) = 3646 MeV.
The 1.(1 'Sy) is the lightest charmonium state
which was first observed in the radiative decays of the
J/P and P(2S) by the Mark II [35] and the Crystal
Ball [36] experiments. The Belle Collaboration [37]
has observed the m. in hadronic B decays and the
BES experiment [38] has studied the ground state of
charmonium produced in radiative decay J/{ — yn..

Table 2. Mass Spectrum (in MeV).

meson present PDGI1] (53]

J/b 3097 3096.916+ 0.011 3100
P(29) 3646 3686.09£0.04 3730
P(35) 4102 4180
P(4S) 4687 4560
P(55) 4892
1¢(15) 2980 2980.3+1.2 3000
1c(25) 3391 363714 3670
ne(39) 3725 4130
Ne(48) 4169
T(1S) 9460 9460.30£0.26 9460
T(25) 9862 10023.26+0.00031 10020
T(39) 10193 10355.240.0005 10390
T(45) 10699 10579.4£0.0012 10680
T(55) 10978 10930
np(15) 9436 9390.9+2.8 9410
b (25) 9744 10000
b (35) 9982 10370
b (45) 10320 10660

The Fermilab E835 Collaboration has reported
measurements of 1. directly formed in pp annihila-
tions [39]. BABAR [40] and CLEO [41] have studied
1. produced in two-photon fusion in e~e* annihila-
tions. The PDG value of n.(15) is 2980 MeV and
the mass obtained from our calculation is 2980 MeV.
The first experimental claim for the n, (2 'Sy) state
was made by the Crystal Ball Collaboration [42]. The
BELLE Colaboration observed a 1. (25) candidate in
the ete™ — J/1+X reaction [43] which was confirmed
by BABAR [40] and by CLEO [41] in yvy collisions.
The PDG value of n.(25) is 3637 MeV and our value
is 3391 MeV.

The spin singlet states of quarkonia are of par-
ticular importance because they give a direct mea-

surement of the hyperfine splittings between the en-
ergy levels.
related to the spin-spin interaction. The hyperfine
mass splittings also provide a test of the Lorentz
nature of the QQ confining potential. For split-
ting of the observed energy levels, we obtain for
cc: m(J/p) —mMm(1S)) = 117 MeV, m(P(25)) —
mne(28)) = 255 MeV, m($(2S)) — m(I/$) =
549 MeV, m(n.(25)) — mm.(1S)) = 411 MeV and
the corresponding splittings from experiment are
117 MeV, 49 MeV, 591 MeV and 657 MeV respec-
tively. The observed splittings are in fairly good

The hyperfine separations are directly

agreement with experimental results.

Soon after the discovery of the charmonium
(cc) states, the bottomonium (bb) states, YT(1S),
T(2S), were discovered in the proton-nucleon colli-
sions [44, 45]. The states T(1S), T(25) were later
confirmed in e~e™ experiments at the DORIS stor-
age ring [46, 47]. The narrow state Y(35) and a
fourth state Y(4S) were identified at CESR, Cor-
nell [48, 49]. The obtained masses for the T sys-
tem are m(Y(1S)) = 9460 MeV, m(Y(25)) = 9862
MeV, m(Y(35)) = 10193 MeV, m(Y(4S)) = 10699
MeV. The PDG values are m(Y(15)) = 9460 MeV,
m(T(2S)) = 10023 MeV, m(Y(3S)) = 10355 MeV,
m(T(4S)) = 10579 MeV respectively. The discovery
of 1,(15), the lowest member of the bottomonium
family was reported recently by the BABAR collab-
oration [50]. The mass of the above state is reported
to be 9391 MeV and the value obtained in our model
is 9436 MeV.

We have also calculated the partial decay widths
for various decays of quarkonium ground states. The
results are listed in Table 3 and compared with exper-
imental values. The leptonic decay constants for the
ground state pseudoscalar and vector mesons were
calculated using the Van Royen Weisskopf formula,
Eq. (22). The calculated values for the charmonium
states, 1.(15) (MeV) and J/1p (MeV), are in good
agreement with experimental results. The calculated
decay constant for T(1S) (356 MeV), is lower than
the experimental value (708 MeV). The leptonic de-
cay width of J/1p was calculated using Eq. (23). The
value obtained including the QCD correction factor
is 4.04 keV and the value without the correction fac-
tor is 6.11 keV. The PDG value is 5.55 keV. Hence
the QCD correction factor is found to decrease the
leptonic decay of J/1p. The decay widths for the ggg,
vegg and yyy decays for the 1 3S, states were cal-
culated using Eqgs. (26-30). The results are listed in
Table 3.
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Table 3. Decay Properties.
observable present Exp. others
fp(u(1S)) 356 MeV 599 MeV [27]
fv(T(1S)) 356 MeV 70848 MeV 665 MeV [27]
Fotom (J/W)  4.04keV  5.5540.14 keV  5.41 keV [54]
Iyyy (J/)) 0.7 eV seen
Tgee (J/0) 77.2 keV seen 59.5 keV [54]
Iyee(J/0) 5.2 keV seen 5.7 keV [54]
Iio (T(1S)) 0.324 keV 1.34040.018 keV  1.35 keV [9]
TIgee (T(1S))  10.2 keV seen
Iyge(T(1S)) 0.23 keV seen
Tneony  361keV 72409 keV  3.48 keV [29]
Ty ey 44.7 eV
Tne—ge  5.06 MeV  26.743.0 MeV  10.57 MeV [29]
Tnp—es  0.99 MeV

The first observation of the decay J/1 — 3y was
reported by the CLEO collaboration [51]. The signal
corresponds to a branching fraction of B(J/{ — 3y =
(1.240.34+0.2) x 1075), in which the errors are statis-
tical and systematic respectively. The measurements
of Byyy, Bygg, Bege, and Bi+i- relative to one another
provides crucial experimental tests for QCD predic-
tions [30]. The predicted ratios for the J/1 state are:

I'(gge)/I'(I"17) = 19.19 (11.240.4), I'(vee)/I'(geg) =
6.74% (10%=+4%), I'(yyy)/I'(ggg) =0.9x107° (1.4 %
1075). The experimental values [9] are given in paren-
theses. The ratio of the inclusive direct photon de-
cay rate to that of the dominant three-gluon decay,
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