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]L ie A lgebr aic Analysis for the Nonl i near T r anspor t

A bú ' d With Lie aleebra e methods , we m alysed the nonl inear M mpoet d pa t id e motions m elecUÒ, tati c quadmpoles up Ø thud

OM er - u e pmeedØØ m : aEEU Mt µ ² e Efm ate-zim ¤ the elecÃ stati c quack12poles - then ezpand the Hagni ltOman into a ç m d

homogeneous polm ornials d da e m t dee Ø - , analIy , calculate the pa tick - s nonl inear m j ed od Ø up to thid order - Hio er od eú

£oul d be obtained ¤ nm egaaw .

u e aleeh ± , nonl inear , elecu mtati c quaó 1p olek ey woEÍ S

1 Hamil toni an and its

polynomial

TEe Hami ltonian in the caEtesian COOEd mate system

ì th time as m independent

h z yz) VÐ ,
é , t

heEü v i s the vol tage of the pole ,

ci rc le electmetaHc quadm pol es .

Suppoee Pa = - H, , azzd solve pz h m it , one can

K( s, z , y ,pe,p, ,py)Pa
- p: - pi - wz;c2]Â. (3)

corm-ponding to É e canonical

" )21cg[ (ps
Eq . ( 3) is the Hamiltonian

vaEtables z ,p, , y , pv, t and Pt ÷ × z m the independent

vaztable . M

value of Pe for the mfemm e pan icle . h the phase space

C = ( Æ, p , , y , py , r , p , ) , the cooMi na e d mfemnce

paEt id e always keeps m m . ACCOEd ing M Eq . ( 1) , we cm

obtª n

¶ | ,.. .Ä Í 'p? a

Received l l NovegØer Z´ n

1) E- mai l :¬ Iu @ pku . edu . cn

in E lectr osta t ic Quadr upoles

U Jim-Hai U Chaoï I a ng IJU Jim - Qi nl }

( h É ute d Heavy lom phyzm . peMrÄE UE® , ¦ " ' BaHZØ 1Þ ó71, CMm )

- ( m; c4 + p : c2) t = - mo Yocz , ( 5 )

hem p s is the momentum d the retemnce paEt ick , Yo the

mlativi sti c parameter of the refeEünce pan i cle , i . e . , Yo

= [ 1- ( , , / c)2] ¤ö

vaEt able F 2 for the canonical trmm¤1Ee function

(2}
EJQJtF2 = zpz + yp y + rp a

zpa + ypy + ( t - z/ tyo) Pa -

eonªESponding to d1e generat ing

s-

-

ro the md us of inner

(6)
1Ee new Hamiltonianobtain

aEEECHon Fz is-

-

H z k + 3 F2/ a z g

- { (p, - moYocz+ , , )Zj J Äpi - pi - (m£c)2] m

( p , - Ð Yecz µ/ eo s

- [ ( p e - wzo Yocz + q ( z z - 72) V/ r i ) 2/ cz -

p : - p i - ( moc Y l m - ( p Ó - nzoYoc2) / eo ¤ ( 7 )

Expand the new Hami l toni an H into Taylor series Ã

H = E J H , , ( 8 )

whem H . i s the homogeneous polynomi al d n - th Od er in

the phase space ( Z , p z , y , py , T , p , ) . Ç m a rst a ve

temzs am
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p,(ß 2- 1) (here p.HO

H1

H2

HS

H4

= 0 ,
( pi + p: ) t 42 , . yea - 0 + , K SZ E YZM A 4 p µ + p i j ( 2 ¤ä Ð Ì c3µ, d r A

( pt : + pt : )MpÜJ/Ê( 2È,ÐF
(ØP: + p̈ ; )M/ (Ø8 nmÐzd; Yß; Fó; cJ3) + qó2 v² a(Øz4 + © ) / ( 2moy; pk sr; ) + p: ( 15 - 3ó ) / (24 m; p; Ô c?) +

3qpb i ( zz - yz) / ( 2 m; a yh ' r; ) + p i ( p: + p: ) ´ 3 º p; ) / (4 4 í y; cs) +

qV( pi + pi x zz - y2) / (2 Ð

-

-

-

-

-

-

2 Lie map

In the phase spä e C = é , p Í , y , p y , Ó, pÓ) , the

ort e nd point c m is mapped Ø the anal point csn after the

electmetatic quadmpoleg . Ú Ee Lie tmnsfonnation IÉelated

to the Hami l tonian H is

M=mEPI-¢
( 1+:ù :+ Â :ù :2

{1M E+Â:² ~ )M2
+ ( :A 2+ Â :ª ç 2¤(10)M2+:ù : MZ

h the expm» ion of h . ( 10 ) the factorizati on theoremUA]

is used . Ä at is

M2 = exp( : ù :) , M3
M4 = exp( : ù :) ,

here

C¶ Ç

- j; ô +´ ² 1j ; dh

[ - hF(zJ , - hF( zt¡ ,

JL

wheIü
h? ( Ý ë

· , 2H" .

cos( kl )

- p. lzsin( M)

0

0

0

0

Y E

Pä
' ?1

' E

ß Ü ï í ë Ë ï í (HEP & NP) Ú 27í

mo Yoeo) ,-
-

Is t the nmp M aet on the em onied COOEd mate Cm , and

the subecd pt denote the OEd er- of appmxi tnation , we have

c1 = exp( : å : ) ² , (first order)
C2 = : ª : CI , (second order) (14)

Ê =:̈ 1+Â :õ È (÷ OMer)

I n the fol lowi ng , we e ve the rÊ ults of pan icle traj ecton es

of th t order , second Od er and third OMer appmxi Enati on ,

EüSpecti vely

~

3 Par ticle t r aj ectory calculations-
-

3 .1 REst order

131e defIni t ion of the U e trand om ati on isM

exp( : f : )g = g + [f ,g] + [f , [f gJ]/2!exp´ : ª : ) ,-

-

Because H2 m the Eq. ( 8) does not depend on z , the

amt Eq .( 12) can k w itteEE¹

A = - if12¤

Iat

k2 g 2 qV
FFZop; yocz r; ' ( 17)

p. = mo YoFoc ,

aecording Ð the Emt a pmsSion of Eh . ( 12 ) and Eq .

( 14 ) , we cm obtain the transfonnation or the fl M OMer

appmmmatEon :

¹ ¯ in( kt )
P. a

eos(M)

o

o

o

o

£

o

eod ( M)
p. Issinh( M)

£

£

£

0

0

0

0

0

0

£

0

0¹ - sinh´ kt )
p. k

coeh( M)

£

£
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3.2 Second order

Aeeording to the m eond m pm¤- ion d Eq . ( 11) m d the expm a oa d Eq . ( 12 ) , £" e can obtai n

A · ; Ì ( Ê Zt ) d ZI = - L M zfz, ( CJ E) d zt ( 19 )

b oord ing to the è ££" d exp ressm d the Eh . ( 12 ) and the se££" d exp m × on d the Eq . ( 14 ) , £" cm obtai n the fl ZEal

coordinates d meood order :

{ " ¨ ç m à - 2 M ( 1 + Ô ) ] ¬ ¨ ¨ kt ) l

4 y ; 9 , , . 2 p . c j µ

{ Ø ( M } Ê 1 + ßÑ ) + °Ñ¢² YªÚ;Ì .ØiMa
4 P : kö y ; tAh e 2 ä : c P J , ,

I A eÐ " ) m z ( M ) m ´ M } U M ( l f y ; ) + t S y h i n ( 2 ki ) ] l

- l 2 p . c - 4 p . y ; A c y ad² , -

{ « md̈ , (ØM¿ ) hhôô £Øï £ØØ.
2h c - 4 Yß ; PA . c j zp ö ,

1 9 . ¤i a h ' ( k t ) - eo d ( ki ) [ 2 M ( 1 + y i ) + É Ã: " a h o ht ) ] l
g l - 2 M c + ø ë , , c P " +

( A m ¨ ± ( M U " É ( M ) [ " £ + YÔ; µ· -4 PØ

2́ P . c 4ä P . yÔ: PA. c j¬," P , .

I PA0e£.äh ´ hMt ) ." i n h±2 ( M ) ." i núh ( kMt ) [ 2 M ( 1 + YÔ: ) + Pó ; YÔ; .±ihM'a'Éh (Ø2 kMt ) ] l
= - 1 2 p . c - 4 p . y ; A c P ,JP ö +

{ k cÐë (ØÐ"ØÐ )̈ [ô2

4 Y; 9 . c 2 c

s s i d ( M ) Rb» á ¿ n hZ( M ) t h a- 4 3 4p1 4
- 2 p . e f z T 2 p . c JF F ' 2 p i y ; a c ' +

[ 2 M O + 7 3 ) + t S y : " - h ( 2 M ) ] p i k { 2 M ( 1 + Ô ) - t d y : " n ( 2 ki ) ] z z

A Sp : k y ; p . c JLf 1 8 7 ¾ , e : -

k [ 2 M ( 1 + y ; ) - A y ; . ia h ( 2 kt ) ] y z U M ( 1 + y ; ) + ó Ô ¤in ( 2 M ) ] p i

+
s y ; p e c t A a ~ S p : k y i A C

3E2

Pzz

72

P72

©,

pe2 = 0 .

3.3 Third order

h the Ç Ç way , accod ing the É izd exPE- -a on d h . ( 12) and the thi rd mpm a ¶ d Eq . ( 14 ) , £" e cm obtadn

the anal eood inates d thiM mder :

Z3 = s̈

32² £MM) + [¤ (3M) + 9¤iMKt) - Ih Ð " ) ]ó ,
64p: k pz +

32² £Ð " ) - 3[4² £Ð " ) - 7¤ia´ Mh m ´3M} ] ã , 2
64p- m ps -

sin(ht ){ 16kt ¤¤3[2M ¤ ¤iM2kt ) ]tt }
öp : - { £ . . ( M ) [ 16 kt - ( 4 M

32 p :

[h m h(2ko h in( ki )¢ ö þ + eoeh(2M) [h tM M) + ¢ ¢ ] - 3£" ( kt ) - " " ¢ ¢ ¢
32p. 16p.

Ç ß Ô « ä Ä IAeú ý Ö ö 647« â µ Ð

(20)

(21'

(22)

(n )

(24)

(25)

p ; " £ , i a ´ ht ) { 16 M - M M + - i m( 2 kt ) ] t t }
- eoeh ( ki ) ¤i M M ) ] - - - r i - t t

£p. 32

+ MEEtz( 2 kt µ) p; ]
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{ 4kztzeo¤( M) ( 1× ; zypy - t " - r eo- t u yt E+ ZY- + Yd Y - ZM¤B- t u y y-

[ 1 + £ £ . ( 2 h t ) - ( 2 5 + e o ¤ ( 2 k i ) - ( 1 7 + £ £ . ( 2 k i µ p ; ) y ; ] - 4 c o e ( k t ) ¤ i EZZ ( k i ) p ; y ; } Ê ,

3 2 p : Ë , ¶ e z

{ 4kte£. ( M) (4 - td ) + [ 3¤iM M) - eod (2ki )¤in( Mµ + £. . ( M)sinh(2ht ) ] p; } Z f t þ +
3&BF

zy?y

if 4 u § ǾM )̈ (Ø2 + ªù ) - ¨ .÷iMMEM( kẗ + À + ªÑ ) "õ õ (ØM )ðÉ 4" .÷iÛ + z + , l fy; í ez y; í cz c d Sp: k

16u m ( M L h Ð " µ11 - e¤¤h( 2M ) ] + [4 M - a ú ( 2M ) }Ñ, ( kt ) } ã Ô +

32p:

" kt m ( kt h h ¤( M µ[ 1 - e£É ( 2ki ) ³ - m { M } [ 4M U tah( 2ht ) ] } t s
k g y 2 . ( 2 6 )

3 2

Because df the page l im t , ² e É hd tefms d pav Y, , py, , ¢ and p,, m na l ia ed bem .

plm e space, we can dim tly obtain the aMd canomeal

4 Cm ch ¦ £n eoOd in± es d er the elecuoaa c quadmpoles . We can

see É ç , however , the solutions am too complex to be

Now '" have obtamed the thi rd order d utions of the used by hands . ® , we wi l l put them into a Ø mõ ô pm-

panicle tmjectorim in electroetatic quadmpoles . H we g am .

e ve the initial canonical £ooMina e- in six-dimensional

1 º -e A 1. Fhy¤m d High Eaeqw h ø eh Meek É " - AP Ced ¤ -

mm × meediE,, No.87, edited by R. A. ca rism a d . Am. h -t .
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+2ª + y; ) - 2k1¤in( kt ) y;

Pa-Pr557E-
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