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with Lie Algebraic Methods
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Abstract With the Lie algebraic methods, the charged particle trajectories in electrostatic analyzers are analyzed and the third order
solutions obtained. In this paper, we briefly describe the Lie algebraic methods and the procedures of calculating the nonlinear orbits.

The procedures are: first, set up the Hamiltonian; then expand the Hamiltonian into a sum of homogeneous polynomials of different de-

grees; next, calculate the Lie map associating to the Hamiltonian; finally, apply the Lie map on the particle initial coordinates in the

phase space, and obtain the particle nonlinear trajectories of the first order, the second order, and the third order approximations re-

spectively. Higher orders solutions could be obtained if needed.
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1 Introduction

The electrostatic analyzers are often used for analyzing
different ion species in accelerators. The linear particle orbits
in the electrostatic analyzers are known. In order to get more
accurate results, the nonlinear terms of the orbits should be
taken into account. The conventional methods of solving the
differential equations to obtain the nonlinear solutions are very
complicated if we used the Lie algebraic methods, however,

the procedures will become considerably simple.
2 Lie map

The motions of charged particle in a beam transport ele-
ment are regarded as the coordinate transformations between
the initial point ¢™ and the final point ¢™ in the phase
spaces. The transformation is called the Lie map M, which is
written as the integral of the Hamiltonian H:

M=exp[_:Jz‘ Hdz: ] =-eeee- M, MM, =

0
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M2+:f3’M2+(’f4:+7:f3’2)M2’ (1)
where z is the value of the independent variable of the

Hamiltonian H at the initial point ™, and z is the value at

the final point &™. And:

f2= - Jvz{ HZdz’

%y

f3 = - J:[ hi3mdz,

ﬂ = - er hf{“dz +

%

1 (= z . .
3 e[ anl -G, e G)1, @

here

R™(z) = MyH,. (3)
where H, is the n degree of homogeneous polynomial of the
Taylor series of the Hamiltonian H.

[1,2]

In Eq. (1) the factorization theorem is used,

My=exp(:fp1), My=exp(:f3:), My=exp(:fy?),
(4)
and the symbol: : stands for the Poisson brackets expressed in

the following:
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frg=[f,gl= 2 [9f/3q;1(0g/dP;) - the electric potential is
(2g/2¢:)(3f/aP) 1. (5) = ’”OZO Ohn(a/rg + 1). (8)
The Lie map M of Eq.(1) is also called the Lie transforma-

tion, which can be expressed with a Taylor series™®’ ;

exp(if:)g=g+[f gl +[f,[f,e]12! +-- . (6)
Let the map M act on the canonical coordinate £™,we obtain
the particle orbits of different orders:
¢ =exp(:fpi)C™,  (first order)
t=:f3:¢, (second order)

G= filit g il

Here, the subscripts denote the order of the approximation.

(third order) (7)

3 Hamiltonian and its expanded homogeneous
polynomial

The electrostatic analyzer consists of a pair of coaxial
cylindrical electrodes. In the cylindrical coordinates ( r, 8,
y)(see Fig.1), r is the radius of the arbitrary particle trajec-
tory, r is the radius of the reference particle trajectory, a, b
are the radius of the inner and outer electrodes respectively,

and @ is the bending angle of the analyzer.

Fig.1

Suppose the voltage along the reference trajectory is zero,

where, vy is the velocity of the reference particle, and
x=r-—rg. (9)

The Hamiltonian with time ¢ as the independent variable is:

+ [ pp/(rp+ x) 22+
moYorin(1 + x/7q) . (10)

H, = m(2)04 + pfcc2 + pic2

Let p, =

pgz(r0+x)x

— H,,and solve p; from p,,we have:

«/[pt + moYovdln(1 + x/79) 12/ * = p2 - p2y - m3c.
(11)
Eq.(11) is the Hamiltonian in the phase space (x, p,, v,
Pyst>p,) with 0 as the independent variable. Let

X=XsPx=PssY=YsPy= Py>

T =1t - ro0/vy, p; = p, — P (12
where p is the value of p, of the reference particle. We can
see from Eq. (12) that the coordinates of the reference parti-
cle always keeps zero in the new phase space & = (x,p,, v,

Dy» 7,p,) . According to Eq.(10),we have:
= = H, | ference particle =
—/ miet+ pye® =
- moYoc. (13)

Here pq is the momentum of the reference particle,

Yo=1/7/1-=(vy/¢)?.

Under the canonical transformation given by Eq. (12),

the generating function is:

3
F,= Z Q:pi=
i=1
xpy + ypy + TP =

ap, + 3p, + (1 -

The new Hamiltonian in the phase space & is:

100/ v0) p, - (14)

H= —(rog+2)/ [p, -

Expand the function H into Taylor series, we have:

H= > H,. (16)
n=0
where H, is the homogeneous polynomial of n-th order. The
first five items are:
Hy = ropo( g% = 1), (here pg = mgYovo)
Hl = 0,
Po K 2, To, 2 2 To K

_ borr To L
H,= 2ry * +2Po(pX+py) +2p011(2)7(2)p7+ voxpr’

moYoc® + mYovin(1 + x/rg) 12/ ¢* - p2 - pzy - (mge)* = (

Pr— moyocZ)ro/vo. (15)

Po(3 70) r
6r

x’p, +

1
Hy= +—x(pi+p2)+
3 Po 14 py 787707'0

2 pr (px+py)pr9

P070”O 2 3Pr

2p576v3 2p
° (8—3/33 )pox *(p%+p?)
4= 2 +

4_
o 24 3+ (4= o) 4pory

o 2
— 14-3
AP (14380
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3 Bz 3952]727 (4 BZ) To 4 4
4R > ro(p2+ p2)pi+ (6 :32) Aperirire 2920, ap.(pi+p2) + g(px +py).  (17)
6. B(Z) xPr B(Z) Opr where: 1 7(2)
2 8 Po 070 k= y: (18)
0

4 Particle trajectory calculations

4.1 First order

From H,,solving the equation of the motion, we can get the first order approximation:

cos( k) kr—osin(lsﬁ) 0 0 O fo (cos(k9) = 1)
Po Yo M 2]
S
-k
posin( k) cos( k9) 0 0 0 - isin( k) P
Py Ty Vo °
0 Yo
e 0 0 1 2 0 . (19)
p}' Po pyo
z 0 0 0 1 0 0 r
- k g
P | Ein(k9) Dleos()-1) 0 0 1 —Zsin(h)--25 || Ps]
Yo Po%o Po%o
L 0 0 0 0 0 1 J
4.2 Second order
According to Eq.(2) and the second expression of Eq.(3),we have:
[
4 = J B ¢,6)d6 = _J0M2H3<g,e)de. (20)

According to the second expression of Eq.(7),and the fourth expression of Eq.(17), Eq.(19) and Eq.(20),the second

order terms of the trajectories are obtained:

xy=[-3(5+75) -2(7§ - 3)cos( k) + (9+570)eos(2190)]%2 +

[2(y3-3)sin( k) + (9 +5}’O)sm(2lsﬁ)]6k3 7 -

[3(5+73) -2(3 - ¥3)cos( k) — (9+5}’0)cos(2k0)]7—
Povo Y5

[3(5+ 73) —8(3+ ¥3)cos(K9) + (9 +57(2))00s(2]g0)]M _

12K p§ 7
[4(3 + '}'o)Sln( w) - (9 + 5}’0)sm(2k0)]M _
Pov0 Y8
(1- cos(w))r(z)—p% - [3(3-75) +875cos( M) - (9 +5}’%)cos(2k@)]%’ (21)
125" pov 7o
= Lsin(49) + Sln(zw”u [cos(k9) - cos(ZIﬂﬂm _
6krg ro 72
P
[2(3 + ¥3)sin(k9) + (3 - 70)s1n(2h9)13k o007 —[4(3 + y3)sin(K9) - (3 - 70)31n(2k@)]6k3 vl
(3= 73) p.p: sm(lsﬁ)py
[cos( k9) — cos(216) ] e (())Uo}’o e
»
[2(3 + YO)SII’I(IC@) + (3 ’}/O)sul(zw)] (22)
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2xp,sin( k9) 2pxpy ro1 = cos(k9)) . (2sin( k) = K9) rop, p;
22 iy K p} kp§o ’
p,, =0, (24)

2

(23)

vy = [2(3 = 7)sin( ) + (9 + 73)sin(2H) ”W ¥

[3+375+2(3-75)cos(kI) — (9 + 73)005(21‘19)1% +
65" povo 70

[2(3 - }’O)sm(k@) +(9+ }’O)sm(Zkﬁ)]r +
PoVo Y

2 . _ 2N . rOPx _
[8(y5+3)sin(kg) — (9 + 70)51n(21a9)]712k3p%1}07%

2 2 2 ToPx P:
- 219) |—2LxEr
[3+373-4(3+ ¥2)cos( k) + (9 + 73) cos( w)]6k2pgvgy%

ropzy(Zsin( W) -1)
2@3”0

2
+ [6K73 - 873sin( k) + (9 + y%)sin@w)]%, (25)

P, = 0. (26)
4.3 Third order

In the similar way, according to Eq.(3),Eqs.(19)—(26) , the third expression of Eq.(2),Eq.(7),and the fifth expres-
sion of Eq.(17),we obtain the function f; first, and then the third order terms of the trajectories. Because the results are too
long, only the terms of x4 are listed here:

x3=[12K0(685 + 675 + ¥§—3)sin( k) — 12(15 =275 - 75) — (15 + 14473 + 137§) cos( k) +
4(27 + 6}’0 - 5}’0)(:05(2/99) +3(29 + 32}’0 + 7}’0)(:05(3190) ]—4
144K 55
[12k0(3-683 - 675 — 75 cos( k) + (99 + 3843 +2575)sin( 9) +4(27 + 675 - 57¢)sin(29) —
x’p,
144k5;:)r073 "
[12k0(68%+ 673+ v4—3)sin(B0) —48(5 + 73) + (9 - 12873 - 2178) cos(KI) +

2p.
48k poroveYe *

[12k0(3 685 - 675 — 75)sin( k) = T2(5 + 675+ v5) — (27 - 2887(2) —957§) cos( k) +

9(29 + 3275+ 778)sin(349) ]
16(9 + 5}’0)(:05(2190) +3(29 + 32}’0 +77% *Yeos(340) ]

8(81 + 5475 +575) cos(2h9) —9(29 + 3275+ 775) cos(3H9) JW "

[12k9(68%+ 673+ 74— 3)cos(BI) — (99 + 3843 +257%)sin( k) —

4027 +673 =578 sin(200) +9(29 + 3272 + 774 hﬂ%@)]%

[3&10,84}’051n(lsﬁ) +3(5+ }’0) 2(3 - }’O)eos(k@) (9 +5}’0)cos(21sﬁ)]6k4 7 +

[(9-12872 - 2178 cos( KF) + 16(9 + 573 ) cos(2H0) +3(29 + 3273 + 7}’0)008(31119) -
xpf
48k pand vl
[12k9(3-683 - 673 — v&)cos(B) + (279 + 33673 + 3774 sin( k) — 16(27 + 2473 + 574)sin(2k9) +
Topi
144K p3 75
[12k0(685 + 675+ ve—3)sin( k) +36(5+ 675+ 75) + (315 + 9673 + ¥5) cos( k) —

48(5+ 73) — 12k0(685 + 675+ 75— 3)sin( k) ]

3(29 + 3273+ 774)sin(340) ]

4(189 + 15072 + 2574 ) cos(219) +9(29 + 3272 + 772 cos(349) J% +
144k 0 070
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2
[3HB8Y3cos( K0) = 2(3 + 572 sin( kD) + (9 +572)sin(240) ]~ L=Lr o

6k p 73

[12k0(685 + 675+ ve—3)cos( M) + (45— 1925 + 2378 ) sin( B9) —

8(27 + 2472 + 574)sin(2k) +9(29 + 3272 + T74)sin(349) ]

ropiPr
144K pivg 7

2
[3(3 = 72) + 872cos(B0) — (9 + 572) cos(240) + 3k84 y2sin( #)) | —2LPe

6k* povo o -

(12017 +273+ 73) — (9 =967 + 1173 cos( k) — 4(27 + 675 — 57§) cos(2k9) —

3(29+ 3273 - T78) cos(3h9) + 12k0(68% + 673 + v4 - 3)sin( 40) ]

5 Conclusion

Now the nonlinear charged particle trajectories in the
electrostatic analyzers are obtained. In some cases, one wants
to calculate the nonlinear particle transport in an ion optical

system. To do so, it is necessary to know the nonlinear trans-

3
oP+

3 3. 4- 27
144k 513 7% @)

port in each single optical element, although in a single ele-
ment the nonlinear part of the trajectories is not quite big
compared with the linear part. To calculate the nonlinear par-
ticle orbits in the ion optical systems including the electrostat-
ic analyzers, the analytical results will be put into a computer

progIam[4] .
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