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Abstract The nuclear and Coulomb potentials between deformed nuclei with octupole deformations and

arbitrary orientations are evaluated numerically. The effects of the octupole deformation on the potential

between nuclei and the potential energy surface (PES) used in the description of the production of super-heavy

nuclei (SHN) by heavy-ion fusion reactions are investigated in the di-nuclear system model. It is found that

the nuclear octupole deformation significantly changes the shape of the PES, which may influence the fusion
probability of the SHN. Also, PESs in the tip-belly and belly-belly cases are investigated. Finally, the quasi-
fission barriers in the tip-tip and belly-belly cases are evaluated. It is found that the quasi-fission barriers of

the belly-belly case are generally larger than those of the tip-tip case.
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1 Introduction

The activities of the synthesis of super-heavy nu-
clei (charge number Z > 106) are hotly maintained in
both experimental and theoretical aspects. From the
experimental aspect, the cold fusion reactions with
PDb or Bi used as the target were performed to produce
the super heavy nuclei with Z=107-112 [1]. In hot
fusion reactions, the actinide nuclei were bombarded
by the doubly magic nucleus *Ca and some heav-
ier super-heavy nuclei were produced [2]. From the
theoretical aspect, in order to reproduce and predict
the evaporation residue cross sections and to under-
stand the production mechanism of the super-heavy
elements, several theoretical models were proposed,
such as the di-nuclear system (DNS) model [3-8], the
fluctuation-dissipation model [9, 10], the nuclear col-
lectivization concept [11, 12] and the macroscopic dy-
namical model [13, 14].

In the DNS concept, the fusion process is con-
sidered as the evolution of a di-nuclear system by
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means of the transfer of nucleons from the light nu-
cleus to the heavy one. If one fragment is absorbed
by the other one, a compound nucleus is formed. In
Refs. [7, 8], the nucleon transfer process is described
by solving the master equation numerically. It is
found that the fusion probability of the compound nu-
cleus is very sensitive to the potential energy surface
in the mass asymmetry degree of freedom. Thus the
study of the potential between two deformed nuclei
and the potential energy surface is important for the
theoretical study of the fusion probability and the fu-
sion process. Also, from the results, we can estimate
the magnitude of the deformation and orientation’s
contributions, which is important to understand the
dynamical evolution of the nuclear shape and orien-
tation, although the problem of the evolution is very
difficult and has not been resolved satisfactorily. In
Refs. [8, 15, 16], the effects of the quadrupole defor-
mations on the potential energy surface (PES) and
the fusion probabilities are investigated. It is shown
that the quadrupole deformations affect the shape of
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the PES and the height of the Businaro-Gallone (BG)
point, and finally they influence strongly the fu-
sion probabilities of the super-heavy nuclei (SHN).
In some reactions leading to SHN, for example,
541Cr+2%Pb and ®*Ni+2°8Pb, some nuclei with oc-
tupole deformations in the Z ~ 88 region may be in-
volved in the nucleon transfer process [17-19]. Thus
the PES and even the fusion probabilities could be
affected by the octupole deformations and orienta-
tions. In this work, the nuclear and Coulomb poten-
tials between two deformed nuclei with octupole de-
formations and arbitrary orientations are evaluated
numerically with the double folding method. The ef-
fects of octupole deformations on the PES are eval-
uated. Also, the PES at some orientations and the
quasi-fission barriers will be investigated.

The paper is organized as follows. In Section 2,
the formalism for the nuclear potential, the Coulomb
potential and the potential energy surface (i.e. the
driving potential) is given. The results of the calcula-
tions and discussions about the interaction potentials
and the potential energy surface for the super-heavy
nuclei are presented in Section 3. Finally, a summary
is given in Section 4.

2 Formalism for the potential energy
surface in DNS and the potentials
between deformed nuclei

In the DNS model, the potential energy surface,
i.e., the driving potential, is very important because
it provides information about the optimal projectile-
target combination and excitation energy. The fusion
probability is very sensitive to the structure of the po-
tential energy surface [8]. For a di-nuclear system, the
local excitation energy, which provides the excitation
energy for the nucleon transfer, is defined as

(J—M)> M
2t7re1 2L7int ’

e*=FE—-U(A,Ay)— (1)
where F is the energy of the composite system con-
verted from the loss of the relative kinetic energy.
U(A,,As,) is the potential energy responsible for the
nucleon transfer in the DNS model. J and 7, are the
relative angular momentum and the relative moment
of inertia of the DNS, respectively. M and Ji,, de-
note the intrinsic spin due to the relative angular mo-
mentum dissipation and the corresponding moment of
inertia, respective/lly. As a function of the mass asym-
17— /12

A
metry n = 1A, the PES in the DNS model is

defined as
U(Al,Ag) - B(A1)+B(A2)—Bcom
+Vo (A, As) + W (A44, As), (2)

where B(A,;), B(A;) and B®™ are the binding en-
ergies for fragment 1, fragment 2 and the compound
nucleus, respectively. Vo(A;, Ay) and Vi (A1, A,) are
the Coulomb potential and nuclear potential, respec-
tively. The Coulomb potential can be calculated nu-
merically as

Vo= pip} J %, (3)

|71 — 75 — R)|

where the integral runs over the two nuclei. R is
the vector between the two centers of the nuclei,
as illustrated in Fig. 1. pY and p9 are the charge
densities of the two nuclei, respectively. The sym-
metry axes (S, and S,) of the two deformed nu-
clei are assumed to be in the same plane. The sur-
face of the deformed nucleus is expressed as R(«a;) =
kRoi[1+ 35 Ya0 (i) + 35 Ya0 (i) + 8" Y10 ()], where Ry,
represents the radius of the spherical nucleus and &
presents the conservation of the volume. The last
term in the square brackets assures the constancy of
the center of mass (C.M.). «; is the angle between
any vector R, and the symmetry axis S’;, as shown
in Fig. 1. The octupole deformation parameters can
be taken as positive or negative values, which actu-
ally give the same nuclear shape. In this paper, we
take positive octupole deformation parameters and
the absolute octupole deformation values are taken
from [17]. The direction from the center of the nu-
cleus to the tip side is considered to be the positive
direction. As shown in Fig. 1, the angles between the
positive direction of symmetric axes and the z-axis
for the two nuclei are 7, and 7., respectively.

Fig. 1.
tion of two deformed nuclei with axially sym-

Schematic presentation of the orienta-

metric quadrupole and octupole deformations.

For the nuclear potential, we adopt the Skyrme-
type interaction without considering the momentum
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and spin dependence. Under the sudden approxima-
tion, the nuclear potential between two nuclei can be
calculated as [20]

EI] - Fex N =4 —
Va(R) = Co { Bl | [ eyputr— Riyar
Loo
+onmnier- é)df]
B a7 ﬁ)df}, (1)
with
N,—Z, Ny —Z.

En,cx = fin,cx+fi’nycx ! ! # (5)

Ay Ay
where NV, , and Z; 5 are the neutron and proton num-
bers of the two nuclei, respectively. In this work, the
parameters are taken as [15]: Cy = 300 MeV-fm?,
fin = 0.09, fo, = —2.59, f/ =042, f/ = 0.54 and
poo =0.17 fm 3. p; and p, are two-parameter Woods-
Saxon density distributions for the two nuclei [15],

where a,; and a,, are the diffuseness parameters for
the two nuclei, respectively.

3 Results and discussions

The nuclear+Coulomb potentials (Vy + Vc) at
different nuclear orientations as a function of the
C.M. separation r for the di-nuclear configurations
3854+224Th, which can form the compound nucleus
262106, and %°Fe+2?*Ra, which can form the com-
pound nucleus #1114, are depicted in Figs. 2(a),
(b), respectively. In Figs. 2(a), (b), we depict 0°—
0°, 0°-90° and 0°-180° cases with solid, dotted and
dashed lines, respectively. There are no orientation
effects concerning the nucleus *#S because it is spher-
ical. The nucleus ??*Th is deformed with 8, = 0.164
and (33 = 0.135 [17]. The potentials between **S and
224Th are shown in Fig. 2(a) for three orientations
of the nucleus ??*Th, i.e., v, = 0° and v, = 0°, 90°

(7)) = Poo 7 (6) and 180°. Actually, 0°-0° and 0°-180° represent the
1+exp (M) “tip-bottom” and “tip-tip” cases, respectively. In
Gp1 Fig. 2(a), it can be seen that the barrier at the 0°—
pa(7) = Poo (7) 180° (tip-tip) orientation is the lowest one, which is
1 4ex |7— R| — Ry (a2) 10.48 MeV lower than that in the 0°—0° (tip-bottom)
P Qp2 case and 12.42 MeV lower than that in the 0°-90°
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Fig. 2.

Upper: Nuclear 4+ Coulomb potentials for (a)**S+42?*Th and (b)*°Fe+??*Ra as functions of central

distance between two nuclei at different nuclear orientations. For each reaction system, the orientation of the
lighter nucleus is fixed at v1 =0° and that of the heavier one 72 takes the value of 0°, 90° and 180°. Lower:
Potentials of the reactions (c) **S+2?*Th and (d) °Fe+?**Ra with the octupole deformation effects (solid
curves) and without the octupole deformation effects (dotted curves) at the 0°-180° (tip-tip) orientation.
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(tip-belly) case. Thus, at a certain bombarding en-
ergy, a higher excitation energy can be obtained at
the “tip-tip” orientation. It is also found that the
0°-180° (tip-tip) orientation gives the largest C.M.
separation for the minimum potential at the pocket
position among the three orientations.

In Fig. 2, the nucleus *°Fe is quadrupole deformed
with B, =0.211 and its octupole deformation is zero.
Thus, the orientation angles 0° and 180° have the
same physical meanings for °Fe because of its re-
flection symmetry. The quadrupole and octupole
deformation parameters for the nucleus ***Ra are
B2 = 0.164 and (B3 = 0.131 [17], respectively. The
orientation angle for %°Fe is set as v, = 0, which im-
plies that the symmetry axis of °Fe is parallel to the
z axis. The potentials for three orientations of the
nucleus **Ra are shown in Fig. 2(b).
ations as before can be found. The barrier at the
0°-180° (tip-tip) orientation is the lowest one, and
it is 14.68 MeV lower than that in the 0°-0° (tip-
bottom) case and 17.93 MeV lower than that in the
0°-90° (tip-belly) case. It can be also seen that the
0°-180° (tip-tip) orientation gives the largest C.M.
separation for the minimum potential at the pocket
position among the three orientations.

The nucleus-nucleus potentials of the reactions
38S+224Th and “Fe4+***Ra at the 0°-180° (tip-tip)
orientation with octupole deformation effects(solid
curves) and without the octupole deformation ef-
fects(dotted curves) are shown in Fig. 2(c) and (d). In
Fig. 2(c), the potential at the pocket position for the
solid curve is 3.59 MeV lower than that for the dot-
ted curve, which means that the octupole deformation
affects the potential significantly. A similar situation
can be found in Fig. 2(d) for the reaction *°Fe+2?*Ra.
At the 0°-180° (tip-tip) orientation, the potential at
the pocket position is decreased by 5.97 MeV due to
the octupole deformation of ?>*Ra.

Similar situ-

The minimum potential at the pocket position V'
for 3¥S+4-22*Th is given in Fig. 3(a) as a function of the
orientation angle of ?>Th. Because the nucleus ***Th
is octupole deformed, the potential curve is asymmet-
ric about the orientation angle v, = 90°. The maxi-
mum value is at about 100° and the minimum value at
180°. The minimum potential at the pocket position
between ®*Fe and ?**Ra is presented in Fig. 3(b) as a
function of the orientation angle ~y, of ***Ra with the
orientation angle v; = 0 for °Fe. Similar situations
can be found in the two figures. The C.M. separations
AR at the pocket positions between nuclei for %S +
224Th and *°Fe+2?**Ra are shown in Fig. 3(c) with a

solid circle line and an open circle line, respectively.
From Fig. 3(c), it can be seen that the C.M. sepa-
rations fluctuate with the angle 7,. The maximum
potential can be obtained at about the minimum of
AR¢ while the minimum potential can be obtained
at the maximum of AR¢.

The potential energy surfaces for the heavy-ion re-
actions **Cr+2%Pb — 262106, ' Ni+2*Pb — 272110,
6Ge+28Pb — 281114, and “2Kr+2%8Pb — 309118 as a
function of mass asymmetry 7 are depicted in Fig. 4.
Only the part —1 < n < 0 of the PES is shown be-
cause of the symmetric structure of PES. The solid
circle and open circle lines represent the results for
the tip-tip and tip-bottom orientations, respectively.
The PES where the nuclear octupole deformation is
neglected is also given in Fig. 4 (the triangle line)
for comparison. The arrow in the figure shows the
incident channels 7,. It can be seen that the shape
of the potential energy surface is modified because
of the nuclear octupole deformation. For the channel
6Ge+2%Pb — 281114, in the region between 1~ —0.6
and n ~ —0.5, the solid circle line is 6-8 MeV lower
than the triangle line, which means that the poten-
tial energy of the tip-tip orientation decreases be-
cause of the octupole deformation. For example, at
n=—0.5352, the potential energies with and without
considering the octupole deformation in the tip-tip
case are found to be —8.59 MeV and —1.20 MeV, re-
spectively. The difference is 7.39 MeV. Then a pocket
on the left side (larger value of |n|) of the incident
channel can be formed, which may store some proba-
bilities and to some extent prevent the di-nuclear sys-
tem from moving rapidly to the symmetric direction
in . In this sense, fusion will be enhanced. It can
also be seen that the open circle lines (potential en-
ergies at the tip-bottom orientation) are higher than
the triangle lines (without the octupole deformation
effects). In this situation, fusion may be hindered be-
cause a high barrier prevents the formation of more
asymmetric di-nuclear systems by the transfer of nu-
cleon(s). In Fig. 4(c), near the mass symmetry con-
figurations n ~ 0, it can be seen that the octupole
deformations also decrease the potential energies in
the tip-tip case. However, this region is far from the
incident channel and near the mass symmetric config-
uration where the di-nuclear systems are very likely
to separate by quasi-fission. Thus, the change in the
shape of PES in this region has less influence than
that in the region on the left side of the incident chan-
nel. In the other three figures, similar situations can
be found.
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Fig. 4.

Potential energy surfaces for (a) **Cr+2%Pb — 262106, (b) **Ni4+-2"*Pb — 272110, (c) "*Ge+***Pb—

24114 and (d) *?Kr+**Pb — *°°118. The solid circle and open circle lines represent the results for the

tip-tip and tip-bottom orientations, respectively. The driving potential obtained from the calculation with

the nuclear octupole deformation neglected is also given (the triangle line) for comparison.

The potential energy surfaces for °Ge+2*Pb —
284114 in the tip-belly and belly-belly cases are de-
picted in Figs. 5(a) and (b), respectively. It can be
seen that the structure of the PES at the two orien-
tations is quite different from that of the tip-tip case.
For example, the mass asymmetry of the BG point
in the belly-belly case (nse=—0.7535) is closer to the
incident channel than that in the tip-tip case (npq =
—0.8521). The height of the BG point in the belly-
belly case (Ugg=21.63 MeV) is higher than that in
the tip-tip case (Upe=13.59 MeV). The inner-fusion
barrier (the barrier between the incident channel and

the BG point) for tip-tip, tip-belly and belly-belly
cases is 30.05 MeV, 38.09 MeV and 30.92 MeV, re-
spectively. On the right hand side of the incident
channel, a barrier Bg can be found which prevents
the system from moving to symmetric configurations.
The barrier Bg in the tip-tip, tip-belly and belly-
belly cases is, respectively, 0.47 MeV, 10.79 MeV
and 18.99 MeV. The results imply that it is easy
for a di-nuclear system in the tip-tip case to move
to mass symmetry, which will finally lead to quasi-
fission. However, it is difficult for the system in the
belly-belly case to move to symmetric configurations.
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Fig. 6. The quasi-fission barriers for "°Ge+

208pp, —, 284114 as functions of the mass asym-
metry n at the tip-tip and belly-belly orienta-
tions.

The quasi-fission barriers for "°Ge+2®Pb —
284114 as a function of the mass asymmetry 7 are
shown in Fig. 6 for the tip-tip and belly-belly orien-
tations with solid and open dots, respectively. Gener-
ally speaking, the quasi-fission barrier increases with

an increasing absolute value for the mass asymmetry
|n]. Thus, it is easier for a more symmetric system
to separate by means of quasi-fission. In Fig. 6, we
can find that the quasi-fission barriers in the belly-
belly case are generally larger than those in the tip-tip
case. For example, for the incident channel, the quasi-
fission barrier in the belly-belly case is 1.19 MeV
higher than that in the tip-tip case. In our calcula-
tions, we also find that in the tip-tip case, the quasi-
fission barriers with the octupole deformations con-
sidered are about 1 MeV lower than those where the
octupole deformations are neglected. For example,
at n=—0.5704, the difference between the two cases
is 0.943 MeV. Therefore, the contribution of the oc-
tupole deformation to the quasi-fission barrier should
not be neglected.

4 Summary

The nuclear and Coulomb potentials between
octupole-deformed nuclei with arbitrary orientations
are evaluated numerically. The effects of the octupole
deformations on the potential between nuclei and the
potential energy surface (PES) used in the descrip-
tion of heavy-ion fusion reactions are investigated. It
is found that the nuclear octupole deformations de-
crease the potential between octupole deformed nuclei
and change the shape of the potential energy surface
for producing super-heavy nuclei (SHN) significantly,
which influences the fusion probability for the SHN.
The PES in the tip-belly and belly-belly cases are also
evaluated. We found that the quasi-fission barriers in
the belly-belly case are larger than those in the tip-
tip case and the octupole deformations decrease the
quasi-fission barriers by about 1 MeV in the tip-tip
case for some di-nuclear systems. This may enhance
the quasi-fission process.

In future work, the fusion probability, the defor-
mation and orientation effects should be investigated
further. Actually, the dynamical evolution of the
deformation and orientation is very difficult to treat
satisfactorily. Our investigation may give an estima-
tion of the magnitude of the effects of deformation
and orientation to some extent and give a hint for
further investigation.
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