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Abstract The spectra of baryons which include two heavy quarks and one light quark can be treated as
a two— body system, where two heavy quarks constitute a bosonic diquark. We derive the effective po-
tential between the light quark and the heavy diquark. In this work we have discussed several serious
problems: (1) the operator ordering, (2)the errors caused by the non — relativistic expansion, (3)spin —
spin coupling and (4 )the mixing between baryon states with scalar — diquark and vector ~ diquark.
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The diquark structure in baryons has received increasing interests from high energy theorists'"” .

It is indeed dubious for the baryons which only contain light quarks, because of the spatial dispersion
of the light quarkst?3! . If there are two heavy quarks (bb,bc,cc) ina bilryon, they tend to constitute

a substantial diquark with small spatial size and serve as a static 3 color source for the light
quark!*%). Recently, Ebert ct al. evaluated the spectra of such baryons in terms of the local
Schredinger — like quasi — potential equationm . Similarly, Gershtein et al. estimated the spectroscopy
of doubly charmed baryons where angular and radial excited states are included!” .

In the potential model, the interaction between the light quark and the heavy diquark can be de-
rived by calculating their elastic scattering amplitudest®’ . The key point is the form of the effective
vertices of the diquark — gluon interaction. In this work, by retaining &% — dependence explicitly, we
rederive the effective potential by using the Bethe — Salpeter(B— S) equation and obtain the effective
vertex. In calculating the baryon mass, we notice several serious problems which have not carefully
been discussed in earlier literature'®?). (1) A systematic way of deriving the form factor at the
diquark — gluon vertex. (2) The operator ordering problem in Fourier transforming scattering ampli-
tudes in momentum space into configuration space. (3) Intolerable errors caused by the relativistic ef-
fect due to the existence of light quark. The parameters obtained by fitting the data of J/¢», T and etc.
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should not be valid to the cases where light flavors are involved. (4)Due to the 8 (r) behavior of the
spin — spin coupling, the diquark picture may turn down. (5)Possible mixing between baryon states
where the be — diquarks are scalar and axial vector respectively. In this short paper, we mainly discuss
these problems.

1 Effective Vertex of Diquark — Gluon Coupling

Since the diquark is not rigorously a point — like subject, we cannot employ commonly used ver-
tex. Instead, we derive such effective vertex from the B — S equation where the kernel is chosen to be
the Cornell potential in analog to the meson case. The effective vertex DD’g, where D and D’ could
be either scalar diquark (S) or axial — vector diquark(A),and g denotes the gluon, are

(S'(2") 11, 1S(v))=vV MM [ f, v,* f2u, ], for SSg coupling, (1)
(A" S TIACe, ) =V MM [ f3(q " " )  + fo(g " oo, +
fsCpeo ) (g " cv)o’, + fe (g ) (5" ~v)u, +
fan o (g )+ f4(q' " o), +
fgi‘;a,aa?’ T+
S1oleuen """ ], for AAg coupling, (2)
(A (s )T 1S(0)) =V MM [ fiyq' ) + fra(q % ‘v)v, +
fua(q' % *v)u, + flaice,n **v?’ ], for ASg coupling,
(3)
where v*,v, 7", 9, M’, M are the four — velocities, polarization vectors(for axial — vector diquark
only) ,and masses of diquarks in the “final” and “initial” states of the scattering, respectively. The
corresponding form factors are derived by solving the B — S equation and the details were given in our
previous work!®! . In our case, by simply analyzing the parity and keeping terms up to order P? in the
nonrelativistic expansion, we can fix the relations of all the f;’s.
Because form factors f; ’s involve B~ S integrals, they usually cannot be analytically derived. In

order to serve our final goal, we simulate the numerical results by the expression
f:(A+B)kZ+ACZ). 1
( k2 + C2) k2 ’

(4)

where k is the exchanged three —~ momentum, and 4 the four — momentum with £, =0, and obtain
the numerical values of parameters A, B, C and A . This is the familiar pole — like form factor which

is widely used in phenomenology'® .

2 Ordering of Operator

The effective potential is derived by calculating the elastic scattering amplitude. Then, turning
7( 5" )into quantum mechanics(QM)spin — operator, we have

_ 1,5 y=1. .
1= 7588118+ == (3-5)), (5)

‘éz
where § is the spin—operator,[?'—‘ P/M,y=E[M are the boost factors and P,E, M are the mo-
mentum, energy and mass, respectively. When we transform them into the QM operators and Fourier
— transforming them into configuration space, the ordering problem generally appears.
We consider the following four different orders for P,P,g(r):

Ordering 1 Ordering 2 Ordering 3 Ordening 4
g(r)p? %(g(r)Pz‘*Pzg(r)) Peg(r)p —‘li-[g(r)i’z+2P'g(r)P+P2g(r)]
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where g(r)is a function of (= | r|)and only last three terms are Hermitian.

It should be mentioned that the expression g(r) P? is not Hermitian. It can be proved that if
all the quantities are real, there is no angular — dependence and g(r) is less singular than 1/r, the
non — hermiticity would not explicitly show up. In our case,non ~ hermiticity would present(refer to
our result below).

3 Potential in Configuration Space — New Treatment of the Diquark Picture

The potential finally can be written as V = Vg + Vo with Ve = V3 i+ VV.i. Here the
superscripts S and V' denote the vector and scalar parts of the confinement. The single gluon ex-
changed potential Vg, has the following form:

Van = Voo M3+ Vo (6)
where the explicit forms of V;ﬁ;,M'SA can be found in Ref,[9]and V, is the spin — spin coupling
term with a coefficient proportional to 8°(r).Due to 8> (r), V,, is short — range behaviored and
the light quark only sees one heavy quark each time, but the whole diquark. Instead of the strict three
— body treatment on g{Mp ) &3 (r),we introduce a simple phenomenological means

Ven=g(mg )8 (r—r';)8,- 83+ glmg)8*(r—r)8,-S% (7)
where g(Mp), g(mg )and g(m¢ )are the functions of the masses of the diquark, heavy quarks 1
and 2, respectively, say

g(M)x< L

memgq
and r - ryand r — r’are the distance vectors of the light quark to the corresponding heavy quarks.
Thus, the light quark interacts with one heavy quark only, while leaves another heavy quark as a
spectator. Taking V;ﬁ;,m + Vo as the 0 — th order potential and treating Vg, as a perturbation,
these two spin - spin terms lead to an extra contribution

AE = g(mg (818D | T g (0) 12+ g(mg )8, SD | Ter (0) 12, (8)
where each term is proportional to the square of the corresponding wavefunction at the origin
¥ o(0). Similar to that in the parton model in deep inelastic scattering(DIS) , the wavefunction of
the spectator can be normalized away. :

In analog to the analysis of Falk et al.!!, ¥ (0)|? can be obtained by | ¥, (0) |* or
| ¥ (0) 1 except a color — suppression factor 1/8,as ¥ (0) determined mainly by the Coulomb po-
tential is proportional to ( Cra, )¥2.

It is true that in S — wave meson, the splitting between M and M * is caused by the spin — spin
interaction only, we can use the well — measured mass splittings Mp* — Mp, Mp* — Mg and MD" -

My, as inputs to deduce the spin — coupling contribution to the baryon with two heavy quarks. Sub-

stituting this relation into AE o, , we have
where M’ and M" are the masses of corresponding mesons, respectively,and the subscripts B and M
denote that the matrix elements of the spin — coupling are taken for baryon and meson, respectively.
Meanwhile we need to keep the total spin of the two — heavy — quark system (diquark)
$;=8:+$;

to be O(scalar) or 1 (axial vector) so that (S, *S5(S3)) can straightforwardly be calculated.

Obviously, for the diquark composed of two different heavy quarks, g(mg )7 g(mgq") and
| ¥ (0) 17| ¥ (0)],two components in Vg, would make different contributions.
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It is noticed that the data of B, are not available. It is also noted that V,, is inversely propor-
tional to m,mq and the mass splittings are 45.7 MeV for B* and B and 142. 12 MeV for D and
D" ,namely their ratio is roughly 45.7/142. 122 m _[m,==1.55/4 . 88. Therefore, we can reasonably

assume

MB: - MB5=:,:_:(MD: - MD, )

4 Choice of Parameters

The variational method is employed to evaluate the 0 — th order spectra,and V,, is served as
the perturbative term to get the fine splitting. The advantage of using the variational method is that
we are able to treat all terms simultaneously, so that the large relativistic correction problem in the
perturbative method can be avoided''?’ . Because of existence of a light quark in baryon, unlike the
heavy quarkonium, such as J/¢, T etc., truncating the nonrelativistic expansion to the order of
P?/m? is not a good approximation. In the process of fitting the data of mesons containing a light
quark, such as B*? | we attribute uncertain factors into phenomenological parameters a,, a and b
which are not directly measurable. The A, B, C — values in Eq. (4) are

A=1.00, B=-1.00, C=3.11 GeV, A=2.86 GeV, for cc diquark;

A=1.00, B=-1.00, C=8.30GeV, A=6.45 GeV, for be diquark;

A=1.00, B=-1.00, C=5.09GeV, A=4.33GeV, forbb diquark.
The constituent quark masses and the heavy diquark masses are taken as'?)

m, =my;=0.33 GeV, m, =0.5 GeV,m, =1.55 GeV, m, =4.88 GeV,
M, =3.26 GeV,M, =6.52 GeV, M,, =9.79 GeV.

It is noted that bb and cc diquark must be axial vectors, but be can be either a scalar or an axial vec-
tor, the mass splitting of the scalar and axial = vector be diquarks can be neglected in practical calcula-
tions.

In the calculation ¥ = 0. 5 is adopted. The resultant baryon spectra with various ordering
schemes are given in Table 1. It should be mentioned that changing the value of « would not cause

Table 1 The baryon mass in various ordering schemes.

type Ordering 1 Ordering 2 Ordering 3 Ordering 4
(ccq) (1/2) 3.720 3.733 3.703 | 3.9
(ccq) (3/2) 3.838 . 3.852 L ubEs 3.838
(ccs)(1/2) 3,723 3767 | 3.726 3.745
(ccs)(3/2) 3.817 3.889 s | 3.867
(cba) (1/2)s a0y 7.062 T 7.063
(b)(12)x | 7.016 ; 7.010 7.000 7.005
T () (32) 7.004 7.088 7.095 7.092
(e (12)s 7.048 7.089 T~ 207 7.083
(cbs) (1/2) 6.997 . 7.037 7.010 7.023
(cbs)(3/2 ) 7.076 ST 16 7.109 7113
(bba) (1/2) 10.314 | 10.299 10.280 |  10.293
(bbq) (3/2) 10352 10.337 10.329 10.332
(bbs) (1/2) 10.296 inazs | [ 10.299 10312
(bb)(3/2) |  10.336 10.336 | 10.341 10.353
In the table,q=uor d, A and S stand for the axial vector and scalar, respectively. In the cacultion, k= 0. 5;in the ordering

1 case,a, =0.65.0=0.12,56= ~0.355;in the ordering 2 case,a, =0.61,a=0.13,5= —0.33;in the ordering 3 case, q,
=0.61,a=0.14,5= - 0.375;and in the ordering 4 case,a, =0.58,2=0.15,6= —0.415.
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serious deviation on result. For instance, in the ordering 2 case, when « changes from 0 to 1, the
mass deviation is about 20—30 MeV, which can be found in Ref. [9]. It is also noted that in Ebert et
al. ’s work, they used k= — 116!

As a summary, we clarify several serious problems existing in the earlier calculation for baryons
containing two heavy quarks.

Based on the B— S equation, we derive the effective vertex DD’g so that the spatial dispersion of
the diquark can be compensated by the form factor.

The operator ordering problem is carefully studied. [t is found that different ordering schemes
would lead to the different values of parameters a, ,a and b which are not directly measurable. As a
result, the masses of baryons only deviate a few MeV to a few tens of MeV as long as the hermiticity
of the operator is respected, but it would go up to 50 MeV if the hermiticity does not hold.

Because of serious relativistic effects in the baryon where a light flavor is involved, the variation-
al method has superiority to the perturbative method. The B‘*’ data is also adopted in fixing parame-
ters so that uncertainties and errors brought up by the truncation in the nonrelativistic expansion can
mostly be eliminated.

To keep the diquark picture valid, the spin — spin interaction term with coefficient 6 (r) is sep-
arated from other parts. It can be decomposed into two pieces and each piece only concerns one of the
heavy quarks.

Eventually, the derived form factor further polishes the diquark picture. But, some small devia-
tions from reality, including the diquark masses, still exist and should be further investigated.

Finally, we point that although the mixing term derived in quantum field theory is not trivially
zero, but in QM the off — diagonal matrix elements for the states with S and A digaurks are exact ze-
ro:

(P(1/2,A,1=0)| ViR 19(1/2,S,1=0)) =
(p(1/2,A,1=1)| V§a) 1¢(1/2,8,1=1))=0. (10)
However, such mixing should exist and may play important roles in hadronic spectra. For instance,
the mixing between glueball and quarkonium is known as very important or even crucial in phenome-
nology. Therefore, the mixing effect in the baryonic diquark picture should be future investigated'!'- .

The B— factory and other facilities of high energy experiments may provide the data of 5"’
and the others such baryons. Once the data are available, we may readjust our input parameters and
predict the spectra and other characters of baryons again. It would provide a chance to further testify
the validity of the baryonic diquark picture and the nonrelativistic potential model.
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